3-DIMENSIONAL TQFTS FROM DERIVED CATEGORIES OF
QUANTUM GROUP REPRESENTATIONS

CRIS NEGRON

ABSTRACT. For any finite modular tensor category 2, we show that the asso-
ciated derived oco-category Z(2l) supports a topological quantum field theory
in dimension 3. This TQFT takes the form of a symmetric monoidal functor
from an oco-category of surfaces with markings by objects in 2(2(), and appro-
priately decorated bordisms, to the co-category of dg vector spaces. We show
that the state spaces in this theory are naturally identified with linearized
mapping spaces for 2(2).

Though our TQFT requires markings from the derived co-category, we show
that all markings can be removed after taking a homotopy truncation. The
resulting unmarked TQFT produces projective mapping class group actions
on cohomology in dimension 2, and in particular a projective SLa(Z)-action
on Hochschild cohomology. We expect these mapping class group actions to
recover those of Lentner et al. [51] and Schweigert-Woike [71]. In dimension 3
we obtain power-series valued knot invariants, and power-series valued invari-
ants for modular tensor categories. We also obtain power-series invariants for
closed 3-manifold, though these can already be calculated at the abelian level.

Our derived field theories are proposed as mathematical formalizations
for topological A-twists of certain N/ = 4 supersymmetric QFTs, in dimen-
sion 3. Following physical principles, we discuss the possibility of deforming
our TQFTs along local systems via an analogous (conjectural) deformation of
quantum group representations along the Langlands dual group.
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1. INTRODUCTION

This paper concerns 3-dimensional topological field theories obtained from de-
rived modular tensor categories. Our favorite examples to consider are categories
of small quantum group representations (Repq G)small, for a semisimple algebraic
group G at an even order parameter ¢ [33, 63], and categories of modules over rigid
Cs-cofinite vertex operator algebras [59]. New exotic examples of finite modular
tensor categories also appear in work of Ostrik and Utiralova [65].

In short, we show that the derived category Dy, = Db (2 tin) of finite length
complexes over a finite modular tensor category 2 supports a 3-dimensional topo-
logical field theory

Lp;,, : Bordzs — D(Vect)
which is valued in the derived category of linear cochains. Here the superscript nc
indicates that our theory is non-compact, i.e. is only defined on 3-manifolds with
non-trivial outgoing boundary. For the value on a connected genus g surface, we
exhibit a natural identification with the derived Homs

Lp,,,(X) = RHomgy (C*®Y, 1),

where C' is the so-called canonical coend. Thus, for example, the value on the torus
recovers Hochschild cohomology for 2, and the value on the sphere recovers exten-
sions of the unit. Furthermore, in the case where the input category 2 is semisimple
the theory Lp,,, collapses to the non-compact part of classical Reshetikhin-Turaev
theory, and the full Reshetikhin-Turaev theory is the unique extension of Lp,,, to
the full bordism category.

Remark 1.1. The state spaces for Lp,,, are allowed to be infinite dimensional
precisely because of the omission of closed 3-manifolds in the non-compact bordism
category.

Our TQFT Lp,,, is a projection of an analogous theory Lg,, which is defined
at the level of oco-categories, and which includes markings from the derived oo-
category. Before continuing with an enumeration of our findings, however, let us
explain the appropriate context for our study. We return to a discussion of the
technical aspects of the text in Section 1.3 below.

1.1. Mathematics of non-semisimple TQFTs. Over the past 10 years or so
there have been a number of works on “non-semisimple” TQFTs in mathematics.
Arguably, the first results in this direction concern homology-dependent TQFTs
constructed from the unrolled quantum group [6, 24]. These TQFTs are not only
anomalous, but depend on the choice of a generic homology class over each surface
and bordism.
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Such homology dependent theories were originally constructed in work of Blanchet,
Costantino, Geer, and Patureau-Mirand, specifically for sly, and were later gener-
alized to arbitrary semisimple g and also some super groups as well [24, 36, 38].
Though we won’t elaborate further on the nature of these TQFTs, for practical rea-
sons, let us only say that the genericity condition on the homology class translates
to a kind of projectivity constraint on representations for the unrolled quantum
group, and that projectivity plays a key role in the construction of the correspond-
ing theories.

Following the homology dependent contributions from [6, 24], it was shown in
work of De Renzi, Gainutdinov, Geer, Patureau-Mirand, and Runkel that any finite
(non-semisimple) modular tensor category can be used to produce a 3-dimensional
Reshetikhin-Turaev type theory

Lgpetion : Bord§%s ™ ***? — Vect .

The theory Lgbe!®" depends not on the choice of a homology class, but on the
presence of projectives in various strategic positions [22]. These projectives are
technically only required in order to generate closed 3-manifold invariants, via the
use of a modified trace, but should arguably also be present in dimension 2 [21, 37].

It was subsequently shown in work of Costantino, Geer, Haioun, and Patureau-
Mirand [14] that any finite modular tensor category determines, additionally, an
invertible 4-dimensional theory (see also [7, 5]), and that one can recover the 3-d
theory of De Renzi et al. as a boundary to its 4-d counterpart [39]. In 4-dimensions,
projectives are required in dimensions 4 and 3, and even 2 [10], via the implemen-
tation of modified traces and the required use of “admissible” skeins.

What we’ll highlight here is the apparent asymmetry in the treatment of ob-
jects, so that each non-semisimple TQFT is arguably associated to the pairing of
a modular tensor category 2 with its Karoubian ideal of projectives, rather than
to 2 itself. (This distinction is most pronounced in De Renzi’s presentation of the
singly extended non-semisimple Reshetikhin-Turaev theory [21]. See alternatively
[50].) This suggests, to us at least, that there may be some derived component
which is being truncated when we choose to approach non-semisimple topological
theories directly at the abelian level.

Remark 1.2. Though we’ve focused on Reshetikhin-Turaev type TQFTs, there are
also non-semisimple Turaev-Viro type theories which similarly leverage projectives
in an essential manner [23, 15].

1.2. Derived topological theories from twisted QFTs. Alongside the math-
ematical developments discussed above, a parallel story emerged in mathematical
physics. In the physical setting, the derived nature of TQFTs is seemingly com-
monplace.

The clearest presentation of our case of interest, from a strict mathematical
perspective, appears in work of Creutzig, Dimofte, Garner, and Geer [17]. However,
the main physical principles used in [17] are adapted from a general theory of
twisting for supersymmetric QFTs which was developed in work of Witten from
the early 90’s [79]. For any A/ = 4 supersymmetric theory—whatever such a thing
might be-we have two distinguished topological twists, an A-twist and a B-twist
[46, 35]. Both twists are interesting to consider, and are presumably connected by
a type of Langlands duality. However, in the present text we are interested in the
A-side of this story.



4 CRIS NEGRON

Having A-twisted our favorite N' = 4 supersymmetric theory, the resulting topo-
logical theory is very exotic from the perspectives of, say, Reshetikhin-Turaev or
the cobordism hypothesis. It is not only derived in nature, but the state spaces
appear as sheaves on a stack of local systems. See for example [58, 34, 35].

In Creutzig et al. the authors posit that the A-twist for a particular supersym-
metric N' = 4 theory associated to SL,,, in 3-dimensions, recovers a derived variant
of the unrolled non-semisimple TQFT produced by Blanchet, Costantino, Geer,
Patureau-Mirand, and De Renzi [6, 24]. Here the presence of local systems has to
do with the unrolled-ness of the quantum group, and after taking fibers at trivial
local systems we reduce to a derived variant of the non-semisimple Reshetikhin-
Turaev theory from De Renzi, Gainutdinov, Geer, Patureau-Mirand, and Runkel
[22].

Thus, from [17] and the surrounding physics literature, we anticipate the follow-
ing: (a) There are derived topological field theories which are, at the very least,
associated to derived categories of small quantum group representations. (b) These
derived theories should recover pre-existing mathematical theories after a homo-
logical truncation. (¢) They should also deform naturally along local systems to
produce topological field theories which “couple” to flat connections, again at least
in the quantum group setting.

In the present study we realize points (a) and (b), or more precisely versions of
points (a) and (b), via explicit mathematical construction. Conjectural approaches
to point (c) are also discussed in Section 18.

Let us now turn our attention to the contents of this text.

1.3. TQFTs from derived oco-categories. Let 2 be a finite ribbon tensor cate-
gory which is defined over an algebraically closed field k, and let i, = 2°(A i)
be its associated derived oco-category of bounded, finite length complexes.

Remark 1.3. For us, all tensor categories are presentable (cocomplete), compactly
generated, and abelian. Taking the compacts, or rigid objects 2 ~» %l ¢;, recovers
a tensor category in the usual sense of, say, [2] or [26]. See Section 3.1.

From such 2l and Zy;,, we produce corresponding symmetric monoidal co-categories
of labeled, anomalous, non-compact 3-dimensional bordisms

Bordy® = Bord35(%) and Bordg,, = Bord35(Zyin).

In the case of 2, for example, the objects in this bordism category are surfaces
Y, with markings by objects x1,...,2, in 2. Morphisms M, : ¥, — E; are
bordism between the underlying surfaces M : ¥ — ¥’ which are equipped with,
loosely speaking, embedded cylinders which travel from the markings on ¥ to the
markings on ¥’. The terminal ends of these cylinders, on the outgoing boundary,
are furthermore marked by morphisms «; : m;(x) — y; between specified products
of the incoming labels to the outgoing labels (see Sections 2 and 9.2).

To say things simply, the surfaces are decorated by objects in 2l and bordisms
are decorated by morphisms in 2{. The oco-ness comes in as we allow the embed-
ded cylinders in bordisms to move within the ambient space M under homotopy.
This movement institutes certain universal skein relations into the bordism cate-
gory which acknowledge the ribbon structure on 2. In the case of Z¢;;,, one has
homotopical contributions both from the geometry of the bordisms and from the
higher structure on Zy;, itself.
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More generally, for any “sufficiently ribbon-like monoidal oco-category” & we
construct a bordism oo-category Bord)s® of surfaces with markings by objects in &,
and 3-dimensional cobordisms with markings by morphisms in & (Proposition 9.3).
The bordism categories Bords® are non-compact in two regards: In top dimension
we disallow 3-manifolds without boundary, and in dimension 2 we require that each
component of a surface is equipped with at least one marking from & (cf. [21] and
Section 9.4).

