
HYPERSURFACE SUPPORT AND PRIME IDEAL SPECTRA

FOR STABLE CATEGORIES

CRIS NEGRON AND JULIA PEVTSOVA

Abstract. We use hypersurface support to classify thick (two-sided) ideals in

the stable categories of representations for several families of finite-dimensional

integrable Hopf algebras: bosonized quantum complete intersections, quantum
Borels in type A, Drinfeld doubles of height 1 Borels in finite characteristic, and

rings of functions on finite group schemes over a perfect field. We then identify

the prime ideal (Balmer) spectra for these stable categories. In the curious
case of functions on a finite group scheme G, the spectrum of the category is

identified not with the spectrum of cohomology, but with the quotient of the

spectrum of cohomology by the adjoint action of the subgroup of connected
components π0(G) in G.

1. Introduction

The problem of classifying thick tensor ideals in a given tensor triangulated cat-
egory takes its roots in stable homotopy theory thanks to the groundbreaking work
of Devinatz-Hopkins-Smith [28, 42]. It was subsequently taken up to the derived
categories of rings and schemes in [43, 54, 74] and to the stable category of a finite
group in [7], eventually leading to the elegant framework of computing the spec-
trum of a tensor triangulated category introduced by Balmer [4] and now considered
as part of the tensor triangular (or tt-) geometry with numerous classification re-
sults coming from all realms of algebraic, topological and geometric contexts. In
this work, we study tensor triangular geometry of stable categories of representa-
tions stab(u) for certain classes of finite-dimensional integrable Hopf algebras u via
hypersurface support.

For the modular representation theory of a finite group (and a finite group
scheme) G the classification of thick tensor ideals (equivalently, calculation of the
Balmer spectrum) in stab(u), where u = kG is the group algebra, is achieved by
identifying the cohomological support with Carlson’s rank variety or the π-support.
This approach uses the cocommutativity of u in an essential way and appears to
be very hard to extend to the quantum situation we are interested in, beyond some
very special choice of parameters for a quantum linear plane as was done in ([62],
see also [61, 15]).

The hypersurface support, a concept introduced for complete intersections in
commutative algebra in [31, 1, 2], proved to be a more versatile construction. In [57]
we developed hypersurface support for noncommutative complete intersections with
an eye towards calculating the Balmer spectrum for stab(u) as a main application.

For such calculations one frequently needs to understand support not only for
stab(u), but also for the big stable category Stab(u) of all u-repesentations in which
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stab(u) resides as the subcategory of rigid compact objects. The necessary extension
of hypersurface support from stab(u) to the big stable category Stab(u) is provided
in [56], where its compatibilities with the triangulated structure were considered.
Here we analyze compatibilities between hypersurface support and the monoidal
structure on Stab(u), see Definition 4.6 and Section 7, specifically Theorem 7.4
which is a version of the tensor product property for supports in our situation.

A key feature of hypersurface support is that it is developed for stable categories
which are not necessarily symmetric or even braided, and so it provides certain
“data” regarding the behaviors of support for non-braided categories. One of the
original motivations for the present study was to pursue a categorical framing of
support which anticipates and explains the types of phenomena we observe at the
levels of cohomological and hypersurface support, e.g. [57, Theorem 10.8, 11.6].
In this work we argue that notions of central generation for tensor ideals connect
categorical and cohomological approaches to support in the non-braided context.
These central generation properties are automatically satisfied in the braided setting
and provide an explicit link between braided/symmetric studies of tensor triangular
geometry and their non-braided counterparts. We elaborate on these points more
below.

Let us now discuss the contents of the paper in more detail. Fix k an arbitrary
field of any characteristic. We recall, from [57], that a finite-dimensional Hopf al-
gebra is called integrable if it admits a smooth deformation U → u by a Noetherian
Hopf algebra U which is of finite global dimension. We require in this case that
the parametrizing subalgebra Z ⊂ U is a central Hopf subalgebra, or more gener-
ally coideal subalgebra, in U . This framework covers and unifies many interesting
families of Hopf algebras: restricted enveloping algebras of Lie algebras in positive
characteristic, small quantum groups and their Borels in characteristic zero, Drin-
feld doubles of infinitesimal group schemes of height one in positive characteristic,
and commutative complete intersections, including the classical representation the-
oretic case of the group algebra of an elementary abelian p-group over a field of
characteristic p.

We recall also that a support theory (Y, supp) for a tensor triangulated category
T is an assignment of a closed subspace supp(V ) in a topological space Y to each
V in T which properly acknowledges both the triangulated structure and tensor
structure on T (see Sections 4.3 and 4.4 below). For an integrable Hopf algebra

u, we use the integration U → u to produce a support theory (Y, supphypP ) for the
stable category stab(u) of u-representations, which is referred to as hypersurface
support [57, 56]. The target space Y for hypersurface support is (generally a finite
quotient of) the projective spectrum of cohomology Proj Ext∗u(k, k). The precise

construction of the support theory (Y, supphypP ) for stab(u), and its cocompletion
Stab(u), is recalled in Section 3.2.

This paper essentially has two halves. In the first portion of the paper we present
a general framing of support, and tt-geometry, for non-braided tensor triangular
categories. The emphasis here is on the manner in which various centralizing hy-
potheses can be applied to obtain classifications of thick ideals from suitably well-
behaved support theories. In the second portion of the paper we apply this generic
framing to show that, for a number of explicit families of such integrable u, hyper-
surface support can be used to classify thick ideals in the associated stable category
of representations stab(u). We also calculate the spectrum Spec(stab(u)) of prime
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ideals in stab(u) for the given families. These calculations of the spectrum are new
so that, via these classes of examples, we are testing this general theory in a rather
direct and substantial way.

For us, the spectrum Spec(stab(u)) is defined in direct analogy with Balmer’s
spectrum of a symmetric tensor category [4] (see Section 6). Also, our strategy for
classifying thick ideals is motivated by the original approach of Benson-Carlson-
Rickard [7] (see Section 5).

The families of integrable Hopf algebras which we study in this text all satisfy a
Chevalley property (Definition 3.6), which reflects the fact that their categories of
representations are formally similar to, say, representations for a Frobenius kernel
in a (quantum) Borel. Such “Borel-like” categories form the foundations of most
support theoretic studies in representation theory, see, for example, [64, 71], and
also Section 1.1.

We provide the proposed classification of thick ideals, and calculate the prime
ideal spectrum, for the stable representation categories of the following families of
integrable Hopf algebras:

(F1) Quantum complete intersections, aka quantum linear spaces.
(F2) Small quantum Borels in type A.
(F3) Drinfeld doubles D(B(1)) for Borel subgroups B ⊂ G in almost-simple al-

gebraic groups.
(G) Algebras of functions O(G) on arbitrary finite group schemes G, over a

perfect field.

These families are described in more detail in Section 3.4. We note that our results
for the quantum Borel hold at an arbitrary odd order parameter q, not just q greater
than the corresponding Coxeter number, and that our results for the double D(B(1))
only require that the characteristic p is very good for the associated Dynkin type.
The following theorem summarizes our results for the first three families.

Theorem (8.2, 8.5, 8.9). For a Hopf algebra u belonging to one of the families
(F1)–(F3), cohomological support (Proj Ext∗u(k, k), suppcoh) classifies thick ideals
in stab(u). There is furthermore a homeomorphism

Proj Ext∗u(k, k)
∼=−→ Spec(stab(u)).

The case (G) of functions on a finite group scheme G is unique among the ex-
amples considered. However, the behaviors of support for Coh(G) = rep(O(G))
may be more representative of phenomena for supports of finite tensor categories
in general, when compared with (F1)–(F3). By Coh(G) here we mean the generally
non-symmetric tensor category of sheaves on G with tensor structure induced by
the group structure on G, or rather induced by the Hopf structure on O(G). We
provide the following classification result.

Theorem (10.3). Consider u = O(G), for G a finite group scheme over a perfect
field, and let π = Gred be the reduced subgroup in G. Thick ideals in stab(u) are
classified by a support theory which takes values in the quotient (Proj Ext∗u(k, k)) /π
of the spectrum of cohomology by the adjoint action of π. We furthermore have a
homeomorphism

(Proj Ext∗u(k, k)) /π
∼=−→ Spec(stab(u)).

As mentioned above, our analyses of the spectra Spec(stab(u)) focus on no-
tions of central generation for ideals in the stable category. When all ideals in
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stab(u) are generated by (sufficiently) central objects, one can essentially employ
“commutative” arguments in order to understand the universal support theory
(Spec(stab(u)), suppuni) for stab(u). One can see for example Question 4.2, Propo-
sition 6.3, Theorem 6.11, Theorem 8.13, and the materials of Section 10.5. Our
ability to analyze non-braided categories via central objects also explains, at least
to a certain degree, why geometries for non-braided tensor categories behave more
like geometries associated to commutative, rather than noncommutative, rings. One
can compare our approach with the “noncommutative tensor triangulated geome-
try” proposed in [50, 51].

A nontrivial amount of space in the exposition is dedicated to discussions of
thick ideals, and prime ideals, in stable categories of arbitrary non-braided tensor
categories (see in particular Sections 4 and 6.) We have found these explorations to
be quite interesting in their own right, but one can, and arguably should, connect
the aspirations of the present text with those of more familiar/popular studies of
support theory for braided tensor categories. So, we take a moment to discuss this
point.

1.1. Why non-braided categories? Depending on an individual’s motivations,
they may “only” be interested in braided tensor categories. We sympathize with this
perspective. However, let us make a point regarding supports for tensor categories
outside of the classical (symmetric) setting. Below by support we generally mean
cohomological support (see Section 4.3).

In finite characteristic, one may approach support theory for representations of
a given finite group scheme G by studying the supports of objects over its collection
of unipotent subgroups Uµ ⊂ G. Rather, one studies the support of an object V in
rep(G) by considering its restrictions along the various symmetric tensor functors
resµ : rep(G) → rep(Uµ), then essentially glues the supports of V over the Uµ
together to recover information about the support of V over the global object G
[71, 37]. The point here is that, in general, support over a given unipotent group
Uµ is, in some ways, more tractable than that of G.

In a braided but non-symmetric setting, it can be useful to take a similar ap-
proach. Given a braided tensor category Z over an arbitrary field, we would like to
study the support of an object V in Z by studying the supports of its images along
a distinguished collection of surjective tensor functors {Fµ}µ∈M. These functors
will be maps to some more manageable categories Zµ,

Fµ : Z → Zµ.

(So we stratify, in a sense, Z by the functors Fµ, cf. [48, Corollary 9.16].) In char-
acteristic 0–and probably in most non-symmetric cases in finite characteristic–it is
not reasonable to require the Zµ here to be braided. For example, for representa-
tions of the small quantum group Z = rep(uq(G)), associated to an almost-simple
algebraic group G, it is natural to take the Zµ to be the representation categories
of the varied quantum Borels uq(Bµ) for G at q. The categories rep(uq(Bµ)) are
known to admit no braidings [20]. This is explicitly the perspective taken in the
upcoming work [58].

It therefore becomes natural, or even necessary, to provide refined analyses of
support for non-braided tensor categories. This is true even when one is primarily
interested in braided categories.
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1.2. Some related works. The present paper is, in a sense, a categorical response
to the algebraic studies of cohomological, and hypersurface supports found in [57].

The work [57] provides direct analyses of support for a number of explicit exam-
ples of non-braided tensor categories. One point of the present text is to provide
categorical explanations for some of the phenomena observed in [57]. For example,
the “restricted” tensor product properties of [57, Theorems 10.8, 11.6], which may
seem odd at first glance, become quite natural in light of central generation result
of Lemmas 5.5, and its consequences, in particular Lemma 6.6.

Our use of hypersurface support is informed by many works on the topic in
commutative algebra, for example [31, 1, 24, 2], and has a certain synergy with
recent studies of super group schemes [30, 11, 12].

Some of the findings from Section 6 can alternately be approached via Nakano,
Vashaw, and Yakimov’s “noncommutative tensor triangular geometry” [50, 51, 52].
In [50] the authors construct a completely general framework in which one can speak
of support data and prime ideal spectra for tensor triangulated categories T , in the
absence of a braiding. In the work [50] one replaces the object centric approach
to support from, say, Balmer [4] with an approach to support which focuses on
two-sided thick ideals in T . See for example [50, Definition 4.4.1, Theorem 6.2.1].
Though we essentially follow the commutative presentations of [7, 4], we expect
that many of the results of Section 6 can be deduced from [50], after one takes
Lemma 5.5 into account.

1.3. Structure of the paper. Sections 2–3 are introductory. In Sections 4 and 5
we provide a general discussion of thick ideals, localizing subcategories and support
theories for (stabilized) finite tensor categories C . In Section 4 we introduce the
notion of a centrally generated thick ideal, which turns out to be essential for the
rest of the paper. In the same section we list axiomatic properties for a multi-
plicative support theory, and a tensor extension of such a theory to the big stable
category (Definitions 4.3 and 4.6). We explain how such a support theory classi-
fies thick ideals in the stable category stab(C ). In Section 6, following Balmer [4],
we discuss the universal support theory for stab(C ) and the associated spectrum
of prime ideals. We show in Theorem 6.11 that, under certain central generation
assumptions, a multiplicative support theory for stab(C ) which admits a tensor
extension to Stab(C ) can be used to calculate the spectrum Spec(stab(C )), up to
homeomorphism.

We turn to a (re)consideration of hypersurface support in Section 7. Our goal
is to show that hypersurface support provides a tensor extension of cohomologi-
cal support for the classes of integrable Hopf algebras (F1)–(F3) discussed above.
In Section 7 we show that the appropriate extended tensor product property for
hypersurface support follows from a “Thick subcategory lemma” for hypersurface
algebras (whose prototype, also known as the Hopkins lemma, first appeared in
[43]). In Section 8 we apply the thick subcategory lemma to classify thick ten-
sor ideals and compute the spectrum for quantum complete intersections, small
quantum Borels in type A, and the Drinfeld doubles D(B(1)).

Finally, in Sections 9 and 10 we analyze the case (G) of the stable category
stab(Coh(G)) of coherent sheaves on a finite group scheme G. In the last section,
Section 11, we briefly discuss one-sided versus two-sided thick ideals.
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2. Finite tensor categories etc.

Throughout this work k is a field of arbitrary characteristic. In this section we
recall some basic information about finite tensor categories. Recall, say from [3] or
[32], that a tensor category (over k) is a k-linear, abelian rigid monoidal category
which has a simple unit object 1, finite-dimensional Hom sets, and all objects of
finite length. Following [34], a tensor category C is called finite if it has finitely
many simples and enough projectives. We call C a fusion category if it is finite and
semisimple. All tensor functors are exact, by definition, and tensor subcategories
are full, by definition.

Our main examples of (finite) tensor categories are representation categories
C = rep(u) of finite-dimensional Hopf algebras, with monoidal structure induced by
the coproduct on u. There are, however, many examples of finite tensor categories
which are not representation categories of Hopf algebras (see for example [75, 38, 8]).

2.1. Centralizers. Consider C a finite tensor category and D ⊂ C a tensor sub-
category. To such a pair (D ,C ) we can associate the Drinfeld centralizer of D in
C [49, 68]. This is the (finite) tensor category consisting of pairs (V, γV ), where V
is an object in C and γV : V ⊗− → −⊗ V is a natural isomorphism between the
functors V ⊗−,−⊗ V : D → C which satisfies the constraint

(idX ⊗ γV,Y )(γV,X ⊗ idY ) = γV,X⊗Y ,
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at all X and Y in D . We call γV a D-centralizing structure on V . We denote the
the category of D-centralizing objects in C by

ZD(C ) :=

 the category of pairs (V, γV ) of
an object V in C and a choice of
D-centralizing structure γV on V

 .

Morphisms f : (V, γV )→ (W,γW ) in ZD(C ) are those maps f : V →W in C which
respect the centralizing structures, in the sense that (−⊗ f)γV = γW (f ⊗−).

In the extreme case D = C , we obtain the Drinfeld center Z(C ) of C . This is
the category of pairs (V, γV ) of objects in C with global central structures. We
have the forgetful functors Z(C )→ C and ZD(C )→ C .

In this text we are interested in two specific cases; the case where D = C and
the case where D is the tensor subcategory generated by the semisimple objects in
C . We say, informally, that an object V in C “is central” if V admits a lift to the
Drinfeld center Z(C ). Similarly, in the case where D is generated by the simples,
we say an object V “centralizes the simples” if V admits a lift to ZD(C ).

Remark 2.1. We’ve suppressed associators in the above formulas. Also, by the
tensor subcategory generated by a class of objects {Xi}i we mean the smallest full
tensor subcategory which contains the Xi and is closed under taking subquotients.

Remark 2.2. Practically speaking, we consider the relative centralizer ZD(C ) only
in the case in which the tensor subcategory D generated by the semisimple objects
is just the subcategory of semisimple objects itself. This is a kind of solvability
condition on the category C . One can compare, for example, with the case of rep-
resentations of small quantum sl2 at a root of unity, in which case the subcategory
generated by the 2-dimensional simple is all of rep(uq(sl2)). (See also Section 3.3.)

2.2. Stable categories for finite tensor categories. Recall that any finite ten-
sor category C is Frobenius [34, Proposition 2.3]. So we can define the associated
stable category stab(C ) = C / proj(C ). This is, more precisely, the additive cate-
gory with the same objects as C , and morphisms given as the quotient of morphisms
in C by all those maps which factor through a projective. The category stab(C )
is naturally tensor triangulated [41, 65], i.e. triangulated with a compatible rigid
monoidal structure. The monoidal structure on stab(C ) is induced directly by that
of C .

In the stable setting we still speak of central objects, and objects which centralize
the simples. We employ this language in the same manner as outlined in the
previous subsection. For example, for D ⊂ C the full tensor subcategory generated
by the simples, the forgetful functor F : ZD(C )→ C is surjective (aka dominant),
and therefore sends projectives in ZD(C ) to projectives in C [34]. Hence we can
stabilize this map

stab(F ) : stab(ZD(C ))→ stab(C ),

and an object in stab(C ) is said to centralize the simples if it admits a lift along
stab(F ).

We note that, by results of Rickard [65], the standard inclusion into the bounded
derived category C → Db(C ) descends to an equivalence of triangulated categories

stab(C )
∼=→ Db(C )/〈proj(C )〉,
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where 〈proj(C )〉 is the thick subcategory generated by projectives. At times we
employ this alternate construction of the stable category via the derived category.

We are also interested in the “big” stable category Stab(C ), which is defined
as the stabilization of the Ind-category Stab(C ) = Ind(C )/Proj(Ind(C )). This
category is monoidal and triangulated, but not rigid, and it is compactly generated
with compact objects Stab(C )c = stab(C ).

Remark 2.3. If one expresses C as the representation category C ∼= rep(A) of a
Hopf algebroid A–which can always be done [72]–then one recovers the expected
formula Stab(C ) ∼= Rep(A)/Proj(A).

3. Recollections from [57, 56]

We recall some essential information which was covered in [57]. Here we employ
basic notions from deformation theory. By a deformation of an algebra R we
mean a choice of an augmented commutative algebra Z, a flat Z-algebra Q, and a
map Q → R which reduces to an isomorphism k ⊗Z Q ∼= R at the augmentation
1 : Z → k. In this case we call Z the parametrizing algebra, or the parametrization
algebra, of the deformation.

3.1. Integrable Hopf algebras.

Definition 3.1 ([57]). A finite-dimensional Hopf algebra u is said to be smoothly
integrable, or just integrable, if u admits a deformation U → u parametrized by a
smooth central subalgebra Z ⊂ U such that

(a) U is a Noetherian Hopf algebra of finite global dimension, and U → u is a
Hopf map.

(b) Z is a coideal subalgebra in U .

Under these conditions, U is called a (smooth) integration of u parametrized by Z.
An integration U → u is called conormal if Z is a Hopf subalgebra in U .

We suppose specifically that Z is a right coideal subalgebra in U , so that the
comultiplication on U restricts to a coaction ∆ : Z → Z ⊗ U . This provides, for
any f ∈ mZ , an action of rep(u) on the left of the associated hypersurface category
U/(f)-mod. Also, smoothness of Z implies, in particular, that Z is of finite type
over k.

Remark 3.2. We generally reserve the notation rep(B) for the tensor category of
representations for a Hopf algebra B, while B-mod denotes the abelian category of
modules for a generic k-algebra.

Throughout we employ the notations

Λ = u/ Jac(u) and mZ ⊂ Z

for the sum of the simple representations for u, with multiplicity, and the distin-
guished maximal ideal in Z, respectively. Rather, mZ ⊂ Z is the kernel of the
augmentation 1 : Z → k at which we have k ⊗Z U ∼= u.

Given an integration U → u of some finite-dimensional Hopf algebra u, we can
complete at the distinguished point 1 ∈ Spec(Z) to produce a formal counterpart

U→ u, where U is the completion U := Z ⊗Z U, Z = Ẑ1 = lim←−
n

Z/mn
Z .
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The completed algebra U is a Hopf algebra in the category of linear topological
vector spaces, and Z ⊂ U is a coideal subalgebra in U. Furthermore, U is Noetherian
and of finite global dimension [57, Lemma 2.10].

One can find in [57, §2.1] a gaggle of examples of integrable Hopf algebras. In
the present work, as in [56], we always assume that a formal integration U→ u has
a smooth analog U → u. So, although we work almost exclusively with the formal
pair (Z,U), we assume the existence of a smooth predecessor (Z, U).

3.2. Hypersurface support. Consider integrable u, with fixed (formal) integra-
tion U → u, and parametrizing algebra Z. We have the maximal ideal mZ ⊂ Z,
and for an arbitrary point in the projective space P(mZ/m

2
Z),

c : Spec(K)→ P(mZ/m
2
Z),

we consider an associated hypersurface algebra Uc = UK/(f), where f ∈ mZK is
any element such that the class f̄ ∈ (mZ/m

2
Z)K is a representative for c. Note that

for such Uc the base changed integration UK → uK descends to a map Uc → uK
which realizes the hypersurface algebra as a deformation of uK .

Remark 3.3. By ZK and UK we mean the topological base change ZK = lim←−n(Z/mn
Z)⊗

K and UK = lim←−n(U/mn
ZU)⊗K, respectively.

For any u-module M , either finite-dimensional or infinite-dimensional, we say
that M is supported at such a point c if the base change MK is of infinite projective
dimension over Uc, and we define the hypersurface support of M as

supphypP (M) :=

{
the image of all points c : Spec(K)→ P(mZ/m

2
Z)

at which projdimUc(MK) =∞

}
.

We show in [56] that there is no ambiguity in this definition. For example, the
projective dimension of MK over Uc is independent of the choice of representative
f ∈ mZ . We also have the following detection theorem.

Theorem 3.4 ([56, Theorem 6.1]). For M any u-module, supphypP (M) = ∅ if and

only if M is projective over u. Equivalently, supphypP (M) = ∅ if and only if M
vanishes in the stable category Stab(u).

By deformation theory [39] [18, Theorem 1.1.5], the integration U → u further-
more provides a graded algebra map

AZ := Sym(Σ−2(mZ/m
2
Z)∗)→ Ext∗u(k, k)

from the homogeneous coordinate ring of P(mZ/m
2
Z), with generators in degree 2.

This map can be shown to be finite [57, Theorem 4.8]. Thus we have, dually, a
closed map of schemes

κ : Y → P(mZ/m
2
Z)

from the projective spectrum of cohomology Y := Proj Ext∗u(k, k)red to this projec-
tive space. In [57] we prove the following.

Proposition 3.5 ([57, Theorem 7.1]). Consider u an integrable Hopf algebra, with
fixed integration U→ u. Take V in rep(u) and let Ext∗u(V, V )∼ denote the (coherent)
sheaf on Y defined by the tensor action V ⊗ − of Ext∗u(k, k) on Ext∗u(V, V ). We
have

supphypP (V ) = κ
(

SuppY Ext∗u(V, V )∼
)
.

In particular, hypersurface support vanishes on the open complement P− κ(Y).
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We provide a further analysis of hypersurface support for certain integrable Hopf
algebras in Section 7 below.

3.3. Geometrically Chevalley algebras [57, §8.3, 8.4]. In the following defi-
nition we let Rep(Λ) denote the monoidal category of infinite-dimensional repre-
sentations for a finite-dimensional Hopf algebra Λ. Recall that, for an integration
Z ⊂ U → u of an integrable Hopf algebra u, we take Z = lim←−nZ/m

n
Z .

Definition 3.6 ([57]). Call an integrable Hopf algebra u geometrically Chevalley
if the following hold:

(a) u is the bosonization u = u+oΛ of a local Hopf algebra u+ in a (semisimple!)
braided fusion category rep(Λ).

(b) u+ admits a deformation Z ⊂ U+ → u+ via algebras in Rep(Λ) such that
(b0) U+ is a Hopf algebra in Rep(Λ), and U+ → u+ is a Hopf map.
(b1) Z is a central Hopf subalgebra in U+ which has trivial Λ-action, and

is smooth as a commutative k-algebra.
(b2) the associated completion U+ is a local Hopf algebra in Rep(Λ) which

is of finite global dimension, as an associative algebra.

We call the smash product U = U+oΛ→ u the corresponding Chevalley integration
for u. The integration U → u is also parametrized by the Hopf subalgebra Z.

Note that for any geometrically Chevalley u the augmentation on u+ induces
a tensor embedding rep(Λ) → rep(u). This embedding identifies rep(Λ) with the
fusion subcategory of semisimple objects in rep(u). In particular, the subcategory
of semisimple objects in rep(u) is seen to be a tensor subcategory. The importance
of this class of Hopf algebras, at least as far as this study is concerned, lies in the
following lemma.

Lemma 3.7 ([57, Lemma 8.2]). If u is geometrically Chevalley, then all objects in
rep(u) centralize the simples. More specifically, the forgetful functor Zrep(Λ)(rep(u))→
rep(u) admits a canonical tensor section rep(u)→ Zrep(Λ)(rep(u)).

The two families of geometrically Chevalley Hopf algebras which we consider
here are Drinfeld doubles of height 1 Borels, and the (small) quantum Borel. We
recall these examples below.

3.4. Some examples. We list some families of Hopf algebras which are investi-
gated in detail throughout the text. We note that the results of this work are
not exclusive to these families. Rather, we intend to provide a (relatively) diverse
collection of examples which highlight various aspects of hypersurface support, cen-
tralizing hypotheses on objects in tensor categories, spectra of stable categories, etc.

We consider the following families of Hopf algebras, which also appeared in [57]:

(F1) Bosonized quantum complete intersections (aka quantum linear spaces)
aq = aq(P ), with integration Aq → aq.

(F2) Small quantum Borels uq(B) in type A, at arbitrary odd order q, with
integration UDKq (B)→ uq(B) provided by the De Concini-Kac algebra.

(F3) Drinfeld doubles D(B(1)) for B a Borel in an almost simple algebraic group

G, over Fp at arbitrary p. We integrate such D(B(1)) via the Hopf algebra
(O(B) o U(n)) o kT(1). Here n is the nilpotent radical in the Lie algebra
for B, and T ⊂ B is the maximal torus.
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(F4) Functions O(G) on a connected finite (aka infinitesimal) group scheme, with
integration O(H) → O(G) provided by a choice of embedding G → H into
a smooth, connected, algebraic group H.

We recall our specific constructions of quantum complete intersections and quan-
tum Borels below. For (F4) the deformation O(H) is parametrized by functions
on the associated quotient Z = O(H/G), and for (F3) Z is the product Z =
O(B(1)) ⊗ Z0(b) of functions on the quotient B/B(1)

∼= B(1) with the Zassenhaus

subalgebra Z0(b) = k[x[p] − xp : x ∈ b].
With respect to (F4), we are also interested in functions O(G) on non-connected

group schemes G. Such algebras, however, cannot be treated in the same manner
as (F1)–(F4), and are afforded their own analysis.

Remark 3.8. The example (F4) of functions on a connected group scheme can be
understood via preexisting results for commutative local rings. In particular, thick
ideals in the stable category for O(G) are classified by Stevenson [70, Corollary 10.5]
since in the connected case O(G) is a commutative complete intersection [77, 14.4].
We consider the example here for two reasons: first, it is an instructive example to
keep in mind, and second, an analysis of this case is necessary for our analysis of
O(G) at non-connected G.

3.5. Elaborations. The algebra aq(P ) is specifically the smash product a+
q (P )oG

of a finite group with a truncated skew polynomial ring

a+
q = a+

q (P ) = C〈x1, . . . , xn〉/(xixj − qijxjxi, xli)i 6=j . (1)

Here q is a root of unity of odd order l, P = [aij ] is an integer matrix for which
qij = qaij , aij = −aji off the diagonal, and aii = 1. The group G is the finite abelian
group (Z/lZ)n with generators Ki such that Ki ·xj = qijxi. We define the positive
algebra A+

q by omitting the nilpotence relations in (1), and take Aq = A+
q o G.

The parametrizing subalgebra Z for the deformation Aq → aq in this case is the
subalgebra C[xl1, . . . , x

l
n] ⊂ Aq generated by the l-th powers of the xi.

Let us also recall our construction of the (small) quantum Borel [55, 57]. We
follow the presentation of [55, §9], which allows for certain synergies between small
and large quantum groups, via quantum Frobenius.