Theorem (15.1, 15.5). For any finite modular tensor category A, with finite derived
oo-cateqory Dyim = Qb(ﬂfm), there is a symmetric monoidal functor

Lo,,, : Bordy, —— Vect (1)

to the oco-category of dg vector spaces. Furthermore, for any connected genus g
surface 3, we have a natural identification of the state spaces

Lo, (3s) = Maps Dren (C®9,m;()). (2)

To explain the notation in the expression (2), the object C' in A € Pyin
is the coadjoint object, which we define generally as the value C' = mR(1) for
m: AR, A — A the product and R : A — A ®; A its right adjoint. This object
is more commonly referred to as the canonical coend. Additionally, for 2 = 2(2)
the full unbounded derived oco-category, the bifunctor

Maps,, : 9°P x @ — Vect

is the inner-Hom functor for the natural action of Yect on . These are, more
colloquially, the derived Homs for & as a linear oo-category, and we recover the
Ext groups via cohomology

H*Maps,, (u,v) = Exty(u,v).
By Maps AL simply mean the restriction of this bifunctor the full subcategory

of finite complexes. Taking finally I to be the underlying marking set for our surface
Y, My : .@J{m — Dy is the iterated product functor.

Remark 1.4. A version of Theorem 15.1 can also be proved at the 1-categorical
level. We emphasize the homotopical setting due to our interest in an expanded
analysis of TQFTs for modular co-categories, in both dimensions 3 and 4. See
Theorem 11.1, and Section 11.4 for further elaboration.

Though our non-compactness assumption requires the appearance of non-trivial
markings on surfaces in Bord%cfm, we show that all markings can be removed after
a homotopy truncation.

Theorem (17.10). Consider a finite modular tensor category A. After adopting
unit labels and applying a homotopy truncation, the theory (1) specifies a unique
symmetric monoidal functor Lp,, : Bordys — D(Vect) from the unmarked 3-
dimensional bordism category which completes a diagram

h L@fin ‘Units

h Bord{iits(;,,) D(Vect) (3)

nc
Bordz%
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The state spaces in the unmarked TQF'T, for any connected genus g surfaces X2, are
identified with the derived Homs

LDfm (E) :> RHOHIQ[(C®9, 1)

From our description of the state spaces, we understand that the unmarked the-
ory Lp,,, is valued specifically in the category of coconnnective cochains D=°(Vect).
Similarly, the restriction of the theory Lg,,, along the inclusion Bordy® — Bordz;

produces a theory which takes values in the co-category Yect=°.
Since taking cohomology in the coconnective setting H® : YectZ? — Vect is
symmetric monoidal, we can reasonably speak of the cohomologies

HLp,, and H’Lg,,,

ne
Bordy;

as topological field theories. These cohomologies are shown to recover the abelian
non-semisimple TQFTs from De Renzi et al. [22] which we discussed above.

Proposition (15.8). Let A be a finite modular tensor category. The 0-th cohomol-
ogy of the theory (1) is naturally identified with the marked, non-compact part of
the Vect-valued TQFT from De Renzi-Gainutdinov-Geer-Patureau-Mirand-Runkel

0 ~ abelian
H L_@fm ‘Bord;}lc - LQ{ |Bord3lc~

Furthermore, the 0-th cohomology of the unmarked theory Lp,, from (3) recovers
the unmarked, non-compact part of L™,

0 ~ abelian
H H“Dfm — LQI ‘Bord?é-

Remark 1.5. The TQFT from [22] is arguably already non-compact, as it only
allows for closed 3-manifold which come equipped with certain embedded algebraic
decorations. In particular, its unmarked part is explicitly non-compact.

Remark 1.6. The “L” in Lg,,, is in reference to Lyubashenko, and we refer to
Lg,,, as the derived Lyubashenko-Reshetikhin-Turaev (LRT) theory.

Remark 1.7. We conjecture that the unmarked theory from Theorem 17.10 lifts
to a TQFT at the oo-categorical level Ly, : Bordyy — Vect, and furthermore
that the marked and unmarked theories can be integrated into a single object. The
removal of markings at the co-categorical level is a highly substantive point from
our perspective, and we hope to iterate on these constructions in future works. (See
Sections 2, 11.4, 18.)

As a final mathematical point for the introduction, let us highlight some of the
outputs of our work in dimensions 2 and 3.

1.4. Phenomena in 2-dimensions. To gain some kind of understanding of, say,
the unmarked TQFT Lp,,,, one can consider its behaviors one surfaces and (punc-
tured) 3-manifolds. In dimension 2 we obtain a projective action of the mapping
class group MCG(X) on each state space Lp,,, (2).

To elaborate, we have the subgroup MCG(X) of the non-anomalous autobordisms
of ¥ which is generated by the mapping cylinders of oriented self-diffeomorphisms
Diff(3)* — MCG(X) C Autpon-anom(X). Pulling back along the forgetful functor
from the anomalous bordism category, we obtain a central extension

1= Z — MCG(S) —» MCG(S) — 1, MCG(E) C Autporags, (2).
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This central extension acts on ¥ in Bords %, and hence acts on the state space L(X)
for any field theory L : Bords$ — S.

In our case, we recall that the state spaces for Lp,,, are identified with coho-
mology for the input category 2. So we obtain the following.

Corollary (17.13). Let 2 be a finite modular tensor category. For any connected
genus g surface ¥, the derived maps RHomg (C®9,1) carry the natural structure of
a dg representation for the projective mapping class group MCG(X).

In genus 0 nothing interesting happens, as the mapping class group is trivial.
In genus 1, the mapping class group of the torus is SLy(Z), and there is a canon-
ical identification of RHomg (C, 1) with the derived lift of Hochschild cohomology
RHomgpgy,., (21 (idsa, ids ). Hence we obtain, after taking cohomology, a projective
action of SL2(Z) on Hochschild cohomology HH™* ().

These kinds of projective mapping class group actions on cohomology were al-
ready observed in works of Lentner, Mierach, Schweigert, and Sommerh&user [51],
and of Schweigert and Woike [71]. So, from the perspective of those texts, we
are saying that the mapping class group actions from [51, 71] arise naturally as
2-dimensional projection of a full 3-dimensional derived field theory for finite non-
semisimple modular tensor categories.

Remark 1.8. We have not checked explicitly that our mapping class group rep-
resentations reproduce those of [51, 71], though we certainly expect this to be the
case.

1.5. Phenomena in 3-dimensions. We continue our investigation of the theory
Lp,,, in dimension 3. For a connected closed 3-manifold M, we do not consider M
directly, but fix a surface ¥ and excise the interiors of two chosen embeddings

e

to obtain a bordism M : ¥ — X. (Here we assume that the embeddings from
¥ extend to some filling 3 of the surface.) The resulting bordism is uniquely
determined by M when ¥ = S? for example, though this is not the case in higher
genus.

The bordism M obtained from such an arrangement (4) determines an endo-
morphism Lp,,, (M) : Lp,,,(2) = Lp,,, (X) and, to wash out some cochain-level
ambiguities, we take cohomology to get an endomorphism

(4)

H*Lp,, (M): H*Lp,,,(£) = H*Lp,,, ().
To wash out further ambiguities in the definition of Lp,,, itself, we also take a
determinant to obtain a power-series valued invariant

Inv(A[M) = det(H"Lp,,, (M) — X -idg») - t" € O(A})[t], (5)
n>0

where X is a formal parameter and we’ve adopted the notation O(A}) = k[X].

The invariant Inv(2|M) simply records the eigenvalues of the endomorphism
H"Lp,,, (M) in each degree. One can use this construction to obtain 3-manifold
invariants and also invariants of framed knots.
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Proposition (19.4, 19.6). Let 2 be a modular tensor category. In genus 0, i.e.
when ¥ = S2, the above construction produces power-series valued invariants of
3-manifolds Tnv (2| M) := Tnv(A|M).

In genus 1, taking M = S3, the above construction produces power-series valued
invariants of framed knots v : S* — R3 C S3, Inv(A|v) := Inv(2A|S?).

Though the construction Inv(A|M) for 3-manifolds is clearly “derived”, and
also a natural output for any Yect-valued TQFT, we show that these invariants
are actually determined by their constant term in ¢, Inv(UA|M) = co(X) + O(t).
The constant term is furthermore a scalar which is already obtainable from the
corresponding abelian theory Lgb¢!®" from [22]. So we do not truly access any
derived information in this case. (See Sections 19.2 and 19.3 below.)

In genus 1 however, the resulting knot invariants do involve the higher Hochschild
cohomologies HH>%(2l), at least in principle. We discuss the situation for 2 =
(Repq SL2)sman in detail in Section 19.4, where a number of interesting points arise.

1.6. A world of homotopical TQFTs. From a strict mathematical perspective,
we have a generic interested in TQFTs for “modular” oco-categories—a notion which
we’ll leave somewhat ambiguous for the moment. For any modular co-category <7,
we conjecture the existence of a 3-dimensional TQFT from marked and unmarked
bordism categories

Ly : Bordy — Vect and L, : Bordy$ — Vect

which we furthermore conjecture extend down to closed curves, and recovers </ as
the value on S'. We are also interested in homotopical field theories in dimension
4, skein modules for modular co-categories, and their connections to phenomena in
dimension 3. Examples of modular co-categories should include derived categories
of finite modular 1-categories, and presumably (quantized) derived categories of
sheaves on compact symplectic varieties.

If we take this broader point of view, the conclusions of the present text verify
one explicit claim in this direction, or maybe a first such claim. We elaborate on
the topics proposed above, and also the integration of local systems, in Sections
11.4 and 18 below.

1.7. Some metacommentary. This paper is, to some extent, a re-articulation of
non-semisimple TQFT through the lense of co-categories. We understand, however,
that this perspective lies outside of the realm of expertise for many intended readers.
For this reason we have taken a number of steps to make the text more legible for
the homotopical non-expert.

First, we provide specific referencing to the literature on co-categories through-
out. In our ideal moments, all homotopical arguments are directly supported by a
concrete simplicial analysis or an explicit reference. Second, we provide an exten-
sive review of basic principles for simplicial categories and co-categories—specifically
in the guise of weak Kan complexes—in Section 3. Cocartesian fibrations and the
un/straightening equivalence are given special attention. For the ambitious reader,
we hope that the paper is more-or-less self-contained.

1.8. Outline. Throughout the text AY generally denotes a ribbon (or modular)
tensor category, rather than the fraktur notation 2 employed above. We swap over
to our standard notation AY from this point on.
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The theory Lg,,, is obtained from the corresponding abelian theory L%"™ via
a somewhat subtle derivation process, the zeroth step of which already occurred in
preceding work with Agustina Czenky [20]. The first point for us is the construction
of a bordism category which is sufficiently responsive to basic manipulations within
the theory of higher algebra. We then apply a “vertical” localization to move from
the discrete setting to the homotopical setting, followed by a relative Kan extension
to move from bordisms over the homotopy co-category to the derived setting. The
subsequent removal of markings is a rather idiosyncratic process which has to do
with further localization along a class of rather poorly behaved morphisms. The
paper proceeds as follows:

e Background. We discuss the efficacy of markings in topological field the-
ories in Section 2, just to clarify some confusion around these issues before
we begin our study in earnest. In Section 3 we discuss basic categorical
backgrounds, and provide a brisk overview of co-categories. In Section
4 we recall basic notions for symmetric monoidal oco-categories, then in
Sections 5 and 6 we introduce a symmetric monoidal co-category frDisk
of framed disks which classifies “compatible pairs” of “homotopically bal-
anced monoidal” co-categories. In Section 7 we show that any ribbon tensor
category AV, in the l-categorical sense of the term, naturally determines
frDisk-categories (AY)® — frDisk® and A® = Ch(AY)® — frDisk®.

e Bordism and discrete topological theories. We construct the triv-
ially marked, 3-dimensional, non-compact, anomalous bordism oo-category
Bord}“ in Section 8. We subsequently construct the symmetric monoidal
oo-category Bord’s® of &-marked 3-dimensional bordisms in Section 9, where
the markings come from any frDisk-monoidal co-category &2 — frDisk®.
We explicitly describe the A = Ch(AY)-marked bordism category associ-
ated to any ribbon tensor category A, then explain how results from
[22, 20] provide a TQFT

L, : Bord’y* — Ch(Vect) (6)

in Section 10. We derive the TQFT L4 at the 1-categorical level, to pro-
duce a symmetric monoidal functor from the bordism category Bord7y with
labels from the discrete derived category D(AY), in Section 11. We subse-
quently discuss the process, and rationalle, for lifting to the co-categorical
level.

e Localization and homotopical theories. In Section 12 we present a
robust method of localization for monoidal co-categories, and more gener-
ally for cocartesian fibrations, along well-behaved classes of maps. Here we
follow work of Hinich [43] in an essential way. We apply this general theory
of localization to obtain from (6) a symmetric monoidal functor

Ly : Bord’y — Vect
for the 3-dimensional bordism category with labels in the homotopy oo-

category # = #(AY). As before, the target Yect is the derived oo-
category of linear cochains.
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¢ Kan extension and derived theories. We provide an analysis of Kan ex-
tensions over a base in Section 14. Then, in Section 15, we apply Kan exten-
sion along the natural functor Bord”y — Bordg, to obtain a 3-dimensional
field theory
Ly : Bordy, — Yect

for the derived co-category 2 = Z(AY). We furthermore calculate the
state spaces for Ly via the linear mapping spaces in &, and identify the
cohomology of the theory Lg with the abelian theory L‘X’g”“" from De
Renzi et al. [22].

e Un-marking and inspection. In Section 16 we explain how the functor
L4 localizes along a special class ©4 of bordisms in order to produce a
TQFT from an oco-category Bordy[©,'] of 3-dimensional bordisms with
embedded “universal skeins” labeled by 2. After restricting to unit labels,
we obtain a canonical symmetric monoidal inclusion Bord}® — Bordy, and
hence a symmetric monoidal functor Bord”® — ¥ect by pulling back along
this inclusion. We then localize at the corresponding class O, in Bord!®,
and take a homotopy truncation to get a map of symmetric monoidal 1-
categories

pre-Lp,,, :hBord[°[0; '] — D(Vect).

It is shown in Section 17 that the forgetful functor h Bord‘[©;!] —
Bordys is in fact an equivalence, so that the above map pre-Lp,,, deter-
mines an unmarked topological field theory

Lp,,, : Bord3$ — D(Vect).

We conclude Section 17 with an analysis of the theory Lp,,, in dimension
2, and Section 19 is dedicated to a discussion of phenomena in dimension
3.

e Conjectures. In Section 18, we present a number of fundamental conjec-
tures which concern extensions of our analysis to “modular” co-categories
which are not constructed from modular tensor categories at the abelian
level, and also extensions of our theory Ly down to S!'. Following the
physics literature on the subject, we further discuss couplings of derived
field theories to moduli of local systems.

e Appendices. We have three appendices. The first, Appendix A, cov-
ers various minutiae for the operad of framed colored disks and the sec-
ond, Appendix B, explains how maps between balanced monoidal cate-
gories produce frDisk-monoidal oco-categories. The third, Appendix C,
discusses module co-categories over symmetric monoidal co-categories and
their inner-Homs.

1.9. Suggested reading. The astute reader may notice the extraordinary length
of this paper. While we hope each (Sub)section serves a clear purpose, one needn’t
read the paper line-by-line in order to understand either the results or the argu-
ments. We suggest a particular reading of the paper, where one might skim certain
materials and read others more thoroughly, in recognition of the relative importance
of the details:
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Section 2 (skim) — Section 3 (reference as needed) — Section 4 (skim) —- - -
— Sections 5 & 6 (skim) — Section 7 (read-ish) —- - -
— Section 8 (read Subsection 8.1) — Section 9 (read) —- - -
— Section 10 (read) — Section 11 (read) — Section 12 (skim) —---
— Section 13 (read) — Section 14 (read) — Section 15 (read) —- -

— Section 16 (see only definitions, Lemma 16.5, Theorem 16.8, Corollary 16.9,
and Subsection 16.4) —- -

— Section 17 (read) — Sections 18 & 19 (reader’s choice)
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2. REMARKS ON MARKED BORDISMS

Before beginning, let us make some preliminary remarks on marked surfaces,
decorated bordisms, and skein relations in general. This topic is not necessarily
introductory, but we hope it will preempt some confusion around the issue.

2.1. Why marked surfaces? We'll list here three perspectives through which one
might conceptualize marked surfaces. The first is through the lense of conformal
field theory. Here we understand that a Reshetikhin-Turaev type theory (generally)
admits a conformal boundary. The state spaces in the topological bulk are then
identified with the conformal blocks for the boundary conformal theory. See for
example [32, 68].

The conformal blocks in a conformal field theory naturally depend on insertions
of VOA modules at points on a given surface. These insertion points are furthermore
equipped with local coordinates. This is to say, we expect the state spaces in a
Reshetikhin-Turaev theory to accept markings by objects in the defining category,
and we expect the marking points to be equipped with such local coordinates. These
local coordinates can be thought of as specifying a collection of disk embeddings,
rather than embeddings of points.

Alternatively, we can think of a Reshetikhin-Turaev theory itself as a boundary
theory to a once extended topological theory in dimensiona 4. This 4-dimensional
theory should be skein theoretic (cf. [10, 14, 39]), and objects in any surface category
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for the 4-dimensional theory should, in particular, consist of choices of markings
on the given surface (see [10]). To say that the Reshetikhin-Turaev type theory
is defined for marked surface is then to say that we have well-defined values for
arbitrary choices of maps from the unit Vect to the factorization homology on sur-
faces. (In short, markings appear in Reshetikhin-Turaev theories because markings
appear in factorization homology.)

For a final perspective, we note that any extended topological field theory Z :
Bords 1 — Pry, valued in presentable oo-categories say, determines and is de-
termined by an associated fibration Bord% — Bordj,,. For 2 = Z(S'), the
(00, 2)-category Bord¥y, is already explicitly constructible as an (oo, 2)-category of
% -marked bordisms (cf. Section B.2). This (oo, 2)-category restricts, in various
ways, to define oo-categories of surfaces with embedded % -labeled disks and 3-
manifolds which are labeled—in one way or another—by morphisms in 2. Hence a
TQFT from a sufficiently robust bordism category for marked surfaces is closely
related to the existence of an extended topological field theory.

2.2. Extending into 3-manifolds. Having decided that we accept marked sur-
faces, one has some decisions to make regarding bordisms between such marked
surfaces M, : X, — E;. Specifically, what kinds of decorations should we have in
M which connect the markings on the incoming boundary 3 to the markings on
the outgoing boundary X'7

In this text we take a fairly minimalist approach to this question, and employ
a minimalist solution. In particular, we construct (in Section 9) a category of
bordisms Bord%® with embedded cylinders which travel from the markings on the
incoming boundary to markings on the outgoing boundary. We later localize to
obtain a coarse approximation to bordisms with embedded skein diagrams (see
Section 16). The minimal skein relations which appear in this process are sufficient
to facilitate an unmarking procedure in Section 17, which leads to an unmarked
TQFT Lp,,, : Bord3% — D(Vect) in Theorem 17.10.

A maximalist approach to this question would seek a truly skein theoretic real-
ization of bordisms. A “perfect” notion of skeins should facilitate a calculation of
factorization homology over surfaces for ribbon oco-categories, as in the 1-categorical
setting [10].

2.3. Skein modules? The production of true skeins, or “perfect skeins”, for ribbon
oo-categories is, from our perspective, a deep question which warrants independent
consideration. One might define a ribbon oo-category efficiently as an (anomalous)
2-dimensional topological field theory &7 valued in linear presentable oco-categories
Pry, [61, 72]. Here we would work specifically with the straightened fibration over
a 2-dimensional bordism category.

While the author would state, somewhat emphatically, that they do not know
how to construct skein modules for ribbon oco-categories, the proposed definition of
ribbon oo-categories itself suggests certain constraints which one might attend to.
For example, rather than considering skeins as embedded graphs in a 3-manifold,
we might think of skeins as embedded anomalous surfaces in a manifold. Here
by an anomalous surface we specifically mean a surface with a chosen bounding
3-manifold, and we should assume that the bounding 3-manifold is “trivial” (e.g. a
ball in the case of S? and a doughnut in the case of the torus). One considers such
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an embedded surface skein, let us call it, along with its vector space obtained by
evaluating under the given field theory for our modular co-category <.