Consider g a simple Lie algebra over C, and let X be an intermediate lattice
Q ⊂ X ⊂ P between the associated root and weight lattices. Rather, choose
an almost-simple algebraic group G which is of the same Dynkin type as g. We
consider the q-exponentiated normalized Killing form q(−,−) on X, where q is again
of (finite) odd order l. The form (−,−) is normalized so that the length of short
roots is 2, and we deal with fractional values of (−,−) by formally choosing some
root r

√
q of q.

Let XM ⊂ X denote the radical of the exponentiated form q(−,−), and con-
sider the induced non-degenerate form on the quotient X/XM . We then have the
associated braided fusion category

V ectX/XM , the fusion category of vector spaces graded by X/XM .

To be explicit, for ν, µ ∈ X/XM the braiding on this category is given by cµ,ν :

Cµ ⊗ Cν → Cν ⊗ Cµ, cµ,ν(1µ, 1ν) = q(µ,ν)1ν ⊗ 1µ. We may take now Λ = CG
to be the group algebra of the characters G := (X/XM )∨ to rewrite this category
V ectX/XM as representations of a semisimple, quasitriangular, Hopf algebra Λ, in
accordance with Definition 3.6.
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The positive subalgebra uq(n) in the small quantum group uq(g) [46, 47] is a
Hopf algebra in the braided fusion category V ectX/XM , with each generator Eα of
degree α, and we define the quantum Borel for G at q as the bosonization

uq(B) = uq(n) oG.

The quantum Borel is geometrically Chevalley, with Chevalley integration provided
by the de Concini-Kac form UDKq (n)→ uq(n),

UDKq (B) = UDKq (n) oG→ uq(B).

The parametrizing subalgebra Z in this case is generated by the l-th powers of the
root vectors Eγ ∈ UDKq (B), where γ runs over all positive roots [26].

4. Thick ideals and support for stable tensor categories

We begin our discussion of thick ideals and supports for stable categories. Through-
out the section we consider a finite tensor category C , and its corresponding stable
category stab(C ).

One of the points of this portion of the paper is to explain how various central-
ization hypotheses can be employed to reduce analyses of thick ideals in the (gen-
erally non-braided) category stab(C ) to ones which are essentially aligned with the
braided/commutative analyses of, say, [4, 37]. We also discuss localization functors,
and at the conclusion of the section we provide some remarks concerning abelian
versus triangulated categories.

4.1. Thick and localizing ideals in stable categories. One should recall at this
point the necessary notions of central, and centralizing, objects from Section 2. We
recall also that a thick subcategory in a triangulated category is a full triangulated
subcategory which is closed under taking summands.

Definition 4.1. A thick ideal in stab(C ) is a thick subcategory which is preserved
under the actions of stab(C ) on the left and right.

A thick ideal I is said to be centrally generated if I is generated by a collection
of objects which are central in stab(C ) (in the sense of 2.2).

By the ideal generated by a collection of objects {Vi}i∈I we mean the smallest
thick ideal 〈Vi : i ∈ I〉⊗ in stab(C ) which contains all of the generators Vi.

In addition to considering thick subcategories and thick ideas, we also consider
localizing subcategories and localizing ideals in the big stable category Stab(C ).
By a localizing subcategory (resp. ideal) we mean a thick subcategory (resp. ideal)
which is additionally closed under arbitrary set-indexed sums. For a thick ideal
I in stab(C ), the localizing subcategory Iloc which it generates in Stab(C ) is a
localizing ideal [66, Lemma 5.8].

4.2. An aside on centralities and methods. Before getting into any techni-
calities, let us take a moment to orient ourselves around this notion of a centrally
generated ideal, and its significance to our study. We view the central generation
property for thick ideals as fundamental, although it only makes a minimal appear-
ance in this section. Centrally generated ideals also appear to be the “good ideals”
in stab(C ), from the perspective of classification, and are the “important ideals”
from the perspective laid out in Section 1.1.
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In all of the examples we are able to handle explicitly, all ideals in stab(C )
are shown to be centrally generated (see Sections 8.6 and 10.5). We present the
following question, which we return to in Section 10.5.

Question 4.2. For any finite tensor category C , are all thick ideals in stab(C )
centrally generated?

Of course, this question has to do with the relationship between C and its Drin-
feld center Z(C ), and also to do with the relationship between their cohomologies
(cf. [59]). One sees from varied studies in the subject that the nature of Z(C ) as
a braided tensor category, and the nature of C as a “plain” tensor category, are
strongly intertwined, see e.g. [60, 33, 25].

Although we are primarily interested in central generation of ideals, there are
additional weaker notion of centrality and weaker notions of central generation
which have proved useful to consider. Specifically, we have found it (very) useful
to consider ideals in stab(C ) which are generated by objects which centralize the
simples in C .

In general we use this weaker notion of centrality in our classification of thick
two-sided ideals in the stable category stab(C ), for a given tensor category C .
One can see for example Proposition 5.2 and Theorem 6.11 below. Given such
a classification we then conclude that all ideals in stab(C ) are in fact centrally
generated, as in Theorem 8.13 below. Now, let us continue.

4.3. Supports for stable categories. By a support theory (Y, supp) for the sta-
ble category stab(C ) we mean a choice of a topological space Y , and an assignment
V 7→ supp(V ) of a closed subset in Y to each object V in stab(C ), which re-
spects the triangulated structure on the stable category. Specifically, we demand
the following:

• supp(V ) = supp(ΣV ) for all V in C , and supp(0) = ∅.
• supp(V ⊕W ) = supp(V ) ∪ supp(W ).
• Any exact triangle V → W → V ′ → ΣV implies an inclusion of supports

supp(W ) ⊂ (supp(V ) ∪ supp(W )).

Our main examples are hypersurface support and cohomological support. To
recall, cohomological support for the stable category stab(C ) is defined as follows:
For an object V in the bounded derived category Db(C ) we let Ext∗C (1,1) act on
Ext∗C (V, V ) via the tensor structure V ⊗− and the Yoneda product. For

Y = Proj Ext∗C (1,1)red

we consider the associated sheaf Ext∗C (V, V )∼ on Y and define

suppcohY (V ) := SuppY Ext∗C (V, V )∼.

One sees that this assignment V 7→ suppcohY (V ) vanishes on the thick ideal of
bounded complexes of projectives in Db(C ) and so induces a well-defined support
theory on the quotient stab(C ) ∼= Db(C )/〈proj(C )〉.

We note that hypersurface and cohomological supports on stab(C ) are often
identified, in the cases where they are both defined, via Proposition 3.5 and [17,
Proposition 3.3(iii)].

By a triangular extension of a particular theory (Y, supp) to the big stable cat-
egory Stab(C ) we mean an assignment of subsets supp(M) in Y to objects M in
Stab(C ) which respects the triangulated structure, just as in the compact case.
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However, we require additionally that the extended support splits over arbitrary
sums in Stab(C ), supp(⊕i∈IMi) = ∪i∈I supp(Mi).

4.4. Supports and thick ideals. In this subsection we describe various types
of support theories which arise in practice. In this text we are only interested in
support theories which take values in Noetherian schemes. So, we always take this
point for granted.

Definition 4.3. Consider a support theory (Y, supp) for stab(C ). Assume that Y
is homeomorphic to a Noetherian scheme. We call (Y, supp)

• faithful if vanishing of support supp(V ) = ∅ implies V ∼= 0.
• exhaustive if all closed subsets in Y are realized as supports of objects in

stab(C ).
• multiplicative if supp(V ⊗W ) ⊂

(
supp(V ) ∩ supp(W )

)
for all V and W ,

and

supp(V ⊗W ) = supp(V ) ∩ supp(W )

whenever one of V or W centralizes the simples.

Cohomological support theories are popular because they are faithful and ex-
haustive [17], but they are not multiplicative in general, at least when C is non-
braided. One can consider, for example, the category of sheaves Coh(G) on a finite
non-connected group scheme. As was observed in [13, 62] [57, Example 10.2], for
particular choices of such G, and particular choices of V and W in Coh(G), the
inclusion

suppcohY (V ⊗W ) *
(

suppcohY (V ) ∩ suppcohY (W )
)

will already fail.

Remark 4.4. When C is braided, all objects centralize the simples, so that the
multiplicative property requires that supp(V ⊗W ) = supp(V ) ∩ supp(W ) at all V
and W . We wouldn’t claim that the above notion of multiplicativity is definitively
the correct notion outside of the braided setting, but it is sufficiently functional for
the moment. One has the obvious notion of a sub-multiplicative theory, which we
leave the reader to ponder at their leisure.

Recall that a specialization closed subset in a topological space Y is a subset Θ
which contains the closure x ⊂ Θ of each point x ∈ Θ. Consider now (Y, supp) a
multiplicative support theory for stab(C ). Then for any specialization closed subset
Θ ⊂ Y the associated subcategory of objects which are supported in Θ,

IΘ := {The full subcategory of objects V in stab(C ) with supp(V ) ⊂ Θ},

is a thick ideal in stab(C ). Conversely, for any thick ideal I in stab(C ) the subset

supp(I ) := ∪V ∈I supp(V )

is specialization closed in Y . So we have maps

{thick ideals in stab(C )}
I?

�
supp(?)

{specialization closed subsets in Y } (2)

which restrict to maps

{finitely generated ideals in stab(C )}
I?

�
supp(?)

{closed subsets in Y }. (3)
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Definition 4.5. A multiplicative support theory (Y, supp) for stab(C ) is said to
classify thick ideals in stab(C ) if the maps (2) and (3) are mutually inverse bijec-
tions.

The classification of ideals in stab(C ) is strongly related to the existence of well-
behaved extensions of support theories for stab(C ) to the big stable category. We
consider the following

Definition 4.6. A tensor extension of a support theory (Y, supp) for stab(C ) is a
triangular extension to Stab(C ) such that

(a) for any V in stab(C ) and M in Stab(C ) we have a containment

supp(V ⊗M) ⊂
(

supp(M)∩ supp(V )
)

or supp(M ⊗V ) ⊂
(

supp(M)∩ supp(V )
)
.

(b) for any V in stab(C ) which centralizes the simples, and arbitrary M in
Stab(C ), we have an equality

supp(V ⊗M) = supp(V ) ∩ supp(M) or supp(M ⊗ V ) = supp(M) ∩ supp(V ).

We call this extension faithful if supp(M) = ∅ implies M ∼= 0, for arbitrary M in
Stab(C ).

Obviously faithfulness of a given extension requires that the original theory was
faithful as well.

In the statement of Definition 4.6 we have denoted the extension to Stab(C )
simply by (Y, supp), by abuse of notation. In practice, there might be several
possible choices of extensions for a given theory, which may or may not agree. For
example, for restricted representations C = repres(n) of a nilpotent restricted Lie
algebra in finite characteristic, one may consider the π-point extension [37], local
cohomology extension [9], or hypersurface extension (see Section 7). All of these
extensions are tensor extensions, and the π-point and local cohomology extensions
can be shown to agree [10], but neither of these extensions are known to agree with
the hypersurface extension at the moment.

Definition 4.7. A support theory (Y, supp) for stab(C ) is called lavish if it is
exhaustive, multiplicative, and admits a faithful tensor extension to Stab(C ).

The production of–what we’ve termed–lavish support theories is, at the moment,
the primary method employed in the classification of thick ideals for a given tensor
triangulated category. Of course, we have made some alterations to the standard
framework to account for our generally non-braided settings.

Remark 4.8. The sidedness of (a) and (b) mirrors, non-coincidentally, the sided-
ness which appears in the definition of an integration of an integrable Hopf algebra,
Definition 3.1. So, in practice, the sidedness of (b1) and (b2) can be fixed across
all V and M , and the finite-dimensional object V can be taken to act uniformly
on the left (resp. on the right) in these formulas. However, as far as proofs are
concerned, it suffices to assume that for a given V , and a given M , at least one of
the containments of (a) holds, and when V centralizes the simples at least one of
the equalities of (b) holds.

Remark 4.9. One might compare Definition 4.6 with that of a noncommutative
support datam from [50, Definition 4.1.1]. The tensor relation employed in [50]
can be seen, fundamentally, as a relation on products of thick ideals (rather than
objects) [50, Lemma 4.3.1].
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4.5. Localization functors. We recall some information from [53, 9]. An exact
endomorphism L : T → T of a triangulated category T is said to be a localization
functor if there exists a natural transformation η : idT → L so that Lη : L→ L2 is
an isomorphism, and Lη = ηL. We suppose also that, if L vanishes on a collection
{Xα}α in T , and the coproduct ⊕αXα exists in T , then L also vanishes on ⊕αXα.
In this case L is paired with another functor Γ : T → T and transformation Γ→ idT
so that, at any X in T , we have a triangle

ΓX → X → LX. (4)

Consider ker(L) the kernel of L and ker(L)⊥ the collection of all objects which
admit no non-zero maps from ker(L). By [9, Lemma 3.3] the functor Γ has image
in the subcategory ker(L), and L has image in ker(L)⊥.

Consider now T a compactly generated triangulated category, and let I ⊂ T c
be a thick subcategory. We say I admits a localization functor if there exists a
localization LI as above with T c ∩ ker(LI ) = I .

Lemma 4.10 ([44, Corollary 7.2.2]). Let T be a compactly generated triangulated
category which admits arbitrary sums, and I ⊂ T c be a thick subcategory of com-
pact objects. Then the localizing subcategory Iloc generated by I in T is such that
Iloc ∩ T c = I .

Brown representability now implies

Theorem 4.11 ([66], [44, Proposition 5.2.1]). For T a compactly generated trian-
gulated category, any thick subcategory I in T c admits a localization functor LI

with ker(LI ) = Iloc. In particular, any thick ideal in T c admits a localization
functor.

We recall that Stab(C ) admits arbitrary sums, and has compact objects Stab(C )c =
stab(C ), so that the above general results are applicable to the situations under
consideration here.

4.6. Remarks on abelian, infinity, and triangulated categories. Let us make
some remarks on our setting. In this study we operate in-between the (abelian)
tensor category C and its triangulated counterpart stab(C ). So, we do certain
operations at the abelian level, then observe how these operations manifest at the
triangulated level.

As far as we can tell, one cannot simply work at the triangulated level to re-
construct the analysis we present here. This is not so shocking as it is known that
triangulated categories are too coarse to admit certain refined constructions. We
would suggest instead that one should work with stable tensor∞-categories, where
constructions such as Drinfeld centralizers should be well-behaved, and also agree
with their abelian counterparts (cf. [6]). Alternatively, one can find a kind of ring
theoretic projection of our analysis, which occurs at the triangulated level, in [52].