Skein relations in this surface approach may then be facilitated by embedded
bordisms between such embedded surfaces, and so leverage some aspects of a
3-dimensional field theory for «7. So, practically speaking, a perfect theory of
skeins and skein relations for a modular co-category may be contingent on the
pre-existence of a 3-d field theory from a somewhat restrictive marked bordism cat-
egory. In any case, this topic is completely open, and we encourage the interested
reader to consider this line of inquiry, even returning to the 1-categorical setting if
necessary.

Remark 2.1. See Section 18 for additional discussions of skeins and 4-dimensional
TQFTs, in the derived setting.

Remark 2.2. In this text we model ribbon tensor categories in the co-categorical
context by coupled pairs of framed Es-categories, rather than by 2-dimensional
category valued TQFTs. This choice is purely practical, or even superficial, and
can be altered in accordance with what’s available at the 1-categorical level. (See
Section 9.4.)

3. (0o-) CATEGORIES

To begin our study, we provide a brisk overview of tensor categories, simplicial
categories, oco-categories, Kan complexes, and cocartesian fibrations. This is mostly
to set notations, and also to provide a coarse reference for the non-expert. For a
detailed account we suggest Kerodon [Ker].

3.1. Tensor categories. We follow the conventions of [63]. So, for us, a tensor
category is a linear presentable, compactly generated abelian monoidal category
for which the subcategories of compact and rigid objects agree, and for which the
compacts form a tensor category in the sense of [26]. So, all compact objects are of
finite length, have finite-dimensional Homs, and the unit is simple. We also require
that the product commutes with small colimits in each factor, and assume that the
base field k is algebraically closed. Via Ind-completion, and taking the compacts,
one can go back and forth between our tensor categories and those of [26].

For a tensor category B we let By;, denote the full subcategory of finite length
= rigid objects. We call a tensor category finite if it admits a compact projective
generator, in which case B is equivalent to the category of modules over a finite-
dimensional algebra. We have the standard notions of braided and ribbon tensor
categories (see [26]).

Definition 3.1. A tensor category B is called ribbon if it comes equipped with a
braiding ¢ and balancing transformation 6 [26, Definition 8.10.1] for which 0« = 6%
whenever z is rigid. We call a finite ribbon tensor category modular if, in addition,
any object x with trivial double braiding

C 3 0Cy— = idypg—
is isomorphic to an additive power of the unit = =2 194,

Throughout all “modular” tensor categories are assumed to be finite.
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3.2. Simplicial sets and simplicial categories. For A the category of finite
linearly ordered sets and (weakly) order preserving morphisms, we let Seta denote
the category of functors Fun(A°P,Set). This is the category of simplicial sets.
For any finite linearly ordered set I we let A’ denote the standard simplex Al =
Homa (—, I). For each n € Zsq we take [n] = {0,1,...,n} and also A” = A"l For
any simplicial set K we let K[n] denote the value K([n]), and we note that there
is a bijection
{maps 0 : A" — K in Seta} = K[n], o o(idpy),

by Yoneda.

The symmetric monoidal structure on Set, under the cartesian product, induces a
symmetric monoidal structure on the category Seta of simplicial sets. The category
Seta is also complete and cocomplete, with (co)limits calculated via (co)limits in
the target category Set.

Each object S in Set becomes a simplicial set via the constant functor S : A°P —
Set and this gives a fully faithful, symmetric monoidal embedding

Set < Seta .

In this way our discussions of simplicial sets, and simplicial categories, specialize
to discussions of sets and plain old categories.

Definition 3.2. A simplicial category C is a category enriched in Seta and a
simplicial functor is a functor between Seta-enriched categories.

For each n and index 0 < ¢ < n we let A} C A™ denote the simplicial subset
whose simplices A™ — A7 are precisely those simplices in A™ which factor through
some face AT C A" with I C [n] and [n] —{i} € I. We call A? the i-th horn in A™.

Definition 3.3. A map of simplicial sets 2~ — . is called a Kan fibration if each
lifting problem

A — = (7)

A" —

with n arbitrary and 0 < ¢ < n, admits a solution. We call a simplicial set 2
a Kan complex if the unique map 2  — x to the terminal simplicial set is a Kan
fibration. A morphism between Kan complexes is just a map of simplicial sets.

To clarify our language, 2~ — . is a Kan fibration if and only if each commuting
square as in (7) admits a map A" — 2 which split the diagram into two commuting
triangles. The terminal simplicial set * is, as our notation suggests, the constant
simplicial set associated to the (or rather, any) singleton.

Remark 3.4. The singular complex functor Sing : Top — Kan provides a (Quillen)
equivalence between compactly generated, locally Hausdorff topological spaces and
Kan complexes. The inverse is given by geometric realization. For this reason
people often refer to Kan complexes as Spaces.

Definition 3.5. A simplicial category C is called fibrant if, for each pair of objects
r and y in C, the Hom complex Hom(x,y) is a Kan complex.
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We note that any simplicial category C has an underlying plain old category C
whose morphisms are the 0-simplices

HOH’IC (l’, y) = HomSctA (Aoa mg(l'v y))
3.3. oo-Categories.

Definition 3.6. A map of simplicial sets F' : 4 — .7 is called an inner fibration if
any lifting problem

AP ——F (8)

A" — > T ,
with n arbitrary and 0 < ¢ < n, admits a solution. We call € an oo-category if the

map ¢ — * to the terminal simplicial set is an inner fibration. A functor between
oo-categories is just a map of simplicial sets.

Note that the lifting problems here (8) only involve inner horns, i.e. the horns
A7 — A™ with i between 1 and n — 1. For an co-category %, an object in € is a
O-simplex z : A® — &, a morphism is a 1-simplex a : A — %, and for any two
maps g1 : 9 — 1 and ago 1 x1 — T2 a composite is any third map ags : xg — 2
which fits into a 2-simplex

T

V Y

Ty ——g——> Z2.
We note that the composite is not uniquely determined in a strict sense, but it is
determined up to a contractible space of choices [Ker, 01BW]. So, whenever such
ambiguities are acceptable, we might speak of “the” composite ags and write simply
Qo2 = 12001 -

Definition 3.7. Given an object z in an oco-category ¥, the identity map id, :
x — x is the unique degnerate 1-simplex id, : A! — & with idy|goy = idz| {1y = T
An isomorphism in % is a map « : * — y which admits another map 8 : z — y for
which we have composites o8 = idy and Sa = id,.

An (oco-)subcategory in an co-category % is a simplicial subset €’ C % in which a
given n-simplex o : A" — ¢ lies in ¢” if and only if each object o[(;} and each edge
0| atigy lies in €. We assume additionally that each composable pair or maps in
¢'[1] admits a composition in €”’[1]. A subcategory is called full if each morphism
A' — € between objects in €” is also in €.

Definition 3.8. Given a collection of objects X in an oo-category %, the full
subcategory spanned by Xy in % is the unique full subcategory ¢’ C ¥ with
¢'10] = Xo. Given a collection of objects Xy in ¥ and morphisms X; between
objects in Xy which are stable under composition, the subcategory spanned by the
X; in % is the unique subcategory ¢’ C ¢ with €’[0] = X, and ¢'[1] = X;.

One checks directly that any subcategory ¢’ in an oo-category % is itself an
oo-category.


https://kerodon.net/tag/01BW
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Proposition 3.9 ([Ker, 01H1]). For any oco-category € the subcategory €X*"
spanned by all objects, but only isomorphisms between objects, is a Kan complez.

The simplicial set €% is usually called the core of €, though we will just call
it the associated Kan complex.

3.4. Functor categories and mapping spaces. For any oco-category % and sim-
plicial set K the complex of simplicial maps

Fun(K, %), Fun(K,%)[n] = Homge, (A" x K, %),
is an co-category, and for any map of simplicial sets L — K the restriction functor
Fun(K, %) — Fun(L, %)

is an inner fibration [Ker, 01BT]. For objects x,y : * — % we obtain the standard
mapping complex via pullback

Maps‘b’(mv y) - Fun(Alv %)

\L ircstrict

1T % o Fun(9AY, €).
Ty
As the pullback of any kind of “fibration” is again a fibration of the same type, we
understand that Maps, (z,y) is an co-category at all 2 and y. Since all morphisms
in Maps (x,y) are isomorphisms [Ker, 01DK], this oo-category is furthermore a
Kan complex.

Definition 3.10. For objects in an oo-category z,y : * — %, the associated
mapping space Mapse (x, y) is the Kan complex constructed as above.

We note that, in general, the mapping spaces do not admit strict composition
functors. We do however have composition functors

o : Mapsg (21, 22) X Mapse (2o, £1) — Mapse (zg, ©2)

which are well-defined up to homotopy [Ker, 01PQ)].

3.5. Isofibrations.

Definition 3.11. An isofibration between oco-categories is an inner fibration F :
% — 2 which satisfies either of the following (equivalent) lifting conditions:
e For each isomorphism & : z — ¢ in &, and object = in ¥ with F(z) = z,
there is an isomorphism « : ¢ — y in ¢ with F(a) = a.

e For each isomorphism & : & — § in 2, and object y in ¥ with F(y) = g,
there is an isomorphism « : ¢ — y in ¢ with F(a) = a.

Isofibrations are the “good” maps between oo-categories, especially when one
wants to take limits of co-categories in a homotopically responsible manner. See
for example [Ker, 03GF, 03H3, 033P].

Remark 3.12. Isofibrations are also referred to as categorical fibrations in the
literature. Compare for example [56] to [11, Ker].


https://kerodon.net/tag/01H1
https://kerodon.net/tag/01BT
https://kerodon.net/tag/01DK
https://kerodon.net/tag/01PQ
https://kerodon.net/tag/03GF
https://kerodon.net/tag/03H3
lurie09p://kerodon.net/tag/033P
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Remark 3.13. We’ve obviously chosen to work with “quasi-categories”, or “weak
Kan complexes” as our preferred model for co-categories. Though we are not con-
cerned with the sinful nature of such choices, there are practical points to consider
here. In particular, if we want to embed our analysis of 3-d TQFTs within a
larger study of extended field theories, complete Segal spaces are likely preferable
to quasi-categories as a model for co-categories.

3.6. Homotopy coherent nerves. From any simplicial category C one has an
associated simplicial set N(C) which is produced via a construction called the ho-
motopy coherent nerve. Simplices in the nerve are given by functors

N(%)[n] = Funcat, (Path A", C)

from a certain path category construction [Ker, 00KN, 00KS]. We have Path A°
the one point category and Path A! the category with two objects, trivial endomor-
phisms, and a single map between them. Thus the 0 and 1-simplices in the nerve
consist of objects and maps in the underlying plain category C for C. A 2-simplex
in the nerve consists of a noncommuting diagram

xy
/ X
Zo —>h €2

in the plain category C, along with a choice of a 1-simplex ¢ : A — Hom(zq, 2)
for which (|0} = gf and (|1} = h.

The nerve construction is functorial in the sense that any simplicial functor
F : C — D determines a map of simplicial sets N(F') : N(C) — N(D), and for any
composite of simplicial functors we have N(G) o N(F') = N(G o F))

Theorem 3.14 ([13]). If C is a fibrant simplicial category (i.e. is enriched in Kan
complexes) then the homotopy coherent nerve N(C) is an oco-category.

Recall that we have the symmetric embedding Set < Seta so that plain cat-
egories embed fully faithfully into simplicial categories. In the case where C
is a plain category the nerve N(C) has n-simplices specified by tuples of maps
{fi; :0<i<j<mn}, fij:z; = xj, with fjrfi; = fix whenever ¢ < j < k. The
oo-category ¥ = N(C') has the property that any inner horn A? — % admits a
unique filling to an n-simplex A™ — %, and any oo-category ¥ with such unique
horn fillings is of the form € = N(C') for uniquely determined C.

Definition 3.15. We call an co-category € discrete if, for each n and 0 < i < n,
the restriction functor Fun(A™, %) — Fun(A?, %) is an isomorphism of simplicial
sets.

Example 3.16 (Kan complexes). For Kan complexes 2" and % the functor com-
plexes Fun(2", %) are all Kan complexes [Ker, 00TN]. We therefore obtain a corre-
sponding fibrant simplicial category Kan of Kan complexes. We take the homotopy
coherent nerve to obtain the co-category of JZan = N(Kan) of Kan complexes.


https://kerodon.net/tag/00KN
https://kerodon.net/tag/00KS
https://kerodon.net/tag/00TN
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As we explained above in the generic setting, objects in J#an are Kan complexes
and morphisms are maps of Kan complexes, i.e. maps of simplicial sets. A 2-simplex

2
fo1 f12

2o

Z:

foz2 2
in Jan consists of choices of maps between Kan complexes and an additional
homotopy ¢ : Al x 2y — 25 from fi2fo1 to fo2. A map between Kan complexes
f:+Z — & is an isomorphism in JZan if and only if it is a homotopy equivalence,
in the expected sense [Ker, 00U1].

Definition 3.17. A Kan complex 2 is called contractible if the unique map 2~ —
* is a homotopy equivalence.

Example 3.18 (co-categories). For oo-categories the functor complex Fun(%, 2) is
not a Kan complex in general. However, we can take the associated Kan complexes
Fun(%, 2)%*" to obtain a fibrant simplicial category Cat® . The nerve %ato, =
N(Catl) is the oo-category of co-categories.

Let € and 2 be oo-categories. A transformation ¢ : Al x 4 — 2 between func-
tors Fy and F) is a natural isomorphism in %at,, and hence lies in Fun(%’, 2)Xa®,
if and only if it evaluates to an isomorphism (, : Fy(z) — Fi(z) at each 0-simplex
x in € [Ker, 01DK]. So again, 0, 1, and 2-simplices in %ats can be understood in
concrete terms.

Example 3.19 (Plain categories). For plain categories, the functor category of
the nerves Fun(N(C),N(D)) is just the nerve of the usual category N(Fun(C, D)) of
functors and natural transformations. The associated Kan complex N(Fun(C, D))Kan
is the nerve N(Fun(C, D)"atisom) of the groupoid of functors and natural isomor-
phisms. In any case, we take the associated Kan complexes of the functor categories
to get a fibrant simplicial category Cat™ of plain categories, and take the homotopy
coherent nerve to get the oo-category Gat = N(Cat) of plain categories.

Note that %at sits in %at., as the full subcategory spanned by discrete oco-
categories, and JZan sits in %ats, as the full subcategory spanned by Kan com-
plexes. Also, we can consider the underlying plain categories Kan and Catg,, of
Kan complexes and oo-categories in Kan and Cat_, respectively. Applying the
homotopy coherent nerve, we obtain inclusions of co-categories

N(Kan) — #an and N(Cats) — Gats.

Remark 3.20. We have ignored all size constraints in the above examples. For-
mally, we fix a sequence of universes

Small € Medium C Large C Huge

in order to speak of small, medium sized, large, and huge simplicial sets. We
therefore have small, medium sized, large, and huge oo-categories which are all
weak Kan complexes in their respective universes. The above examples are all
large oo-categories. Your run-of-the-mill co-category is assumed to be of a medium
size.


https://kerodon.net/tag/00U1
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Definition 3.21. A functor between oco-categories F' : € — 2 is an equivalence
if it is an isomorphism in %at.,. More directly, F' is an equivalence if there exists
a functor F’ : 2 — € which admits natural isomorphisms F'F = idy and idy =
FF'.

The following result is fundamental, and is used ad nauseam throughout the
text.

Lemma 3.22. Given an equivalence of co-categories p : . — 7 and a pullback

diagram
4 7
R

S —— T
P

F
e

in Cateso, the map F is an equivalence provided one of p or q is an isofibration.

We note that, for any pair of maps p; : 6; — 7 in Caty,, the pullback of
simplicial sets %y X o €1 is automatically an oco-category whenever one of the p;
is an inner fibration. So, in almost-all situations, pullbacks in the plain category
Catso are just pullbacks in Seta.

Proof of Lemma 3.22. If one of p of q is an isofibration then the pullback diagram
is a categorical pullback diagram, in the sense of [Ker, 032Y]. Hence the result
follows by [Ker, 033M]. O

3.7. Language: Discrete (co—)categories. From this point on we don’t distin-
guish between a plain category and its merve. A functor F' : € — D from an
oco-category to a plain category, or vise-versa, is always understood to be a functor
from € to the nerve of D, or vise-versa. By a discrete category we either mean a
discrete co-category, or just a plain category, depending on the context.

Notation 3.23. A diagram in an oo-category € is a map d : K — ¥ from a
simplicial set K. When % is the nerve of a fibrant simplicial category ¥ = N(C),
and C' is the underling discrete/plain category for C, a diagram d : K — % is said
to strictly commute if d factors through the simplicial inclusion C' — %,

K\—d><€

ETREN
- C
When we speak of diagrams in an oco-category K — % we usually assume K is
a discrete category, so that a diagram in % is exactly what one expects intuitively.
We most often speak of strict commutativity in the cases where ¢ = %ato or Fan.

3.8. Nerves of strict 2-categories. In the case of a plain category C', we saw that
there is no interesting information in an n-simplex A™ — N(C) above dimension
1. One similarly finds that, for a 2-category, an n-simplex in the nerve is nothing
more than a compatible collection of 2-simplices. Let us elaborate.

By a strict 2-category we mean a category enriched in plain categories. Taking
the nerves on morphisms, we can view strict 2-categories as precisely those simplicial
categories whose Hom complexes are all discrete oco-categories. A strict 2-category
C is fibrant, when considered as a simplicial category, if and only if C' is enriched
in groupoids.


https://kerodon.net/tag/032Y
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Lemma 3.24. Let C be a strict 2-category. An n-simplex in the nerve o : A™ —
N(C) consists of the following data:
e A choice of an object x; for each indexi=1,...,n.
o For each pair of indices 0 < i < j < n, a choice of map o;; : x; — T in
the underlying discrete category C'.
e For each triple 0 < ¢ < j < k < n, the choice of a 2-morphism (i :
Q5 — Q.
These data are (only) required to satisfy the constraint
Cikt (1d ey © Giji) = Ciji(Gint 0 iday;) + Qujro; — Qg
for each quadruple 0 <i < j<k<l<n.

Proof. The above data specify an n-simplex in the Duskin nerve [Ker, 009T], and
the Duskin nerve is identified with the homotopy coherent nerve in the strict setting
[Ker, 00KY]. O

3.9. The homotopy category of an co-category. Given an oco-category €, the
homotopy category h% is the discrete category with the same objects as ¥ and
morphisms given by equivalence classes [a] : * — y of maps in . Here « is
equivalent to o’ whenever there is a diagram of the form

€T Yy
idzl \Lidy
T Yy

in €. This relation is stable under composition [Ker, 0048], so that h % is in fact a
discrete category.

Equivalently, the homotopy category h% is defined by taking the same objects
as ¢ and morphisms given by the connected components

/
e

L/

o

Homy, ¢ (z,y) = w()(Maps%(x,y)).
The homotopy category construction is functorial, and provides a left adjoint to
the inclusion %at — Gat.

3.10. Cocartesian fibrations and straightening.

Definition 3.25. Let ¢ : € — 7 be a functor between oo-categories. A morphism
«a:x — yin € is called g-cocartesian if any lifting problem of the form

AP —2 =%

N\ p— T,

with n > 1 and specified initial edge 7|a0,1) = @, admits a solution. An inner
fibration ¢ : € — 7 is called a cocartesian fibration if, for any map @ : £ — ¢ in
Z and any x in ¥ with g(z) = &, there is a g-cocartesian morphism « : z — y in
¢ with q(a) = a.
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One can argue directly that cocartesian lifts of morphisms are unique up to
isomorphism in Fun(Al,%). In particular, for a fixed functor ¢ : € — 7, any two
g-cocartesian lifts o : z — y and o : x — ¢/ of a given map @ : T — 7 in the base

J fit into a diagram
Y y
SN - N
over
/
T —

in which § is an isomorphism. In fact, such lifts are unique up to a contractible
space of choices [Ker, 01VK].

T y

Definition 3.26. A map of cocartesian fibrations is a strictly commuting diagram

A

T

in which ¢ and p are cocartesian, and in which F' sends g-cocartesian edges in €
to p-cocartesian edges in 2. We call such a map F' an equivalence of cocartesian
fibrations if, after forgetting the base .7, it is an equivalence of oo-categories.