5. Classifying thick ideals, in the abstract

We consider the stable category of a finite tensor category C , and discuss rela-
tions between extensions of support theories and the classification of thick ideals
in stab(C ). We pay special attention to the case of a tensor category C with the
so-called Chevalley property, which is the appropriate categorical framing for the
examples of Section 3.4. The main point of the section is to prove the following.
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Theorem 5.1. Suppose that C is a tensor category with the Chevalley property.
Then any lavish support theory for stab(C ) classifies thick ideals (see Definition
4.7).

The proof of Theorem 5.1 is given at the conclusion of Subsection 5.2 below.

5.1. Classifying thick ideals. Recall from Section 2.2 the notions of central and
centralizing objects in stab(C ). Below we prove the following

Proposition 5.2. Consider a finite tensor category C , and suppose that all thick
ideals in stab(C ) are generated by objects which centralize the simples. Then any
lavish support theory for stab(C ) classifies thick ideals.

We collect a few supporting lemmas before proving the proposition.

Lemma 5.3. Consider any thick ideal I is stab(C ). An object V in stab(C ) lies
in I if and only if its duals V ∗ and ∗V lie in I .

Proof. By the definition of a dual for an object in C [32, §2.10], V ∗ and ∗V appear
as summands of V ∗ ⊗ V ⊗ V ∗ and ∗V ⊗ V ⊗ ∗V respectively. Similarly, V appears
as a summand in V ⊗ V ∗ ⊗ V and V ⊗ ∗V ⊗ V . Since I is closed under taking
summands and the actions of stab(C ), the claim follows. �

Lemma 5.4. Consider a support theory (Y, supp) for stab(C ) which is both ex-
haustive and multiplicative. If all ideals in stab(C ) are generated by central objects
(resp. objects which centralize the simples), then any closed subset Θ in Y is real-
izable as the support Θ = supp(V ) of a central object V (resp. an object V which
centralizes the simples).

Proof. Since any closed subset in Y decomposes as a union of irreducible closed
subsets, it suffices to show that any irreducible closed subset in Y is realizable as
the support of such a central object. Take any irreducible closed subset Θ in Y ,
and V with Θ = supp(V ). Consider the thick ideal 〈V 〉⊗ and a sufficiently central
generating set {Vi}i∈I . (Sufficiently central meaning either central, or centralizing
the simples, respectively.) Then

∪i supp(Vi) = supp(〈V 〉⊗) = supp(V ).

It follows that the generic point in Θ is in supp(Vi), for some i, and subsequently
that Θ = supp(Vi). �

We now offer the proof of Proposition 5.2. Our specific use of localization functors
in the proof is informed by the arguments of [19, Proof of Theorem 7.4.1], which in
turn follow arguments introduced by Rickard and cauthors [66, 7].

Proof of Proposition 5.2. We first prove that an inclusion of supports supp(V ) ⊂
supp(W ), for V and W centralizing the simples, implies an inclusion 〈V 〉⊗ ⊂ 〈W 〉⊗.
Consider LW : Stab(C )→ Stab(C ) the localization functor associated to the local-
izing ideal 〈W 〉⊗loc generated by W . So, we have LW (V ) = 0 if and only if V is in

〈W 〉⊗loc, and hence if and only if V is in the thick ideal generated by W , by Lemma
4.10.

We consider the given extension of (Y, supp) to all of Stab(C ). Via the trian-
gle LW (V ) → V → ΓW (V ), and the fact that ΓW (V ) is in the localizing ideal
generated by W , we see that supp(LW (V )) ⊂ supp(W ). We suppose, arbitrarily,
that the relation of Definition 4.6 (b) hold when tensoring by a finite-dimensional
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representation on the left. The argument when this relations hold on the right is
completely similar.

Recall that Λ is the sum of the simples for C , with multiplicity. We have

HomStab(C )(Σ
−nΛ,W ⊗ LW (V )) = HomStab(C )(Σ

−nW ∗ ⊗ Λ, LW (V )) = 0,

so that W ⊗ LW (V ) = 0, since Λ generates the big stable category. But now

∅ = supp(W ⊗ LW (V )) = supp(W ) ∩ supp(LW (V )) = supp(LW (V )),

since supp(LW (V )) ⊂ supp(W ). It follows that LW (V ) = 0 and therefore that
V ⊂ 〈W 〉⊗, as desired. So we now have the implication

supp(V ) ⊂ supp(W ) ⇒ 〈V 〉⊗ ⊂ 〈W 〉⊗, (5)

for V and W which centralize the simples.
Now, our central generation hypothesis and the implication (5) gives

Isupp(I ) = I .

Furthermore, since any closed subset in Y is realized as the support of an object
in stab(C ), we have supp(IΘ) = Θ. So we have established the desired bijection
between thick ideals and specialization closed subsets in Y .

In the event that Θ is closed, we have Θ = supp(V ) for some V which centralizes
the simples, by Lemma 5.4. Hence the inclusion (5) implies IΘ = 〈V 〉⊗, so that
IΘ is finitely generated. Conversely, if I is generated by some finite collection of
objects {Vi}ni=1 then supp(I ) = ∪ni=1 supp(Vi) is closed. Thus the aforementioned
bijection restricts to a bijection between finitely generated ideals in stab(C ) and
closed subsets in Y . �

5.2. Classifying thick ideals in Chevalley categories. Suppose now that C
is Chevalley, aka has the Chevalley property. By this we mean that the subcate-
gory of semisimple objects in C is a tensor subcategory. Let D denote the tensor
subcategory of semisimple objects in C .

The Chevalley condition on C can be seen as a kind of solvability condition
(although the notion of a solvable tensor category is already taken [32, Definition
9.8.1]), and the representation categories of all of the examples under consideration
here, (F1)–(F3) & (G), are Chevalley. For Chevalley categories, the centralization
hypotheses of Proposition 5.2 are always satisfied, as we now show.

Lemma 5.5. Suppose C is Chevalley. Then any thick ideal I in stab(C ) is
generated by objects which centralize the simples.

Proof. As above, let D ⊂ C denote the tensor subcategory of semisimple objects.
Let {λi}ni=1 be a complete list of simples in C , and take λi = (λi)

∗. It suffices to
show that for each object V in stab(C ), there is some object W which centralizes
the simples, lies in the thick ideal generated by V , and is such that V appears as a
summand in W .

In the Hopf case, where C = rep(u), D = rep(Λ), and ZD(C ) = rep(u ./ Λ∗),
one can deduce explicitly that the right adjoint R : C → ZD(C ) is of the form

R(V ) = Λ ./ V =
∑
i

λi ⊗ V ⊗ λi,

via the bimodule decomposition Λ = ⊕i Endk(λi) =
∑
i λi ⊗ (λi)

∗. So we see that
V is a summand of FR(V ), where F is the forgetful functor, and that FR(V ) is a
object in the thick ideal generated by V which centralizes the simples.
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We claim that the formula, FR(V ) =
∑
i λi⊗V ⊗λi, holds in general. Or, more

to the point, we claim that for any V in a Chevalley tensor category C the object∑
i λi⊗V ⊗λi centralizes the simples. Indeed, this follows by [68, Lemma 4.5]. We

sketch the details, following [67, Section 3.2] (see also [21]).
Consider o : C → C the functor o(V ) =

∑n
i=1 λi ⊗ V ⊗ λi. At each V the

object o(V ) is naturally identified with the end
∫
X∈D X ⊗ V ⊗ X∗ of the functor

− ⊗ V ⊗ (−)∗ : D ⊗ Dop → C [22, Remark 3.2]. This identification provides each
o(V ) with natural maps πV,X : o(V ) → X ⊗ V ⊗ X∗ for all semisimple X, and
provides the functor o with a comonad structure δ : o → o2. We then obtain a
centralizing structure γV : o(V )⊗− → −⊗ o(V ) via the composite

γV,X := (idX⊗o(V ) ⊗ evλ) ◦ (πo(V ),X ⊗ idX)(δV ⊗ idX) :

o(V )⊗X → o2(V )⊗X → X ⊗ o(V )⊗X∗ ⊗X → X ⊗ o(V ).

�

We now prove the main result of the section.

Proof of Theorem 5.1. Lemma 5.5 obviates the hypotheses of Proposition 5.2, so
that the result follows directly from Proposition 5.2. �

6. Thick ideals and spectra for finite tensor categories

We explain how a support theory (Y, supp) which classifies thick ideals in stab(C )
also provides, under ideal circumstances, a calculation of the spectrum of prime
ideals for stab(C ). As always, C denotes a finite tensor category, and we pay
special attention to the Chevalley case. We note that all of the materials of this
section are adapted, almost directly, from work of Balmer [4].

6.1. Prime ideals.

Definition 6.1. A thick ideal P ⊂ stab(C ) is called a prime ideal if P is a proper
ideal in stab(C ) and, for any thick ideals I and J in stab(C ) with I ⊗J ⊂P,
either I ⊂P or J ⊂P.

This notion of a prime ideal in stab(C ) is the näıve generalization of the notion
of a prime ideal in a noncommutative ring, and is also employed in [50]. Our notion
of the spectrum of a finite tensor category, given below, also agrees with that of
[50].

6.2. The spectrum of prime ideals.

Definition 6.2. The spectrum of stab(C ) is the collection of prime ideals in
stab(C ),

Spec(C )
(

= Spec(stab(C ))
)

:= {P ⊂ stab(C ) : P is a thick prime ideal}.

The collection Spec(C ) has the natural structure of a ringed space–although we
generally deal only with its topology. The topology on Spec(C ) is defined as follows:
A basic closed subset in Spec(C ) is a set of the form

suppuni(V ) := {P ∈ Spec(C ) : V /∈P},

where V is an object in stab(C ). The basic opens are then UV := Spec(C ) −
suppuni(V ). So UV is the collection of primes which contain V . We have UV ∩UW =
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UV⊕W , U0 = Spec(C ), and U1 = ∅, so that these subsets form a basis of a uniquely
determined topology on Spec(C ).

For any open set U ⊂ Spec(C ) we consider the thick ideal

KU := {V : suppuni(V ) ∩ U = ∅},

and corresponding quotient category stab(C )/KU . The sheaf of rings OC on
Spec(C ) is then the sheafification of the presheaf

Opre
C : U 7→ Homstab(C )/KU

(1,1).

Proposition 6.3 (cf. [4]). Suppose that C is a non-semisimple, finite, tensor cat-
egory, and that all ideals in stab(C ) are centrally generated. Then

(1) Spec(C ) is a non-empty T0 topological space.
(2) Spec(C ) is quasi-compact and contains a closed point.
(3) All basic opens UV in Spec(C ) are quasi-compact.
(4) Irreducible closed sets in Spec(C ) have a unique generic point.
(5) Pulling back along the functor F : stab(Z(C ))→ stab(C ) induces an injec-

tive map of ringed spaces F ∗ : Spec(C )→ Spec(Z(C )).

As we do not use the above results, we do not give a formal proof. However,
points (1)–(4) are proved just as in [4], where one employs central generation to
restrict all computations to computations with central objects. Statement (5) fol-
lows from the fact that any two centrally generated ideals P and P ′ in stab(C )
agree if and only if their preimages in stab(Z(C )) agree, via central generation.

Remark 6.4. It seems likely at this point that Spec(C ) should in fact be identified
with a closed subspace in Spec(Z(C )). Indeed, it should be the support of the in-
duction R(1) of the identity 1 in C , where R : C → Z(C ) is the right adjoint to the
forgetful functor. Let ΘC ⊂ Spec(Z(C )) denote the support of R(1) in Spec(Z(C )).
We would suggest furthermore that the structure sheaf OC on Spec(C ) ∼=homeo ΘC

is a finite extension of the sheaf of rings OZ(C ) in general, so that (Spec(C ),OC ) is
not locally ringed, but semi-locally ringed in general. (See Section 10.6.)

Remark 6.5. Relative to the perspective of [23], we are suggesting that a central
action R→ End(idstab C ) should apparently factor through the action of the Drin-
feld center Ext∗Z(C )(1,1) → End(idstab C ) if one hopes to classify two-sided thick
ideals.

One can also see [76] for an exploration of the relationship between spectra for
stab(C ) and spectra for stab(Z(C )) in some extreme settings.

6.3. The spectrum and support. The first lemma of this section practically
states that the pair (Spec(C ), suppuni) is a multiplicative support theory for stab(C ),
save for the possibility that Spec(C ) may not be homeomorphic to a Noetherian
scheme in general.

Lemma 6.6. Suppose that V and W are in stab(C ), and that one of V or W
centralizes the simples. Then in Spec(C ) we have

suppuni(V ⊗W ) = suppuni(V ) ∩ suppuni(W ).

More generally, for arbitrary V and W , we have a containment

suppuni(V ⊗W ) ⊂ (suppuni(V ) ∩ suppuni(W )).
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Proof. For the inclusion suppuni(V ⊗W ) ⊂ (suppuni(V ) ∩ suppuni(W )) we simply
note that if V ⊗W is not in a prime P then neither V nor W can be in P.

Now, in general we have

〈〈V 〉⊗ ⊗ 〈W 〉⊗〉⊗ = 〈⊕i(V ⊗ λi ⊗W )〉⊗, (6)

where the sum runs over a complete list of the simples in C . To see this, note that
we have the exact endomorphism V ⊗ − : stab(C ) → stab(C ) of right C -module
categories, so that the preimage of the thick right ideal generated by V ⊗(⊕iλi⊗W )
contains the thick right ideal generated by ⊕iλi ⊗W . But the thick right ideal
generated by this sum is the two sided ideal generated by W . Hence

V ⊗ 〈W 〉⊗ ⊂ 〈⊕i(V ⊗ λi ⊗W )〉⊗. (7)

Similarly, for any W ′ ∈ 〈W 〉⊗ we have

〈V 〉⊗ ⊗W ′ ⊂ 〈⊕i(V ⊗ λi ⊗W ′)〉⊗ ⊂ 〈⊕i(V ⊗ λi ⊗W )〉⊗, (8)

where the final inclusion follows from (7) and the fact that ⊕iλi ⊗W ′ ∈ 〈W 〉⊗.
Hence we have an inclusion

〈〈V 〉⊗ ⊗ 〈W 〉⊗〉⊗ ⊂ 〈⊕i(V ⊗ λi ⊗W )〉⊗.

The opposite inclusion is clear, as ⊕iV ⊗ λi ⊗W is in 〈V 〉⊗ ⊗ 〈W 〉⊗. This verifies
the formula (6).

In the case that V centralizes the simples, we have ⊕iV ⊗λi⊗W ∼= ⊕iλi⊗V ⊗W
so that 〈(⊕iV ⊗ λi ⊗ W )〉⊗ = 〈V ⊗ W 〉⊗. One has a similar equality when W
centralizes the simples. So, for any prime P, we have that

V ⊗W ∈P ⇔ 〈V 〉⊗ ⊗ 〈W 〉⊗ ⊂P (by our centralizing hypotheses)
⇒ V ∈P or W ∈P (via primeness of P).

So we deduce the claimed equality of supports. �

We record an observation from the proof, which is also implicit in the equality
suppuni(V ⊗W ) = suppuni(V ) ∩ suppuni(W ) at V or W centralizing the simples.

Lemma 6.7. Consider V and W in stab(C ), with one of V or W centralizing the
simples, and let P be a prime in stab(C ). Then the product V ⊗W lies in P if
and only if V lies in P or W lies in P.

Remark 6.8. Although one can easily see this point directly, Lemma 6.7 tells us
that thick prime ideals in the stable category stab(C ) for braided C , defined as in
Definition 6.2, are primes in the sense of [4]. So our prime ideal spectrum agrees
with Balmer’s spectrum [4, Definition 2.1] in this case.

The following lemma says that the support theory (Spec(C ), suppuni) is universal–
in particular terminal–among multiplicative support theories for stab(C ), provided
ideals in stab(C ) are all generated by objects which centralize the simples.

Lemma 6.9 (cf. [4, Theorem 3.2]). Suppose that (Y, supp) is a multiplicative sup-
port theory for stab(C ). Suppose additionally that all ideals in stab(C ) are gener-
ated by objects which centralize the simples. Then there is a corresponding contin-
uous map

fsupp : Y → Spec(C ), y 7→Py := {W : y /∈ supp(W )}.

This map satisfies f−1
supp(suppuni(V )) = supp(V ), for all V in stab(C ).
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Proof. We first prove that Py is in fact prime. Consider two ideals I and J in
stab(C ), and consider generators {Vi}i and {Wj}j for I and J respectively which
centralize the simples. Suppose that I ⊗J ⊂ Py and that Vi /∈ Py for some
i. Since Vi ⊗Wj ∈ Py for all j we have y /∈ supp(Vi ⊗Wj) while y ∈ supp(Vi).
The tensor product property supp(Vi ⊗ Wj) = supp(Vi) ∩ supp(Wj) then forces
y /∈ supp(Wj) for all j. It follows that J ⊂Py. So we see that Py is prime.

For continuity, as well as the final claim f−1
supp(suppuni(V )) = supp(V ), we have

directly

suppuni(V ) ∩ fsupp(Y ) = {Py : V /∈Py} = {Py : y ∈ supp(V )},

so that supp(V ) = f−1(suppuni(V )). One takes complements to find that the
preimage of a basic open f−1

supp(UV ) is the open complement Y − supp(V ), and
hence that fsupp is continuous. �

In the Chevalley case the hypotheses of Lemma 6.9 are met immediately, so that
we have

Corollary 6.10. Suppose that C is Chevalley. Then for any multiplicative support
theory (Y, supp) for stab(C ), there is an continuous map

fsupp : Y → Spec(C ), y 7→Py := {W : y /∈ supp(W )}

which satisfies f−1
supp(suppuni(V )) = supp(V ), for all V in stab(C ).

Proof. In this case all ideals in stab(C ) are generated by objects which centralize
the simples, by Lemma 5.5. So the claim follows by Lemmas 6.9. �

6.4. Calculating the spectrum.

Theorem 6.11 (cf. [4, Theorem 5.2]). Consider C a finite tensor category, and
suppose that all thick ideals in stab(C ) are generated by objects which centralize the
simples. If (Y, supp) is an lavish support theory, then the map fsupp of Lemma 6.9
is a homeomorphism,

fsupp : Y
∼=−→ Spec(C ).

By Proposition 5.2, any lavish support theory is, in the language of [4, Definition
5.1], a classifying support data. This classifying property is the technically relevant
point. For the proof of the theorem, one literally copies the proof of [4, Theorem
5.2], with only a slight modification for the surjectivity argument. For the sake of
completeness, we repeat Balmer’s proof here.

Proof. We have already assumed that arbitrary closed subsets in Y are realizable as
supports of objects, and, by Lemma 5.4, central generation implies that all closed
subsets are realizable as supports of objects which centralize the simples.

For injectivity, consider for y ∈ Y the specialization closed subset Θ(y) := {x ∈
Y : y /∈ x} in Y . Note that this subset Θ(y) does not contain y, so that if an object
V in stab(C ) has support contained in Θ(y) then y /∈ supp(V ). Conversely, since
supp(V ) is closed in Y , and therefore contains the closures of all its points, we see
that y /∈ supp(V ) then supp(V ) ⊂ Θ(y). So we calculate the thick ideal defined by
Θ(y) as

IΘ(y) = {V : y /∈ supp(V )} = Py = fsupp(y).
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Now, since (Y, supp) admits a tensor extension to the big stable category, it also
classifies thick ideals in stab(C ) by Proposition 5.2. Therefore

fsupp(x) = fsupp(y) ⇔ Θ(x) = Θ(y) ⇒ x ∈ y and y ∈ x ⇒ x = y.

Since Y is T0, this implies x = y. So fsupp is injective.
For surjectivity, consider a prime P in stab(C ) and its associated specialization

closed subset Θ = supp(P) in Y . Note that, since P is a proper ideal in stab(C ),
Θ is a proper subset in Y . We claim that the associated collection of closed subsets
in Y ,

F = {x : x /∈ Θ},
is nonempty and admits a minimal element (under inclusion).

Suppose that such x0 with minimal closure x0 ∈ F exists. Then x0 provides an
identification Y − Θ = {x : x0 ∈ x}. Indeed, minimality implies immediately the
containment Y − Θ ⊂ {x : x0 ∈ x} and the opposite containment holds as x itself
is not in Θ, and Θ is specialization closed. But this set {x : x0 ∈ x} is just Θ(x0)
from above. Therefore

P = IΘ = IΘ(x0) = f(x0),

and we observe surjectivity of our map.
So, in order to prove surjectivity, it suffices to show that F does in fact admit a

minimal element. Consider points in the complement x, y ∈ Y −Θ, and objects V
and W which centralize the simples and have supports supp(V ) = x, supp(W ) = y.
Since these objects are not supported in Θ, we have that neither V nor W lies in
P, and hence their product is not in P. It follows that

x ∩ y = supp(V ⊗W ) * Θ.

So there exists an element z in this intersection, which also lies in the complement
Y − Θ. Rather, any two subsets x and y in F admit a third subset z in F with
z contained in both x and y. Since Y is Noetherian, this implies that F admits a
minimal element, as desired. We therefore have surjectivity of fsupp, and conclude
that fsupp is bijective.

Finally, to see that fsupp is a homeomorphism, note that the basic closed sets
suppuni(V ) in Spec(C ) are identified with the closed sets supp(V ) in Y under fsupp.
Since the supp(V ) exhaust all closed subsets in Y , we see that the topology on Y
is also generated by the supp(V ), and hence the topologies on Y and Spec(C )
agree. �

One now applies Lemma 5.5 in the Chevalley case to find

Theorem 6.12. Consider C a finite, Chevalley tensor category. Then for any lav-
ish support theory (Y, supp), the map fsupp of Corollary 6.10 is a homeomorphism,

fsupp : Y
∼=−→ Spec(C ).

7. Hypersurface support as a tensor extension

We provide a detailed discussion of hypersurface support for Hopf algebras which
are similar to our examples (F1)–(F4). Specifically, we discuss Hopf algebras with
the Chevalley property, and local integrable Hopf algebras.

The findings of the present section are employed in Section 8 in order to clas-
sify thick ideals in the stable categories of the families (F1)–(F3). We provide an
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independent discussion of categories of sheaves on non-connected group schemes in
Sections 9 and 10.

7.1. The thick subcategory Lemma for hypersurfaces. Consider integrable
u with either conormal or local integration U → u. We say a hypersurface algebra
UK/(f) for U satisfies the thick subcategory lemma if for each finitely generated
module N over UK/(f) the following implication holds:

N is non-perfect over UK/(f) (i.e. projdimUK/(f)(N) =∞)

⇒ K ∈ 〈λ⊗N ⊗ µ : λ, µ ∈ Irrep(uK)〉 ⊂ Dcoh(UK/(f)).

Here f ∈ mZK is any element with nonzero reduction f̄ ∈ (mZ/m
2
Z)K , and

Dcoh(UK/(f)) denotes the derived category of complexes with finitely generated
cohomology. Note that one needs to consider a conormal, or local, integration here
so that the simples in rep(u) act both on the left and the right of the hypersurface
category UK/(f)-mod. The following was essentially proved in [57].

Proposition 7.1. For u of the types (F1)–(F4), all hypersurface algebras for the
associated integration U→ u satisfy the thick subcategory Lemma.

Proof. By initially changing base we may assume K = k. The case u = O(G), for
connected G, is already known [73]. So we deal with the cases (F1)–(F3).

We argue as in the proof of [57, Lemma 13.9]. For each of the given examples we
have U = U+oΛ, where Λ = u/ Jac(u) and U+ is local. The local algebra U+ is the
completion of A+

q , UDKq (n), and O(B)oU(n) for the cases of the quantum complete
intersection, quantum Borel, and double of B(1) respectively. It was shown in [57]
that for finitely generated modules over hypersurface algebras

N non-perfect over U/(f) ⇒ k ∈ 〈λ⊗ F (N) : λ ∈ Irrep(Λ)〉 ⊂ Dcoh(U+/(f)),
(9)

where F : Dcoh(U/(f)) → Dcoh(U+/(f)) is restriction functor. More specifically,
we showed that the augmentation ideal in U+ is generated by a q-regular sequence
[57, Definition 12.1], so that the implication follows by [57, Lemmas 12.4, 12.5, &
13.1].

The right adjoint R : U+/(f)-modfg → U/(f)-modfg is an exact map of left
rep(Λ)-module categories [34, §3.3], and on modules N over U/(f) we have

R(F (N)) ∼= N ⊗ Λ∗ ∼= ⊕µ∈Irrep(u)N ⊗ µ.
So this functor derives immediately to provide a map

R : Dcoh(U+/(f))→ Dcoh(U/(f))

of triangulated module categories. We therefore apply R to the formula (9), and
note that k is a summand of R(k), to find

N non-perfect over U/(f) ⇒ k ∈ 〈λ⊗N ⊗ µ : λ, µ ∈ Irrep(Λ)〉 ⊂ Dcoh(U/(f)).

�

7.2. Sub-multiplicativity of hypersurface support.

Lemma 7.2. Consider an integrable Hopf algebra u with a given integration U→ u
which is either conormal or local. Then for arbitrary M and N in Stab(u) there is
an inclusion

supphypP (M ⊗N) ⊂
(

supphypP (M) ∩ supphypP (N)
)
.
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Proof. Consider c any point in P(mZ/m
2
Z), which we may assume is closed by base

change. In the conormal case this just follows from the fact that we have an exact
right adjoint Homk(N,−) to the action functors N⊗−, −⊗N : Db(Uc)→ Db(Uc),
at arbitrary N in Rep(u). (Rather, we have two adjoints corresponding to the
actions on Homk(N,−) provided by the antipode and its inverse.) Hence N ⊗ −
and − ⊗ N preserve objects of finite projective dimension. In the local case this
follows from the fact that M ⊗N is in the localizing subcategory generated by M ,
and also in the localizing subcategory generated by N , in Sing(Uc). �

We recall, from Section 3.2, that a given integration U → u specifies a map
κ : Y → P(mZ/m

2
Z) from the projective spectrum Y of the extensions Ext∗u(k, k).

Applying the above lemma in the case V = 1, and Proposition 3.5, gives

Corollary 7.3. Suppose that u admits an integration which is either conormal or

local. Then for any M in Rep(u), the support supphypP (M) is contained in the closed
subvariety κ(Y) in P(mZ/m

2
Z). That is to say, hypersurface support is a support

theory valued in κ(Y).

Proof. Proposition 3.5 says that supphypP (1) = κ(Y), so that Lemma 7.2 implies the
claimed containment. �

In the case in which κ : Y → P is a closed embedding, we therefore find that
hypersurface support provides a triangular extension of cohomological support from
stab(u) to Stab(u). One can show further that, in this case, all subsets of Y are
realizable as the support of a module over u.

7.3. Hypersurface support as a tensor extension for (F1)–(F4).

Theorem 7.4. Consider integrable u with conormal integration U → u. Suppose
that all hypersurfaces for U satisfy the thick subcategory lemma (see 7.1). Then
hypersurface support for Stab(u) satisfies the tensor product property

supphypP (V ⊗M) = supphypP (V ) ∩ supphypP (M)

and supphypP (M ⊗ V ) = supphypP (M) ∩ supphypP (V ),
(10)

whenever V is finite-dimensional and centralizes the simples.
When u is in particular geometrically Chevalley, and all hypersurfaces for a given

Chevalley integration satisfy the thick subcategory lemma, then the equalities (10)
hold for arbitrary M and arbitrary finite-dimensional V .

Proof. By changing base we may take K = k. Fix I = Irrep(Λ). By Lemma 7.2

there is an inclusion supphypP (V ⊗M) ⊂ supphypP (V ) ∩ supphypP (M). So we need
only provide the opposite inclusion. Suppose, to this end, that V ⊗M is of finite
projective dimension over Uc while V is not of finite projective dimension over Uc.
Then

k ∈ 〈λ⊗ V ⊗ µ : λ, µ ∈ I〉 ⊂ Dcoh(Uc),

by the thick subcategory lemma. The centralizing hypothesis simplifies the expres-
sion above to give k ∈ 〈λ⊗ V : λ ∈ I〉. Apply the endofunctor −⊗M of Db(Uc) to
find

M ∈ 〈λ⊗ V ⊗M : λ ∈ I〉 ⊂ 〈Proj(Uc)〉,
so that M is seen to be of finite projective dimension.
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We have now shown that if a point c is in the intersection supphypP (V )∩supphypP (M)

then c is also in supphypP (V ⊗ M). This establishes the inclusion supphypP (V ) ∩
supphypP (M) ⊂ supphypP (V ⊗M) and subsequent equality. One argues similarly to
obtain the desired formula for the support of the product M ⊗ V , in this case em-
ploying the equality 〈λ⊗ V ⊗ µ : λ, µ ∈ I〉 = 〈V ⊗ λ : λ ∈ I〉. We note, finally, that
in the geometrically Chevalley case, all objects centralize the simples by Lemma
3.7, so that the identities (10) hold globally. �

We have a local version of the above theorem, which exhibits a certain sidedness.

Theorem 7.5. Consider local u with local integration U → u. Suppose that all
hypersurfaces for U satisfy the thick subcategory lemma (see 7.1). Then hypersurface
support for Stab(u) satisfies the tensor product property

supphypP (M ⊗ V ) = supphypP (M) ∩ supphypP (V ), (11)

where M is arbitrary and V is finite-dimensional.