Remark 3.27. Any equivalence between cocartesian fibrations does admit an in-
verse over the base [Ker, 0285, 028B]. Furthermore, there is an oo-category of
cocartesian fibrations over .7 in which the isomorphisms are precisely the equiva-
lences, as defined above (see Section C.1).

Cocartesian fibrations serve, arguably, as the leverage point through which the
theory of co-categories functions. Essentially, every “thing” in %at is a cocartesian
(or cartesian) fibration over a specified base. We take a moment to discuss these
structures in more detail.

Notation 3.28. Given an inner fibration ¢ : ¥ — 7 and an object t : x — .7, we
let 6, denote the associated fiber 6; = {t} x & ¥.

We note that the fibers along any inner fibration are all co-categories, since inner
fibrations are stable under pullback. Of course, at the moment we are especially
interested in the case where the given map is a cocartesian fibration.

For any cocartesian fibration ¢ : ¥ — 7 and any simplicial set K, the induced
functor

¢« : Fun(K,%) — Fun(K, .7)

is a cocartesian fibration as well. The g.-cocartesian edges in Fun(K, %) are pre-
cisely those transformations ¢ : Al x K — % which evaluate to a g-cocartesian edge
(x : Al — € at each 0-simplex z in K [Ker, 01VG]. Hence, for any map f : s — t in
7 and corresponding functor f = fp; : Al x4, — 7, there is a unique cocartesian
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transformation 7 : A' x €5 — € which solves the lifting problem

@, = {0} x G, @

Al X €, 7.

Evaluating this transformation at 1 in A®, we “travel along f” to obtain a transport
functor between the fibers f; : s — ;. One sees, via uniqueness of cocartesian
lifts, that any sequence of maps gf : s — ¢ — wu in the base produces a diagram

Gt
X
Cu
(

fi
Co ——————

gf)

in at .

Taking this concept to its extreme, we find that any cocartesian fibration ¢ :
¢ — J determines an associated functor St(q) : J — Gats with Sty(s) = €,
Stq(f) = fi, etc. It turns out that the fibration ¢ : € — 7 is also reconstructible
from its associated functor. Indeed, Grothendieck straightening tells us that the
assignment g — St(q) extends to an equivalence

St : Gocart(T) = Fun(T, 6at )

from an oo-category of cocartesian fibrations over a given base 7 (see Section C.1)
to the co-category of Gat-valued functors from 7 [56, 42, 12]. The inverse

Un : Fun(7, €at ) = Gocart(T)

is provided by pulling back along the universal fibration quuiy : P%ato, — Gaty, of
pointed co-categories [Ker, 0205, 028K].

Now, when we think of a “structured” (co-)category %, like a monoidal (oo-
)category for example, we are usually thinking about a functor Fy : T — Bat
from some specific category T which universally encodes a collection of functors and
transformations which constitute the given structure. Hence, from the perspective
of Grothendieck straightening and unstraightening, we now have two options: We
can think of such structured oco-categories as a distinguished class of cocartesian
fibrations over T', or as a class of functors to Gat.

Though there is some utility in working on both sides of the straightening-
unstraightening equivalence, it is often preferable to work with cocartesian fibra-
tions rather than Gats-valued functors. The reason is, arguably, that a cocartesian
fibration 4 — 7 contains less erroneous information than its associated functor to
Cats.

Remark 3.29. There are some size constraints to consider here, all of which we’ve
ignored. For example, the total space € in a cocartesian fibrations € — 7 is
allowed to be large, but all of the fibers %; are assumed to be of a medium size.
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3.11. Functor categories for cocartesian fibrations. Consider inner fibrations
q:% — Z and p: 2 — 7. The structure map on Z induces an inner fibration
ps : Fun(%¢, 2) — Fun(¥¢, .7) [Ker, 01BV] and we take the fiber along ¢ to obtain

an oo-category
Funz (%, 2) = {4} Xrun(z,7) Fun(¥, 2).

Objects in this co-category are functors over .7, morphisms are transformations
over 7, and general n-simplices are strictly commuting diagrams

A" x € Z 9
7 .

Definition 3.30. For cocartesian fibrations as above, we take
Fun%(¢,2) C Fung(¢,9)

the full subcategory spanned by those functors which send ¢-cocartesian edges in
% to p-cocartesian edges in 2.

4. SYMMETRIC MONOIDAL 00-CATEGORIES

We recall basic information regarding symmetric monoidal oco-categories. We
are especially interested in the transition from symmetric monoidal simplicial cate-
gories to symmetric monoidal co-categories. We also discuss equifibered symmetric
monoidal oo-categories which, to a large extent, replace oo-operads in our study
[41, 3].

4.1. Finite pointed sets.

Definition 4.1. The category of finite pointed sets Fin, is the category of finite
sets, along with morphisms f : I — J given by the choice of a subset I 7 C I and
a set map Iy — J. Given such a map f : I — J in Fin., we let I; denote the
preimage f~!(j) C I of an element j € J.

By a slight abuse of notation we let f : I 7 — J denote the set map underlying
a map of finite pointed sets f : I — J. The composition of maps f:I— Jand
g:J — K in Fin, is defined by taking the subset I;7 = f71(J;) along with the
underlying set map
Gfl1,; + Igp— Jg =~ K.

Definition 4.2. A map of finite pointed sets f : I — J is called active if Ir =1,
and called inert if each preimage I; = f~1(j) is a singleton. For any index i in [
we let p; : [ — {0} denote the unique inert morphism with preimage 5; '(0) = {i}.

Fibrations over Fin, play a prominent role in higher algebra. We note that any
functor to Fin, is automatically an inner fibration, since Fin, is discrete.

Definition 4.3. Given a functor ¢ : ¥ — Fin,, a morphism f : x — y in € is
called inert if it is g-cocartesian and the image ¢(f) is inert in Fin,. We call f
active if it has active image in Fin,.
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4.2. Symmetric monoidal co-categories.

Definition 4.4. A symmetric monoidal co-category is a cocartesian fibration & —
Fin, for which transport along the inert projections p; : I — {0} induce an equiv-
alence

P! :éaj®:>éal. (9)
A map of symmetric monoidal co-categories is a map of cocartesian fibrations

&9 r 2%

N

Fin, ,
i.e. a functor over Fin, which preserves cocartesian edges.

In the expression (9) I is an arbitrary finite set, & is the fiber over the singleton

& = é"{%}, and &7 is the exponent &7 = Fun(I, &).

Remark 4.5. We employ no special notation for co-categories of symmetric monoidal
functors, as the generic cocartesian functor category

Funig, (6%,2%)
from Section 3.11 already parametrizes maps of symmetric monoidal co-categories.

Remark 4.6. Given any symmetric monoidal oo-category £° — Fin,, we note
that the fiber over the empty set g(b@) is a contractible Kan complex. This follows
by terminality of the empty product in Bat. and the requisite equivalence (9).
Hence the transport functor along the unique active map m : {1,2} — {0} provides
a homotopically associative, and homotopically commutative product functor

mg:mg:gxggg{%ﬂ*}(g

and transport along the initial map @ : ) — {0} provides a unit for this product
ug:ﬂlz*%c§®®—>é”.

For any map of symmetric monoidal co-categories F® : £€ — 2%, compatibility
between transport functors ensures the existence of homotopy commuting diagrams

ExE-Logxg .
mgl J{m@ and 7 \u@
& 9 & 73
F

The existence of higher compatibilities, up to arbitrary depth, is articulated by
the corresponding transformation between the functors Fee, Fge : Fin, — %at
under straightening.

As one expects, the homotopy truncation of any symmetric monoidal co-category
remains symmetric monoidal.

Lemma 4.7. For any symmetric monoidal co-category p : &% — Fin,, the induced
map from the homotopy category hp : h&® — Fin, is also a symmetric monoidal
oo-category. We have the fibers (h&®); = h(&7), and the transport functors fi :
hé}® — hé’j@ are induced by the transport functors for &%.
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Proof. It is immediate to see that every p-cocartesian edge in &% is h p-cocartesian
in h&®. Hence the fibration h&® — Fin, is cocartesian and the claim about
transport follows as well. Since transport provides an equivalence py : £I® 5 &1
for each finite set I, by assumption, the induced map on homotopy categories

h(§1® — h &7 is also an equivalence. O

One obtains examples of symmetric monoidal oco-categories immediately from
both the discrete and simplicial settings. We provide details below.

4.3. Symmetric monoidal simplicial categories. A monoidal simplicial cate-
gory is a simplicial category E equipped with a simplicial functor

R:ExE—FE
along with a unit 1, unit isomorphisms, and associativity. A symmetric structure
on a simplicial monoidal category is a choice of a natural isomorphism ® — ®°P

which is an involution and satisfies the appropriate compatibilities with the unit
and associator.

Definition 4.8. For a symmetric monoidal simplicial category £ we define a sim-
plicial category E® whose objects are given by pairs of a finite set I equipped with a
linear ordering and an object z in the product EY. The mapping complex between
objects x and y over finite sets I and J, with specified orderings, is the disjoint
union of the complexes

Hompe (2,y)7 = | [ Homp (1, y;) (10)
jeJ
over all f: I — J in Fun,.
Here each x, denotes the product
Tiy @+ @ T, 1= Tiy @ (Tiy ® -+ (T4, O T,)++),
where I; = {iy,...,i,} is ordered according to the ambient ordering on I. In the
case when [; is empty we take x;; = 1p. We note that the map of pointed sets
f : I — J underlying a map in E® is not required to respect the given orderings,
even though the sets which parametrize objects in E® are ordered.

Composition is defined in the expected way, though it is a slightly delicate thing
to write down. Consider n-simplices

o: A" — Hompgs (z,y); and o' : A" — Hompe (y,2)4

over maps f: I — J and g:J — K in Fin,. These simplices separate into tuples
o={o;:j€J}and ¢/ = {0}, : k € K} relative to the product decompositions
(10). Then, for each k in K, we have the corresponding simplices

(0'o)r : A" = Hompe (®je, 21, 2) ~— Hompe (¢, 21,) (11)
where the first map above is the composite simplex

o1 (R) 0;) : A" = Hompe (®jes, 71, 2k)
JEJk

and sym* is precomposition with the symmetry isomorphism xy, — ®jeg, 1. The
composite simplex ¢’c is, finally, the map in Homge (7, 2); specified by the given
tuple {(¢’0) : k € K}.