Proof. The same as the proof of Theorem 7.4, except we note that only the left
action M ⊗− : Db(Uc)→ Db(Uc) is well-defined when U→ u is not conormal. �

Applying Theorems 7.4 and 7.5, in conjunction with Proposition 7.1 and Propo-
sition 3.5, provides

Corollary 7.6. For u among (F1)–(F4), hypersurface support (κ(Y), supphypP ) pro-
vides a lavish support theory for the stable category stab(u).

Proof. In [57] it was shown that hypersurface support for the small stable category,
in these cases, is multiplicative. The fact that hypersurface support is exhaustive
follows from Proposition 3.5 and the fact that cohomological support is exhaustive.
Theorems 7.4 and 7.4, in conjunction with [56, Theorem 6.1], imply that hypersur-
face support for the big stable category provides a faithful tensor extension of its
compact restriction to all of Stab(u). �

By Corollary 7.6 we find further that, when κ : Y → P(mZ/m
2
Z) is a closed

embedding, hypersurface support for Stab(u) provides a faithful tensor extension
of cohomological support to the big stable category.

Corollary 7.7. Cohomological support is a lavish support theory for u a bosonized
quantum complete intersection, or the algebra of functions on an infinitesimal (fi-
nite) group scheme.

Similarly, cohomological support is a lavish support theory for u a small quantum
Borel algebra in type A, at large order q, or the double D(B(1)) in large character-
istic.

By large order q we mean ord(q) > n+ 1 in type An, and by large characteristic
we mean p > dimB + 1.

Proof. In the cases listed above the map κ was shown to be a closed embedding
in [57]. See specifically [57, Lemma 7.5] and, for types (F1)–(F4) respectively, [16]
[57, §11.2], [40], [36, Theorem 6.10], and [57, Lemma 10.4]. �

At Corollaries 8.4 and 8.8 below the restrictions on the order of q for uq(B), and
the characteristic of the base field for D(B(1)), are shown to be superfluous.
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8. Thick ideals and spectra for stab(F1)–stab(F3)

We classify thick ideals, and discuss central generation of ideals, for the families
(F1)–(F3). Throughout the section we use, implicitly, the relationship between
cohomological and hypersurface support provided by Proposition 3.5. In particu-
lar, we take for granted that the cohomological and hypersurface supports for an
integrable Hopf algebra agree whenever the map

κ : Y = Proj Ext∗u(k, k)red → P(mZ/m
2
Z)

provided in Section 3.2 is injective, and hence topologically a closed embedding.

8.1. Classification of ideals and the map κ. Before we begin, let us give a
general result which speaks to the nature of the map κ.

Lemma 8.1. Suppose that a finite-dimensional Hopf algebra u is integrable, with
some fixed integration, and suppose that the corresponding hypersurface support

(κ(Y), supphypP ) is multiplicative and classifies thick ideals in stab(u). Suppose also
that cohomological support for u satisfies

suppcohY (V ⊗W ) ⊂
(
suppcohY (V ) ∩ suppcohY (W )

)
,

for all V and W in stab(u). Then the map κ : Y → P is topologically a closed
embedding.

Proof. Indeed, suppose this is not the case, and that κ is not a closed embedding.
Then there are two closed points x, x′ ∈ Y with κ(x) = κ(x′) while x 6= x′. Since
all closed subsets in Y are realized as the support of some object, it follows that
the thick ideals Ix and Ix′ of objects supported at x and x′ are distinct. But the
hypersurface supports of the ideals Ix and Ix′ agree in this case, and we reach a
contradiction. So we see that κ must be a closed embedding, as claimed. �

8.2. (F1) Quantum complete intersections. We consider a standard quantum
complete intersection aq = aq(P ) with its usual integration Aq → aq and corre-

sponding hypersurface support supphypP .
In this setting the map κ : Y → P(mZ/m

2
Z) is an isomorphism, and the cohomo-

logical and hypersurface supports for stab(u) agree [16] [57, §11.2]. The dimension
of mZ/m

2
Z is equal to the number of generators of aq, which we fix as n, and we

have

Pn−1 = Y ∼= P(mZ/m
2
Z).

Theorem 8.2. Thick ideals in stab(aq) are classified by cohomological support
(Pn−1, suppcohP ), and there is a homeomorphism

Pn−1 ∼=→ Spec(stab(aq)).

Proof. By Lemma 7.2 and Corollary 7.6, cohomological support for stab(aq) admits
a tensor extension to Stab(aq). So the result follows by Theorem 5.1 and Theorem
6.12. �

8.3. (F2) The quantum Borel in type A. We consider the quantum Borel
uq(B) with its associated De Concini-Kac integration UDKq (B), and corresponding
hypersurface support. At sufficiently large order q, the map κ : P(n) ∼= Y →
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P(mZ/m
2
Z) is an isomorphism, although at low order q this is not a priori known

to be true. Throughout this subsection we take

Yq := Y = Proj Ext∗uq(B)(C,C)red and suppcohq := suppcohY ,

for the sake of specificity.
As we saw in the proof of Theorem 8.2 above, Lemma 7.2 and Corollary 7.6

imply

Proposition 8.3. Consider G an almost-simple algebraic group in type A, and let
uq(B) be the corresponding small quantum Borel, at arbitrary odd order parameter

q. Hypersurface support (κ(Yq), supphypP ) classifies thick ideals in stab(uq(B)).

By applying Lemma 8.1, we obtain the following somewhat surprising implication
of Proposition 8.3.

Corollary 8.4. In type A, at arbitrary odd order q, the map κ : Yq → P(mZ/m
2
Z)

is topologically a closed embedding.

Since hypersurface and cohomological supports now agree at arbitrary q, we have

Theorem 8.5. For uq(B) in type A, at arbitrary odd order q, and any V and W
in rep(uq(B)), cohomological support satisfies the tensor product property

suppcohq (V ⊗W ) = suppcohq (V ) ∩ suppcohq (W ). (12)

Furthermore, cohomological support (Yq, suppcohq ) classifies thick ideals in stab(uq(B)),
and there is a homeomorphism

Yq
∼=→ Spec(stab(uq(B))).

As remarked above, at ord(q) larger than the Coxeter number h we have Yq =
P(n) [40], so that thick ideals in stab(uq(B)) are classified more specificially by
specialization closed subsets in P(n), and we have a homeomorphism

P(n)
∼=→ Spec(stab(uq(B))).

Remark 8.6. The tensor product property (12) was already obtained at ord(q) > h
in [57]. So we emphasize that the relation is now seen to hold at arbitrary odd order
parameter q, in type A.

8.4. (F3) The Drinfeld double of B(1). For the sake of specificity, we adopt the
notations

Ydd := Y = Proj Ext∗D(B(1))
(k, k)red and suppcohdd = suppcohY .

The subscript dd here indicates the “Drinfeld double”. We again apply Lemma 7.2
and Corollary 7.6 to obtain

Proposition 8.7. Consider B a Borel in an almost-simple algebraic group G, over

a field of arbitrary characteristic. Hypersurface support (κ(Ydd), supphypP ) for the
double classifies thick ideals in the stable category stab(DB(1)).

We now observe

Corollary 8.8. In the setting of Proposition 8.7, the map κ : Ydd → P(mZ/m
2
Z)

is topologically a closed embedding.

Proof. Apply Lemma 8.1. �
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As a consequence we obtain a characteristic free description of support for the
double D(B(1)).

Theorem 8.9. Cohomological support (Ydd, suppcohdd ) classifies thick ideals in stab(DB(1)),
and satisfies the tensor product property

suppcohdd (V ⊗W ) = suppcohdd (V ) ∩ suppcohdd (W ).

There is furthermore a homeomorphism Ydd
∼=→ Spec(stab(DB(1))).

As with the quantum Borel situation, the space Ydd is completely unambiguous
in large characteristic, where we have

Ydd = P
(
n× (b∗)(1)

)
[36]. Here b is the Lie algebra for B, n is the nilpotent radical in b, and b(1) denotes
the Frobenius twist.

8.5. A general result for central generation. Below we prove that all thick
ideals in the stable categories for (F1)–(F3) are centrally generated. We rely on the
following general observation.

Lemma 8.10. Consider C any finite tensor category, and suppose that thick ideals
in the stable category stab(C ) are classified by cohomological support. Suppose
additionally that the forgetful functor F : Z(C ) → C induces a topological closed
embedding

F ∗ : Spec Ext∗C (1,1)→ Spec Ext∗Z(C )(1,1),

and that all of the cohomology rings in question are finitely generated algebras.
Then all thick ideals in stab(C ) are centrally generated.

Proof. We work at the level of the derived category Db(C ) since, according to
presentation of Section 4.3, cohomological support for stab(C ) is defined via the
corresponding support theory for Db(C ).

Fix Z = Z(C ). For an extension ξ : 1→ Σn1 in Db(Z ), we consider the map-
ping cone Lξ = cone(ξ). The cohomological support of this object is the vanishing
locus V an(ξ) of ξ ∈ ExtnZ (1,1) in the spectrum of cohomology. Furthermore,
the support of a product of such complexes Lξ1 ⊗ . . . ⊗ Lξn is the vanishing lo-
cus V an(ξ1, . . . , ξn) [17, Theorem 5.2]. So in particular, all closed subsets in the
spectrum of cohomology are realized as supports of products of mapping cones Lξ.

Now consider the forgetful (tensor) functor F : Z → C , and its derived coun-
terpart, which we denote by the same letter F : Db(Z ) → Db(C ). We have
F (Lξ) ∼= LF (ξ) and also F (L1 ⊗ . . . ⊗ Ln) ∼= F (L1) ⊗ . . . ⊗ F (Ln). Since all
closed subvarieties in Proj Ext∗C (1,1) are cut out by functions in the image of
the map F : Ext∗Z (1,1) → Ext∗C (1,1), by hypothesis, the above information
implies that all such closed subvarieties are realized as the supports of objects
of the form F (V ), with V in Z . Similarly, all specialization closed subset in
Proj Ext∗C (1,1) are realized as supports of collections of objects in the image of
the functor F : Db(Z ) → Db(C ). If we move to the stable setting, it fol-
lows that all specialization closed subsets in the projective spectrum are real-
ized as the cohomological supports of objects in the image of the stabilized map
stab(F ) : stab(Z )→ stab(C ).

Since thick ideals in stab(C ) are classified by cohomological support, by hy-
pothesis, we see now that all thick ideals in stab(C ) admit a central generating
set. �
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8.6. Central generation of ideals. Since rep(D(B(1))) = Z(repB(1)) is already
braided, all thick ideals in its stable category are immediately centrally generated.
(Note that in this case, the center Z(repB(1)) is our initial category C , so that
the second iteration Z(Z(repB(1))) would be Z(C ).) In the cases of aq and uq(B),
however, the representation categories are not braided in general. Despite this
fact, we see below that all thick ideals in their respective stable categories remain
centrally generated.

Lemma 8.11. The maps Spec Ext∗aq (C,C)→ Spec Ext∗D(aq)(C,C) for the quantum

complete intersection, and Spec Ext∗uq(B)(C,C) → Spec Ext∗D(uq(B))(C,C) for the
quantum Borel in type A, are topologically closed embeddings.

Proof. We deal with the case of aq. Let Zq ⊂ Aq denote the parametrizing subal-
gebra for the given deformation Aq.

The dual a∗q is of the form aζ so that the Drinfeld double D(aq) is a cocycle
deformation of the product D(aq) = (aq⊗aζ)σ [29]. Pulling back this cocycle along
the integration Aq ⊗ Aζ → aq ⊗ aζ , we can cocycle deform the product Aq ⊗ Aζ to
produce a deformation D = (Aq ⊗ Aζ)σ parameterized by the (completed) product
Zq ⊗ Zζ . We then have a map of deformations

Zq ⊗ Zζ // D // D(aq)

Zq

OO

// Aq

OO

// aq.

OO

One can use the above diagram to verify that the corresponding actions on
cohomology fit into a diagram

AZq⊗Zζ

����

// Ext∗D(a)(C,C)

res

��
AZq

// Ext∗aq (C,C).

(One can establish commutativity of the above diagram by considering the descrip-
tion of the action on cohomology via the functor Db(BZ) → Db(u) associated to
a given deformation [18] [57, §3.4].) Since the bottom map induces a topologi-
cally closed embedding on spectra, the restriction map from the cohomology of the
double D(aq) induces a topologically closed embedding on spectra of cohomology.

The argument for the quantum Borel is completely similar, where we make an
additional reference to Corollary 8.4 to observe that the map AZ → Ext∗uq(B)(C,C)
induces a topologically closed embedding on spectra. �

Remark 8.12. At large order q, it is well-known that the map in question for
the quantum Borel is surjective, in arbitrary Dynkin type. Indeed, the map on
spectra of cohomology is identified with the closed embedding n→ N of the positive
nilpotent subalgebra in g = Lie(G) into the nilpotent cone.

Theorem 8.13. Consider C the category of representations for a bosonized quan-
tum complete intersection aq, or a quantum Borel uq(B) in type A. All thick ideals
in stab(C ) are centrally generated.

Proof. Apply Lemma 8.10 and Lemma 8.11. �
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8.7. Remarks on the quantum Borel and relations with [50, 51]. In [50] the
authors propose a classification of thick ideals for the quantum Borel uq(B) in arbi-
trary Dynkin type. The arguments of [50] can be paraphrased as follows: Consider
the triangular extension suppLC of cohomological support to all of Stab(uq(B))
provided by local cohomology functors [9]. In work of Boe-Kujawa-Nakano [19]
this extension is proposed to have the following vanishing property:

suppLC(V ⊗M) = ∅ ⇒ suppLC(V ) ∩ suppLC(M) = ∅, (13)

for finite-dimensional V and arbitrary M [19, Theorems 6.2.1 & 6.5.1]. As one can
see in the proof of Proposition 5.2, and as is argued directly in [50], the implication
(13) can be used to conclude that cohomological support for the quantum Borel
uq(B)–now in arbitrary Dynkin type–classifies thick ideals in the stable category.
One subsequently identifies the prime ideal spectrum, and can use this identification
to conclude that cohomological support satisfies the tensor product property, as is
done in [51].

While we have no objections to the general theory developed in [50, 51], and agree
that the proposed classification of ideals is obtainable from the implication (13), we
were unable to follow or reproduce a number of arguments from [19]. Indeed, the
current project, along with its predecessor [57], was undertaken in order to provide
a foundation for studies of the quantum group uq(G) which is independent of [19].
So, in the present document, we do not claim a classification of thick ideals for
the quantum Borel in arbitrary Dynkin type. We would encourage, however, all
readers to give the paper [19] proper consideration.