The following is apparent.
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Lemma 4.9. If E is a fibrant symmetric monoidal simplicial category, then the
associated simplicial category E® is also fibrant.

By construction the simplicial category E® comes equipped with a forgetful
functor p : E® — Fin, which sends each object (z,I) to I, and collapses each
component in the mapping complex Hompge (7, y) 5 to f.

Lemma 4.10. Given a finite set I, any choice of a linear ordering on I provides
an injective equivalence E'S (E®); to the fiber of p: E® — Fin, over I.

Here by an equivalence we mean a simplicial functor which is essentially surjective
on the underlying plain categories, say, and which induces homotopy equivalences
on the mapping complexes.

Proof. The inclusion just takes a tuple z in E! to the object (z, ), where I is given
its specified ordering. The induced map on Hom complexes

Hompg: (z,y) = ng(xi,yi) — Hompe (7, y)id,
iel
is simply an equality. Hence the functor Ef — (E®); is fully faithful. The identi-
ties on both I and x provide isomorphisms between (z,I) and = paired with any
alternate ordering on . So the inclusion is essentially surjective as well. O

We note that the fibers of the nerve are the nerve of the fibers, N((E®);) =
N(E®);. Hence, taking the nerve of the simplicial equivalence from Lemma 4.10
provides an equivalence of co-categories &1 = (£%);.

Proposition 4.11. For a fibrant symmetric monoidal simplicial category E, and
&% = N(E®), the functor N(p) : &% — Fin, is a cocartesian fibration. Further-
more, given any map of finite pointed sets f : I — J, choice of object x in (&%),
and x5 = (xr; : j € J) in (%), the morphism

i, 5 € Hompge (z,25)F = H Hompg (z1,,x1;)
jeJ
specified by the identities id,;,j is a N(p)-cocartesian edge over f.

Proof. Here x is, precisely, an object in &’ along with a choice of ordering on I.
The products z;, are all taken with respect to this ordering, exactly as above.

It suffices to prove that, for any map of finite pointed sets f : I — J and z in
&', the proposed edge iy f & — Ty is cocartesian over f. For this it suffices to
show that, given any z € &% and K = p(z), the diagram

—Olg,f

Mapsgs (7§, 2) Mapsge (z, 2)

| |

Mapsgy,, (J, K) A Mapsg;,, (1, K)

is a pullback square in #an [Ker, 01TL]. Since the spaces in the bottom row are
discrete it suffices further to show that, for each g : J — K and h = gf, the map
on the fibers

—oi, ;: Mapsge (a:f-, z)g — Mapsge (2, 2)j, (12)
is a homotopy equivalence.
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Whether or not the map (12) is an equivalence can be checked at the level of the
homotopy category h #an, at which point one can replace the mapping spaces for
&% with the mapping complexes for E® [Ker, 02LN]. We now ask if the map

— o, ;: Hompe (25, 2)g — Hompe (2, 2);,

is an equivalence. However, since the symmetry transformations on E are isomor-
phisms, one can check directly from the defintion of composition (11) that this map
is simply an isomorphism of simplicial sets. O

Remark 4.12. Given p : E¥ — Fin, as in the statement of Proposition 4.11,
we generally let p : £ — Fin, denote the induced cocartesian fibration from the
homotopy coherent nerve &% = N(E®), by an abuse of notation.

By the above description of cocartesian edges in &% we see that the (nerve of
the) symmetric product functor

(&)1

~ transport
@@I / \ g
’

product

associated to any choice of ordering on I, is a transport functor along the unique
active map I — {0}. The transport functors along the various inert maps p; : I —
{0} are the projections p; : &1 = (£%); — &. Hence we observe the following.

Corollary 4.13. Consider a fibrant symmetric monoidal simplicial category E with
associated co-cateqory &. The cocartesian fibration p : £° — Fin, from Proposition
4.11 gives & the structure of symmetric monoidal co-category.

4.4. Maps of symmetric monoidal simplicial categories. For any map of
symmetric monoidal simplicial categories F': E, = E; we have the corresponding
functor F'® : Egz’ — EY between simplicial categories over Fin,. The functor F®
is defined on objects via the exponents F7 : Eé — E{ and on Hom complexes via
the maps

Hompe (,y)f = [1;e, Homp (21;.95)
— [ljes Homp (F(2)1;, Fly;)) = @Eg(FI(x)7FJ(y))f
provided by applying F then the tensor compatibilities F(x);, = F(x1,). Taking

homotopy coherent nerves produces a functor F'® : é‘)0® — &2 between co-categories
over Fin,, where we abuse notation to write simply F® for N(F'®).

Proposition 4.14. For any map of fibrant symmetric monoidal simplicial cate-
gories F': Ey — E, the corresponding functor

&9 L &9

Fin,

is a map of symmetric monoidal co-categories.
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Proof. For each morphism f : I — J in Fin,, z in (§°);, and index j € J we have
the diagram

F(l‘zl & ® .2?1,) 777777 > F(Z‘IJ)
A 7
= F®(iy, 7); T:
\ —
F(zi,) ®...® F(r;,) ————— F(z)y,
(1F®(m),f)j
in &. These diagrams yields a diagram
F(x)f

-
0
<
IR

in é"1® in which the map ip(,) 7 is pi-cocartesian. Since all isomorphisms are pi-
cocartesian, and cocartesian edges satisfy the 2-of-3 property [Ker, 01TS], it follows
that F'® (i, f) is p1-cocartesian. Hence F'® preserves cocartesian edges, and is thus
a map of symmetric monoidal oco-categories. O

4.5. Fiber products and transfer of symmetric monoidal structures. Through-
out the text we construct symmetric monoidal co-categories by combining data
from, say, a topological source and an algebraic source. Formally such categories
arise as fiber products of symmetric monoidal co-categories along pairs of symmetric
monoidal functors. To address such situations we have the following.

Proposition 4.15. Given a pair of symmetric monoidal functors Fi® : §i® — T®
in which one of the F; is an isofibration, the fiber product & X ze & inherits a
unique symmetric monoidal structure under which the two projections

EE X g0 & — &
are symmetric monoidal functors

We omit the details, but indicate some method of proof for the interested reader.

Idea of proof. This result can be proved by hand, or can be deduced from the fact
that the forgetful functor from .##., (Defintion C.1) to %at. commutes with
pullbacks [57, Corollary 3.2.2.4]. O

We also note that symmetric monoidality is stable under equivalence of isofibra-
tions.

Lemma 4.16. Consider a diagram

Fin,

in which both p and p’ are isofibrations, and F is an equivalence. If one of p or
p' realizes € or €' as a symmetric monoidal co-category, then both € and €' are
symmetric monoidal and F is an equivalence of symmetric monoidal co-categories.
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Proof. In this case F is an equivalence of isofibrations over Fin, [Ker, 0295], and
hence both p and p’ are cocartesian fibrations whenever one is [Ker, 028A]. Fur-
thermore F' preserves cocartesian edges by [Ker, 028B], and for any finite set I we
have a commuting diagram

Fy

% %/

| |

[Lic: Cioy IL Froy > [Lies fo}v

in ¥ats obtained from transport along the inert maps p; : I — {0}. It follows that
the map €7 — []; €0} is an equivalence if and only if €7 — []; Cg{'o} is an equiv-
alence, and hence both transport functors induce equivalences by our hypothesis.
Taken together, we see that both 4 and %’ are symmetric monoidal co-categories
and that F' is an equivalence of symmetric monoidal co-categories. (I

4.6. Equifibered co-categories. Below we consider the symmetric monoidal cat-
egory of finite sets Fin, under disjoint unions, and have the associated fibration
Fin® — Fin, from Proposition 4.11.

Definition 4.17 ([3, Example 4.3.1]). A symmetric monoidal co-category over
Fin®, i.e. a symmetric monoidal co-category with a fixed symmetric monoidal func-
tor 7 : 7% — Fin®, is said to be equifibered over Fin if the structure map = is an
isofibration and the diagram

IXT —=T (13)

|

Fin x Fin —— Fin

for the product functors is a pullback diagram in %at... A map of equifibered
symmetric monoidal co-categories is a strictly commuting diagram of symmetric

monoidal functors
SO T®
Fin® )

By an equifibered oo-category over Fin we always mean a symmetric monoidal
oo-category which is equifibered over Fin. Intuitively, a symmetric monoidal oo-
category Z® — Fin, admits an equifibered oo-category structure over Fin provided
objects in the underlying co-category .7 are not too large, and the monoidal product
on 7 is given by a type of disjoint union.

Example 4.18. The category Top® of compact topological spaces with disjoint
union is almost equifibered over Fin, via the connected components functor g :
Top® — Fin. In particular, the product diagram (13) is a pullback diagram, but
the structure map Top® — Fin fails to be an isofibration. Hence, after taking an
isofibrant replacement Top® = T¢ — Fin we find that T€ is equifibered over Fin.
Such a replacement can be constructed by considering, for example, the category
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of pairs (X, «) where X is a compact topological space and « is a bijection « :
7o(X) = I from the connected components to a finite set.

Similarly, the co-category .#an® of compact Kan complexes with disjoint union
becomes an equifibered oo-category over Fin, via the connected components functor,
after taking an isofibrant replacement.

Example 4.19. For any algebraic group G over a field k, one can check that the
category Rep(G) of G-representations admits no equifibered structure over Fin.

Definition 4.20. Fix an equifibered oo-category over Fin, 7 : .7® — Fin®. A
Z-monoidal co-category is an oco-category equipped with a cocartesian fibration
q: &% — 7© which satisfies the following;:

e For each object z in the fiber 95’ over a given set K in Fin,, and inert
projections pi : * — xp over the projections pr : K — {0}, transport
provides an equivalence

pES S H 592.
keK

e For each object z in the fiber 75’, and cocartesian edge f : z — 2’ over
the unique active map f : K — {0}, transport provides an equivalence

fi: 885 &9,

: T
A map of Z-monoidal co-categories is a map of cocartesian fibrations over 7.

We note that any .7-monoidal co-category &% comes equipped with a cocarte-
sian fibration to Fin,, via composition. One can check, using [Ker, 023M] and the
first condition above, that the induced map &% — Fin, gives &% the structure
of a symmetric monoidal co-category and, subsequently, that ¢ : &€ — % is a
symmetric monoidal functor. We compose further to observe a symmetric monoidal
functor &% — Fin®.