Remark 8.14. There is an additional claim from [19, 51] that the analysis of
support for the quantum Borel is not sensitive to the choice of grouplikes, and
hence not sensitive to centralizing hypotheses on objects. This is in contrast to the
specificity of the analysis given here, as in Section 3.3, Lemma 6.6, Theorem 7.4.
They arrive at this conclusion because the formula (13) for support is proposed to
be independent of the choice of grouplikes. We make no analogous claim here, and
employ in essential ways the centralization hypotheses provided by Lemma 3.7 (see
Theorem 7.4 above).

Let us comment, finally, that we have been in contact with the authors of the
works [19, 50, 51], and we thank them for continued productive discussions.

9. Hypersurface extension for Coh(G)

Fix now k an algebraically closed field. We provide an analysis of hypersurface
support for the algebra of functions O(G) on a (generally non-connected) finite
group scheme over k.

As in the introduction, we let Coh(G) = rep(O(G)) denote the category of sheaves
on G with tensor structure induced by the group structure on G, or rather the Hopf
structure on the algebra of functions. Thus QCoh(G) is identified with the category
of arbitrary O(G)-modules, with its corresponding monoidal structure.

For coherent sheaves on a general non-connected group scheme G, hypersurface
support is not multiplicative. One can see for example the results of [13, 63], or
[57, Example 10.2]. However, a sufficiently strong understanding of hypersurface
support in this case can still be employed as a foundation for understanding thick
ideals in the stable category stab(Coh(G)). We use the results of the present section
to classify ideals, and identify the prime ideal spectrum for Coh(G) in Section 10.
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9.1. Preliminary discussion. Consider G a finite group scheme, with identity
component Go and subgroup of connected components π = π0(G).

We take a very specific approach to hypersurface support for Coh(G). First we
note that, for the identity component Go, we understand support completely. This
is because the algebra O(Go) is local, and the results of Section 7 apply immediately.
Second, we note that sheaves on any other component Gλ are identified with sheaves
on Go via the translation action of the corresponding irreducible λ ∈ π. So, the
behaviors of the category Coh(G) can be understood via an understanding of the
connected component Coh(Go), and an understanding of the action of the subgroup
π on Coh(G).

We apply this philosophy to produce (define), and analyze, a hypersurface sup-
port for sheaves on a generally non-connected finite group scheme.

Remark 9.1. Our approach here deviates from that of the predecessor [57].

9.2. Generalities for Coh(G). Take G, Go, and π = π0(G) as above, and consider
k of odd characteristic p. We cover some generalities for Coh(G), which are not
strictly necessary at this point, but which may help orient the reader.

The algebra of functions on the connected component Go has the form O(Go) =

k[x1, . . . , xn]/(xp
r1

1 , . . . , xp
rn

n ) (see, for example, [77, 14.4]). This implies that the
cohomology ring Ext∗Coh(G)(k, k) = Ext∗Coh(G0)(k, k) is a tensor product of an exte-
rior algebra, generated in degree 1, with a polynomial ring, generated in degree 2.
We take

L = (Ext2
Coh(G)(k, k)red)∗,

so that the projective spectrum of cohomology is Y = P(L).
The vector space L can be seen as a twisting of the Lie algebra for G. For

example, when G is the r-th Frobenius kernel G(r) in a smooth algebraic group G,

then L is naturally identified with Lie(G)(r). See for example [36, Proposition 3.5].
We should be clear that, although Y is a projective space in this case, the map

κ : Y → P(mZ/m
2
Z) induced by a chosen integration O → O(Go) for the identity

component is not necessarily an isomorphism. It is, however, always a closed em-
bedding [57, Lemma 7.5]. Indeed, if Go → H is an embedding into a connected
algebraic group from which we deduce our integration O = O(H)→ O(Go), then κ
is an isomorphism if and only if dim Lie(H) = dim Lie(G).

9.3. Characteristic 2. As usual, characteristic 2 is somewhat special. Fix k alge-
braically closed of characteristic 2, and let G be any finite group scheme over k with
the identity component Go. As O(Go) is a truncated polynomial algebra, just as in
the odd characteristic case, the cohomology ring Ext∗Coh(Go)(k, k) is the tensor prod-
uct of a polynomial ring generated in degrees 1 and 2 with an exterior algebra gener-
ated in degree 1 [35, 3.3]. The reduced ring Ext∗Coh(G)(k, k)red = Ext∗Coh(Go)(k, k)red

is then a polynomial ring generated in degrees 1 and 2. Instead of taking L to be
a vector space here, which we identify with an affine k-scheme, we take simply

L = Spec Ext∗Coh(Go)(k, k)red

so that again Y = P(L). We consider the scheme map κ : Y = P(L)→ P(mZ/m
2
Z)

provided by an integration O → O(Go) of the identity component.

Lemma 9.2. The map κ : P(L)→ P(mZ/m
2
Z), provided by a choice of integration

O → O(Go), is topologically a closed embedding.
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Proof. This follows by Corollary 7.6 and Lemma 8.1, applied to u = O(Go). �

As a sanity check, consider the case where G is the first Frobenius kernel G(1)

in a smooth algebraic group G. We then have E = Ext∗G(k, k) = k[y1, . . . , yn],
with the yi of degree 1. For the natural integration O(G) → O(G) provided by
the embedding G → G, the deformation map AZ → E is an isomorphism onto
the subalgebra E′ = k[y2

1 , . . . , y
2
n]. The above lemma now claims that the map on

spectra

SpecE → SpecE′,

which is closed and surjective, is a homeomorphism. It suffices to show that this
map is injective on closed points. However, such injectivity just follows from the fact
that there is a unique solution to any equation y2 − c = 0, c ∈ k, over algebraically
closed field in characteristic 2.

9.4. Hypersurface support for non-connected group schemes. Consider G
a non-connected finite group scheme, with identity component Go and group of

connected components π ⊂ G. We define a support theory (Y, supphypP ) for G
as follows: Consider an integration O → O(Go) as in (F4), with its associated
hypersurface support, and take for M in QCoh(G)

supphypP (M) :=
⋃
λ∈π

supphypP (M ⊗ λ |Go), (14)

where in the right hand expression supphypP denotes the usual hypersurface support
for Go, and (−)|Go is the restriction functor to the open subscheme Go ⊂ G. We

simply refer to supphypP as the hypersurface support for G, defined relative to a
chosen integration O → O(Go) of the identity component.

To unravel this definition, any M over G is a sum of sheaves supported on the
various components Gλ = Go ·λ. We may adopt an expression M ∼= ⊕λ∈πMλ⊗λ−1

for Mλ = M ⊗ λ|Go . The support of M over G is then the union of the supports of
its various components Mλ over Go. We have the following basic observation.

Lemma 9.3. For V in Coh(G) hypersurface support supphypP (V ) agrees with the
usual cohomological support,

supphypP (V ) = SuppY Ext∗Coh(G)(k,⊕λ∈πV ⊗ λ)∼.

Note that we are adopting a “right-handed” interpretation of cohomological sup-
port here.

Proof. This follows from the identification Ext∗Coh(G)(k,−) = Ext∗Coh(Go)(k,−|Go)
and the fact that the map κ : Y → P(mZ/m

2
Z) is a closed embedding in this

case [57, Lemma 10.4], so that hypersurface support for the connected component
Coh(Go) agrees with cohomological support. �

As projectivity of M is equivalent to projectivity of the collective summands Mλ,
the detection theorem, Theorem 3.4, for Go implies that the hypersurface support
detects projectivity for G.

Theorem 9.4. For G any finite group scheme, and M in QCoh(G), supphypP (M) =
∅ if and ony if M is projective in QCoh(G), or equivalently vanishes in the stable
category.
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The tensor product property for QCoh(Go), expressed in Theorem 7.4, provides
the following in the non-connected context.

Theorem 9.5 (cf. [57, Corollary 10.8]). For G an arbitrary finite group scheme,
M in QCoh(G), and V centralizing the simples in Coh(G), we have

supphypP (M ⊗ V ) = supphypP (M) ∩ supphypP (V ).

Proof. Consider an appropriate integration O → O(Go) and any hypersurface Oc.
By changing base we may assume that c is a k-point. We write M ∼= ⊕λMλ ⊗ λ−1

and V ∼= ⊕λVλ ⊗ λ−1. We are checking the hypersurface support, over Go, of the
sum

⊕λ,µ(Mλ ⊗ λ−1 ⊗ Vµλ−1 ⊗ λµ−1)⊗ µ ∼= ⊕λ,µMλ ⊗ λ−1 ⊗ Vµ ⊗ λ.
The centralizing hypotheses on V imply that the above sum is isomorphic to

⊕λ,µMλ ⊗ VAdλ(µ) = ⊕λ,µMλ ⊗ Vµ.

Now, we apply the tensor product property for Coh(Go), provided by Theorem 7.4,
to find

supphypP (⊕λ,µMλ ⊗ Vµ) = ∪λ,µ
(

supphypP (Mλ) ∩ supphypP (Vµ)
)

=
(
∪λ supphypP (Mλ)

)
∩
(
∪µ supphypP (Vµ)

)
= supphypP (M) ∩ supphypP (V ).

�

10. Thick ideals and spectra for stable Coh(G)

We continue our analysis of thick ideals and support for sheaves Coh(G) on a
finite group scheme G. We adopt categorical notations for the stable categories
stab(Coh(G)) and Stab(Coh(G)), and take also

Spec(Coh(G)) := Spec(stab(Coh(G)))

(see Definition 6.2). We maintain our assumption k = k̄ through subsection 10.3
below. As explained in Remark 3.8, thick ideals in the stable category for Coh(G)
at connected G are classified via work of Stevenson [70]. So our main contributions,
and our primary examples of interest, are to categories of sheaves on non-connected
G.

At the conclusion of the section we discuss central generation of ideals in the
stable category for Coh(G). We note that these central generation questions are
not reducible to earlier works in the field, even for connected G.

10.1. Preliminary discussion. Consider G a finite group scheme over an alge-
braically closed base field k, with subgroup π = π0(G) of connected components.
Take L = (Ext2

Coh(G)(k, k)red)∗, or L = Spec Ext∗Coh(G)(k, k)red in characteristic 2,

so that Y = P(L).
As we have already discussed, in preamble to Section 9 for example, hypersurface

support for Coh(G) is generally “bad”. Rather, cohomological support for Coh(G)
is known to not be multiplicative in general [63], and cohomological support is
identified with hypersurface support via Lemma 9.3. The problem is that we have
no containment

supphypP (V ⊗W ) * supphypP (V ) ∩ supphypP (W )
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in general. This is equivalent to the failure of support to be stable under duality

supphypP (V ) 6= supphypP (V ∗).
Having been presented with this tragic situation, we consider the quotient p :

P(L) → P(L)/ ∼ of the projective space P(L) by the desired relations on closed

subsets supphypP (V ) ∼ supphypP (V ∗). (It turns out that the quotient P(L)/ ∼ is
the quotient P(L)/π of P(L) by the adjoint action of the subgroup of connected
components.) We show that the resultant support theory p ◦ suppP, which now
takes values in this quotient P(L)/ ∼, is in fact multiplicative and classifies thick
ideals in the stable category stab(Coh(G)).

Remark 10.1. Our presentation below does not follow, in a direct manner, the
philosophy suggested above. However, the constructions are equivalent.

10.2. Main result. Take G, π, and L as above. The subgroup π ⊂ G is identified
with the group of irreducible objects in Coh(G), and we have the corresponding
adjoint action on the category

Ad? : π → Aut⊗(Coh(G)), Adλ = λ⊗−⊗ λ−1.

This action induces a (generally nontrivial) action on the projective spectrum of
cohomology P(L). We consider the quotient P(L)/π =top P(L/π) via this adjoint
action.

Consider p : P(L) → P(L/π) the quotient map. Hypersurface support for
Coh(G), defined relative to a fixed integration O → O(Go) of the connected com-
ponent as in (14), now induces a support theory which takes values in P(L/π). We
take specifically

suppL/π := p ◦ supphypP . (15)

We note that suppL/π respects the triangulated structure on Stab(Coh(G)), in the

precise sense of Section 4.3, as it inherits the necessary compatibilities from supphypP .

Remark 10.2. The space L/π is a conical variety which is not necessarily isomor-
phic to an affine space, and its projectivization P(L/π) is therefore not necessarily
a projective space. We should also be clear that the theory suppL/π still takes

values in the projective variety P(L/π), not its affine counterpart L/π. We omit
the projectivization from the subscript for the sake of legibility.

The point of this section is to prove the following result, which involves some
relaxation of our hypotheses on the base field k.

Theorem 10.3. Let k be a perfect field, and G be an arbitrary finite group scheme
over k. The support theory (P(L/π), suppL/π), defined as above, classifies thick

ideals in stab(Coh(G)). Furthermore, there is a homeomorphism

P(L/π)
∼=−→ Spec(Coh(G)).

Obviously, we’ve moved from an algebraically closed base field to a perfect base
field is the statement of Theorem 10.3. In the general (perfect) setting we take
π to be the étale subgroup π := Gred in G [27, Ch 2, §5.2], and have the adjoint
action of π on G, and hence on Coh(G). This generalized adjoint action induces
an action of π on the spectrum of cohomology, and we can again consider the
quotient P(L/π). The support theory (P(L/π), suppL/π) referenced above, for non-

algebraically closed k, is constructed explicitly in the proof of Theorem 10.3 (Section
10.4).
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10.3. The proof of Theorem 10.3 when k = k̄. Let us maintain our assumption
that k = k̄, for the moment, and let G be a finite group scheme over k. Note that
the category Coh(G) is Chevalley, with subcategory of semisimple objects identified
with the category of sheaves Coh(π) on π = Gred. We have the adjoint action of
π on Coh(G), discussed above, and objects in Coh(G) which centralize the simples
are precisely π-equivariant objects in Coh(G). We let Coh(G)π denote the category
of π-equivariant sheaves on G.

The forgetful functor ZCoh(π)(Coh(G)) = Coh(G)π → Coh(G) has a right adjoint
V 7→ ⊕λ∈π Adλ(V ) which sends any object to its orbit under the adjoint action of
π. Below we let λ · − : P(L) → P(L) denote the action of λ ∈ π on the projective
spectrum of cohomology Y = P(L) induced by the adjoint action of π on Coh(G).

Lemma 10.4. For any V in Coh(π), and λ ∈ π, we have an equality of supports
suppL/π(V ) = suppL/π(Adλ V ). Subsequently, we have

suppL/π(V ) = suppL/π(⊕λ∈π Adλ V ).

Proof. The second claim follows from the first and the general property suppL/π(V⊕
W ) = suppL/π(V ) ∪ suppL/π(W ). As for the first claim, we have the commuting
diagram

Ext∗Coh(G)(k, k)
Adλ //

−⊗V
��

Ext∗Coh(G)(k, k)

−⊗Adλ V

��
Ext∗Coh(G)(V, V )

Adλ // Ext∗Coh(G)(Adλ V,Adλ V )

which implies that suppcohY (Adλ V ) = λ · suppcohY (V ). Since hypersurface sup-
port and cohomological support are identified, by Lemma 9.3, we similarly have

supphypP (Adλ V ) = λ · supphypP (V ). Project to the quotient to find

suppL/π(Adλ V ) = p(supphypP (Adλ V ))

= p
(
λ · supphypP (V )

)
= p(supphypP (V )) = suppL/π(V ),

establishing the claimed equality. �

Lemma 10.5. For any M in QCoh(G), and V in Coh(G), we have

suppL/π(M ⊗ V ) ⊂
(

suppL/π(M) ∩ suppL/π(V )
)
.

The above inclusion is an equality when V centralizes the simples in Coh(G).

Proof. As V is in the thick subcategory generated by Λ = ⊕iλi, we have

suppL/π(M ⊗ V ) ⊂ suppL/π(⊕iM ⊗ λi) = suppL/π(M),

where the equality follows by the definition of hypersurface support for G (14).
Now, since M is in the localizing subcategory generated by Λ, we have the other
inclusion

suppL/π(M ⊗ V ) ⊂ suppL/π(V ) provided suppL/π(Λ⊗ V ) ⊂ suppL/π(V ). (16)

By Lemma 10.4, and the fact that Λ = ⊕λ∈πλ itself centralizes the simples, we
have

suppL/π(Λ⊗ V ) = suppL/π (⊕λ Adλ(Λ⊗ V ))

= suppL/π(⊕λΛ⊗Adλ(V )) = suppL/π(⊕λ Adλ(V )⊗ Λ).
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This final support space is equal to suppL/π(⊕λ Adλ V ) = suppL/π(V ), again by

the definition (14). So we obtain the right-hand containment of (16), and thus the
desired containment suppL/π(M ⊗ V ) ⊂ suppL/π(V ).

The claimed equality when V is π-equivariant comes from the analogous equal-

ity for supphypP , provided in Theorem 9.5, and the fact that the closed subspace

supphypP (V ) is π-stable in this case. �

Detection for hypersurface support, Theorem 9.4, also implies

Lemma 10.6. For M in QCoh(G), suppL/π(M) = ∅ if and only if M vanishes in

the stable category Stab(Coh(G)).

At this point we essentially know that the support theory (P(L/π), suppL/π) is
faithful, multiplicative, and provides a tensor extension to the big stable category
Stab(Coh(G)). So we obtain the main result of the section, at least when k is
algebraically closed.

Proof of Theorem 10.3, when k = k̄. The fact that cohomological support is ex-
haustive implies that it’s push-forward along p is also exhaustive. Multiplicativity
follows from Lemma 10.5, [57, Lemma 10.3], and Lemma 10.4, after we note that the
cohomological supports defined via the left and right actions of Ext∗(k, k) agree for
objects which centralize the simples [14, Proposition 5.7.1] [32, Proposition 2.10.8].
Finally, Lemmas 10.5 and 10.6 imply that the pair (P(L/π), suppL/π) provides a
faithful tensor extension of the pushforward of cohomological support along the
quotient map p : P(L)→ P(L/π) to the big stable category. This is all to say, the
pair (P(L/π), suppL/π) provides a lavish support theory for stab(Coh(G)). Since

Coh(G) is Chevalley, we apply Theorems 5.1 and 6.12 to see that this support
classifies thick ideals in stab(Coh(G)), and also calculates the spectrum. �

10.4. Theorem 10.3 over an arbitrary perfect base. We consider now G an
arbitrary finite group scheme over a perfect base field k.

Proof of Theorem 10.3 over general k. The fact that π = Gred ⊂ G is a subgroup
in this case [27, Ch 2, §5, Corollaire 2.3] implies that–and is equivalent to the fact
that–Coh(G) is Chevalley. Consider a (finite) Galois extension k → K which splits
the étale subgroup π = Gred, so that every closed point in GK is a K-point. Then πK
is identified with a discrete group, and all simples in Coh(GK) are 1-dimensional.
We then define the support theory

suppLK/πK := pK ◦ supphypPK

just as in the case k = k̄, and follow the above arguments verbatim to find that the

pair (P(LK/πK), supphypLK/πK ) provides a lavish support theory for stab(Coh(GK)).

We note that the Galois group Γ = Gal(K/k) acts on P(LK) and P(LK/πK) and
we have the diagram

P(LK)

pK

��

q // P(L)

p

��
P(LK/πK)

q′ // P(L/π),
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where the horizontal maps are quotient maps by that action of Γ. We define, for
any M in QCoh(G), the P(L/π)-valued support

supphypL/π(M) := q′ ◦ suppLK/πK (MK). (17)

One can check that supphypL/π(V ) = p ◦ suppcohY (V ) for any finite-dimensional V ,

so that this support theory is exhaustive. Also, since the base change MK is
projective if and only if M is projective [56, Corollary 3.2 & Lemma 5.3], and
hypersurface support for Coh(GK) is faithful by Lemma 10.6, the support theory
(17) is also faithful. We note that the base change map (−)K : QCoh(G) →
QCoh(GK) is monoidal and preserves objects which centralize the simples, and that
the support suppLK/πK (VK) is Γ-stable for any V in Coh(G). One can therefore
recover multiplicativity of the theory suppL/π from multiplicativity of the theory
suppLK/πK .

From the above information we see that the pair (P(L/π), suppL/π) provides

a lavish support theory for stab(Coh(G)), and therefore classifies thick ideals, by
Theorem 5.1. We also apply Theorem 6.12 to obtain the claimed calculation of the
spectrum for stab(Coh(G)). �

We note that the above proof applies, more generally, to coherent sheaves Coh(G)
on any finite group scheme for which the reduced subscheme Gred ⊂ G is in fact a
subgroup.

10.5. Central generation. We now consider central generation of ideals in the
stable category stab(Coh(G)), or rather the possibility of such central generation.
We allow k to be perfect throughout.

Lemma 10.7. The map Ext∗Z(Coh(G))(k, k) → Ext∗Coh(G)(k, k) induced by the for-

getful functor Z(Coh(G))→ Coh(G) is a finite algebra map.

Proof. This follows by the main result of [55] and [59, Proposition 3.3]. �

The above lemma ensures that we get a well-defined map on projective spectra

Proj Ext∗Coh(G)(k, k)→ Proj Ext∗ZCoh(G)(k, k).

Theorem 10.8. Consider G a finite group scheme with étale subgroup π = Gred.
Suppose that the forgetful functor Z(Coh(G)) → Coh(G) induces a surjection onto
the reduced, π-invariant cohomology Ext∗ZCoh(G)(k, k) → Ext∗Coh(G)(k, k)πred. Then

all thick ideals in stab(Coh(G)) are centrally generated.

We note, before beginning the proof, that the image of Ext∗ZCoh(G)(k, k) in

Ext∗Coh(G)(k, k) does in fact lie in the invariants Ext∗Coh(G)(k, k)π, under the ad-
joint action. This just follows from the fact that maps in the Drinfeld center are,
in particular, maps of π-equivariant objects in Coh(G). We also note that one re-
duces, then take invariants, in the expression Ext∗Coh(G)(k, k)πred, although the order
of these operations is irrelevant in terms of the topology of the spectrum.

Proof. Such surjectivity implies that the map

P(L/π) = Proj Ext∗Coh(G)(k, k)π → Proj Ext∗ZCoh(G)(k, k)

is a closed embedding, and hence that all closed subsets in P(L/π) are realized
as preimages of closed sets in Proj Ext∗ZCoh(G)(k, k). One now repeats exactly the
arguments in the proof of Theorem 8.13 to obtain the claimed result. �
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One instance in which such surjectivity holds is in the case in which G admits a
normal embedding into a smooth algebraic groupH. This is due to certain formality
results of [55].

Corollary 10.9. If G admits a normal embedding into a smooth algebraic group,
then all thick ideals in stab(Coh(G)) are centrally generated.

Proof. In this case the deformation map d : AZ → Ext∗Coh(G)(1,1), which is sur-

jective modulo nilpotents [57, (proof of) Lemma 7.5], is G-equivariant, where we
give AZ the trivial action and Ext∗Coh(G)(1,1) the adjoint action. The point here

is that the parametrizing subalgebra Z = O(H/G) for the deformation H → H/G
associated to a normal embedding G → H is a G-invariant subalgebra in U = O(H).
Hence the algebra AZ acts on Db(Coh(G)) by G-invariant transformations in this
case.

By [55, Lemma 5.2, Theorem 5.4], and the identification

RHomZCoh(G)(1,1) = RHomG(1,RHomCoh(G)(1,1))

[55, §7.1], the map d admits a lift d̃ : AZ → Ext∗ZCoh(G)(1,1) to the cohomology

of the Drinfeld center. It follows that the map Ext∗ZCoh(G)(1,1)→ Ext∗Coh(G)(1,1)
is surjective modulo nilpotents, and in particular induces a surjection onto the
reduced π-invariant cohomology. �

An easy example where we have such a normal embedding G → H is the case
of a Frobenius kernel G = G(r) in a smooth algebraic group G. In this case we
can simply take H = G and observe the normal embedding G(r) → G. Note that,
although the classification of thick ideals in the stable category of sheaves for such
G(r) is indeed known [69], it is not clear how to deduce the above central generation
result from earlier works on the subject. We record this specific finding.

Corollary 10.10. For any Frobenius kernel G(r) in a smooth algebraic group G,
all thick ideals in the stable category stab(Coh(G(r))) are centrally generated.

We provide some additional examples which are not covered by Corollary 10.9.

Example 10.11. Consider G any smooth algebraic group, and the finite group
scheme

G = (Gn(r)) o Sn,

where the symmetric group acts by permutation. We consider the closed embedding
Go = Gn(r) → Gn and corresponding integration. In this case one has

Ext∗Coh(G)(k, k) = AZ ⊗ ∧∗(g∗) = Sym((g∗)(r))⊗ ∧∗(g∗)

as a π = Sn-algebra, where g = Lie(Gn) = Lie(G)×n and Sn acts by permuta-
tion. By the equivariant formality result of [55, §5.2], we have that the image of
Z(Coh(G))-extensions in the reduced cohomology Ext∗Coh(G)(k, k)red is precisely

Ext∗Coh(G)(k, k)Snred = ASnZ .

We therefore apply Theorem 10.8 to observe central generation of all ideals in the
stable category.

Example 10.12. Consider Go = G2
a(1), where Ga is the additive group, and con-

sider also the cyclic group Z/pZ with chosen generator σ. This group scheme has
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algebra of functions O(Go) = k[t1, t2]/(tp1, t
p
2). We consider the action of Z/pZ on

G2
a(1) defined by

σ(t1) = t1 + t2, σ(t2) = t2,

and the smash product G = Go o Z/pZ. As with the previous example, this action
extends to the ambient group G2

a. We therefore obtain an equivariant inclusion

AZ → Ext∗Coh(G)(k, k) (18)

which reduces to an identification Ext∗Coh(G)(k, k)
Z/pZ
red = A

Z/pZ
Z . Since the map (18)

factors through the cohomology of the center Z(Coh(G)) [55, §5.2/7.1], we verify
the hypotheses of Theorem 10.8 and observe central generation of all ideals.

At this point, every example which is amenable to direct calculation can be
shown to satisfy the hypotheses of Theorem 10.8, and can therefore be shown to
have all thick ideals in the stable category centrally generated. We provide a more
tractable version of Question 4.2.

Question 10.13. For an arbitrary finite group scheme G, are all ideals in stab(Coh(G))
centrally generated?

We would guess that the answer to this question is yes. We expect that the
methods which would be employed in a resolution of Question 10.13 may be as
interesting as the resolution itself.

10.6. A comment on the sheaf of rings. Although we have not discussed the
topic at length, let us make one comment about the sheaf of rings on prime spectra
in the non-braided setting. We expect that the sheaf of rings on the spectrum
Spec(Coh(G)) ∼=homeo P(L/π) should explicitly be the push-forward of the structure
sheaf OP(L) along the projection p : P(L) → P(L/π). So the germs of this ringed
space should be semi-local, with |π|-many simples generically, not local.

Of course, it is well-established that the spectrum of a tensor triangulated cate-
gory T in the braided setting is a locally ringed space. However, as can be seen in
the proof at [5, Theorem 4.5], one uses the fact that the quotient T /P by a prime
admits no zero divisors in this setting. In the non-braided setting, products of non-
zero objects in such a quotient by a thick prime can still vanish. So in principle
(and we’re suggesting in actuality) the spectrum of a non-braided category can be
non-locally ringed.

11. Closing remarks on one-sided ideals

In this work we have not considered one-sided ideals. This omission is intentional,
as “spectra” of one-sided ideals are rather disorderly individuals in general, and
support seems to be better suited to the classification of two-sided ideals. However,
in the case of Coh(G), one observes some intriguing phenomena with respect to
one-sided ideals in the stable category.

Consider G a (generally non-connected) finite group scheme. First, we note that
cohomological support suppcohY for Coh(G) produces one-sided ideals in the stable
category. Specifically, for any specialization closed subset Θ ⊂ Y one produces a
corresponding ideal

MΘ := {V ∈ stab(Coh(G)) : suppcohY (V ) ⊂ Θ}.
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This assignment provides an injective map

M? :
{Specialization closed subsets in Y} → {Thick one-sided ideals in stab(Coh(G))}.

We ask the following.

Question 11.1. Is the above map M? a bijection. That is to say, are one-sided
ideals in stab(Coh(G)) classified by cohomological support? More to the point, does
cohomological support actually classify anything for Coh(G), at general G?

As remarked above, cohomological support for Coh(G), which is the same as
hypersurface support, is not stable under duality in this case

suppcohP (V ) 6= suppcohP (V ∗).

This failure of support to be stable under duality obstructs attempts to deal with
this classification problem via local cohomology functors. Specifically, the methods
employed in the proof of Proposition 5.2 break down, due to these incompatibilities
between support and duality.

One can ask a similar question about one-sided ideals for the stable category
of representations for a quantum complete intersection, in which case support is
stable under duality. So, in this case one might believe that one-sided ideals are
(also) classified by cohomological support. However, one should ask themselves at
this point if we should even expect such phenomena to occur in general. That is to
say, should we expect that (a generic version of) the map M? classifies one-sided
ideals in the stable categories stab(u) for general u. In order to investigate this
question, the more extreme example of coherent sheaves on a non-connected group
scheme G seems to provide the greater possibility of insight.
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