Lemma 4.21. If 7% — Fin, is equifibered over Fin, then any 7 -monoidal co-
category q : &% — T© is equifibered over Fin as well.

Proof. 1t suffices to show that the diagram

® product
6"{0’1} &
Q{o,l}i lq{o}
T T

{0,1} product

is a pullback diagram in %at,, or equivalently that the induced map éa{% 1y

E X o '?{%1} is an equivalence.
As we explain at Lemma 16.10 below, the product functor for &® sends q{0,1}-

cocartesian edges to gqo}-cocartesian edges, and hence the map 5{%,1} — & Xg

9{%1} is a map of cocartesian fibrations over <7{%1}- This map is therefore an

equivalence if and only if its fibers over f{%’ 1y are equivalences [Ker, 028B]. Taking
the fiber over a given object z in 9{%.1}’ with image 2’ in 7, however, simply

recovers the equivalence &2 — 55’ promised in the second point of Definition
4.20. (]
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4.7. Transport equivalences for .7-monoidal co-categories. Fix a symmetric
monoidal co-category 7 ® — Fin, which is equifibered over Fin, and a .7-monoidal
oo-category q : £ — T,

Definition 4.22. We call an object (I : k € K) in Fin® separated if each set I}, is
a (nonempty) singleton. Given a symmetric monoidal oo-category p : 7% — Fin,
which is equifibered over Fin, via a structure map 7 : .7® — Fin®, an object z in
T® is called separated if its image 7(z) is separated in Fin®. A map o : & — x
in 7% is called a separation of x whenever & is separated and « is a p-cocartesian
edge.

In Fin® for example, a separation of an object = (I}, : k € K) is provided
by the object & = ({i} : ¢ € yly) with the apparent map & — x. It is clear
that the separation of x is uniquely determined up to unique isomorphism in the
overcategory Fin%. Similarly, equifiberedness of .7 ® over Fin implies uniqueness
of separating morphisms in 7.

For a fixed object z in .7® take a separation « : Z — x and a cocartesian edge
x — ' over the active map K — {0} in Fin.. Then the composite Z — 2’ is
also cocartesian, and taking transport for our 7-monoidal co-category &% now

produces a diagram
o

~

&%

&9

in %at,, in which both functors to 5’5’ are equivalences, by the definiton of -
monoidality. It follows that oy : &£ — &2 is an equivalence as well.

The separating object x is now over a set I in Fin,, and we have the inert
projections p; : £ — x; in Z® which induce an equivalence £’5C® = [[c; 2. We
therefore obtain a uniquely determined equivalences from &2,

&8 (14)
&% - I, &2.

Definition 4.23. Let 7% — Fin, be equifibered Fin. Given a .7-monoidal oo-
category &% — 7 and an object z in 7%, the completing equivalence from (14)
is referred to as the transport equivalence, and is generally denoted

o1 5’x® = H é"f’
iel
by an abuse of notation.
4.8. Language and notation for monoidal co-categories. Given an co-category
&, we can speak of a symmetric monoidal structure on &. This is the choice of a
symmetric monoidal co-category &% — Fin, with & = é”{%}, or more generally with
a specified isomorphism of simplicial sets & = é’){%}. Having specified a symmetric

monoidal structure on a given oco-category &, we may also just refer to & itself as
a symmetric monoidal co-category, by an abuse of language.
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Given a symmetric monoidal co-category 7% — Fin,, we say 7 is equifibered
over Fin if 7® — Fin, is a symmetric monoidal co-category which is equifibered
over Fin.

Given oo-categories & and & with specified symmetric monoidal structures, we
can also speak of a symmetric monoidal structure on a given functor F : & — &5.
This is the choice of a map F® : &% — & between cocartesian fibrations over
Fin, which fits into a diagram

(571 41: > @(aQ

includei \Linclude

® ®
£ ——— &7

5. 00-CATEGORIES OF DISK EMBEDDINGS

We construct a symmetric monoidal co-category frDisk of +-colored framed
disks, and disk embeddings. Besides our addition of +-colors, many of the con-
structions and results of this section are standard. See for example [1, Remark
2.10].

Following these introductory materials, we show in Section 6 that frDisk is
equifibered over Fin. Throughout this study we are generically interested in frDisk-
monoidal oco-categories as a coarse approximation to ribbon tensor categories, in
the homotopical setting. In particular, we show in Section 7 below that any rib-
bon tensor (1-)category admits the structure of a frDisk-monoidal co-category,
and that the original ribbon structure can be recovered from this structure over
frDisk.

5.1. Colored sets. A finite colored set is the pairing Z of a finite set I with a
morphism of sets colorz : I — {£}. Maps of colored sets f : Z — J are maps of
the underling uncolored sets f : I — J which preserve positively colored elements.
(So, we are allowed to send a negative index i to a positive index j, but not vise-
versa.) We let Fin denote the category of finite colored sets.

When we write ¢ € Z for a colored set Z, we mean that ¢ is an element in the
underlying uncolored set I. As in the uncolored setting, given a map f:Z — J in
Fin we let Z; denote the the preimage f~!(j) C Z along with its induced coloring.
We have the analogously defined category Fin, of finite pointed colored sets.

5.2. The co-category of colored disk embeddings. We construct a symmetric
monoidal simplicial category frDisk of framed colored disks. Objects are finite
colored sets Z, and morphisms f : Z — J (in the underlying discrete category) are
oriented embedding of disks

f:DxZT—-DxJ. (15)

We assume that f sends positively colored disks in D x Z to positively colored
disks in D x J, so that f recovers a map in Fin on connected components, and we
take specifically D to be the standard disk D = {z € R? : |z| < 1}. The mapping
complexes are the subspaces

Hom ;, pig(Z, J) = Embed(D x Z, D x J) C Maps(D x Z,D x J)
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whose n-simplices consist of those continuous function
o |A" | xDXxZ—-DxJ

which evaluate at each ¢t € |A™| to a smooth oriented embedding oy : DXZ — DxJ
which recovers a map in Fin on connected components.

Remark 5.1. One can think of negatively colored disks as copies of the standard
disk in R? equipped with the negated orientation.

The composition functions
o: mfv-Disk(jv K) x HomfrDisk(Ia J)— HomfrDisk(Ia J)

are defined by taking a pair of n-simplices ¢ : |A"| x D xZ — D x J and o' :
|A™ x D x J — D x K to the usual composite

A" x D x T Y& |A" x A" x D x T |A"| x Dx J % D x K.
Lemma 5.2. The simplicial category frDisk is fibrant.

Proof. One can fill horns by noting that the geometric realization |A™| retracts
onto any given horn |A7]. O

We have the apparent symmetric monoidal structure on frDisk provided by
disjoint union, and taking connected components provides a symmetric monoidal
functor 7y : frDisk — Fin to the discrete category of finite pointed sets, with dis-
joint union. Applying the homotopy coherent nerve therefore produces a symmetric
monoidal oo-category over Fin®,

75 N(frDisk®) — Fin®, (Zy:k € K) > (I : k € K),

by Proposition 4.14.

We give a slightly more efficient presentation of the symmetric monoidal struc-
ture on N(frDisk) in Section 5.4 below, after recalling a colored variant of the
framed little disk operad.

5.3. The oco-operad of colored disks. In addition to the symmetric monoidal
oo-category of framed disks we have a related disky oo-operad. This is a framed
and colored variant of the usual little disk operad, which we recall here.

Objects in the preceding (fibrant) simplicial category frE, are finite colored
sets and morphisms f : Z — J consist of a choice of subset Zy C 7 along with an
oriented disk embedding f : D x Ty — D x J. For higher simplices, the mapping
complexes decompose over morphisms in Fin,,

HomeEQ (Z,J) = H Embed(D x Zg, D x J )¢,
é€Hompin, (Z,J)

where an n-simplex in Embed(D x Zg, D x J )¢ is a continuous function [A™| x D x
T¢ — D x J which evaluates to an oriented embedding at each ¢ € |A™|, and which
recovers the specified map € on connected components.

We have the apparent forgetful functor to the discrete category of pointed colored
sets frE, — Fin,, and can forget further to Fin.. Taking the homotopy coherent
nerve, we obtain an oo-category with an isofibration frE; — Fin,, and one can
check that this fibration gives frEs the structure of an oo-operad [57, Definition
2.1.1.10].
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Now, taking disjoint unions of continuous functions
<|A"| % D x (e, T) S Dx Tl e L) =
(Hlal A" x D x (e, Zi) — D x j)

defines a simplicial functor frDisk® — frE,. We similarly define a disjoint union
functor Fin® — Fin, for the symmetric monoidal category of finite sets. Via these
disjoint union functors, we connect the symmetric monoidal simplicial disk category
to the simplicial little disk operad via a pullback diagram

® disj union

frDisk fTE, (16)

| |

disj union
of simplicial categories. Taking the homotopy coherent nerve then produces a
pullback diagram of oco-categories.

5.4. Snatched presentation of frDisk®. We construct a symmetric monoidal
oo-category p : frDisk® — Fin, and exhibit a symmetric monoidal equivalence

~

N(frDisk®) frDisk® (17)

S A

Fin,

The point here is to provide a more user-friendly expression of the symmetric
monoidal structure on the underlying oo-category frDisk = N(frDisk).

An object in frDisk® is a colored set Z equipped with a set map p:Z — K, or
equivalently a continuous map p : D xZ — K, where K is a finite set which is taken
to be completely positive if one likes. A morphism (Z, ) — (J,v) in frDisk® is
the pairing of amap f: D xZy — D x J in frE, with a map f: Ky — L in Fin,
which fits into a diagram

D x I; DxJ (18)
A
K; - L,

and for which Iy = M_le-

In higher dimensions, an n-simplex o : A" — frDisk® is precisely the informa-
tion of simplices o : A” — frEs and ¢ : A™ — Fin, which are “linked at their
vertices {I} € A" via morphisms ! : Z! — K!. These linking morphisms are
(only) required to produce a consistency at the level of edges, in the sense that
each pair of edges

fun : D XTI, = DXI™ and fi : Kf — K™

complete diagrams as in (18).
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In this alternate guise, the disjoint union functor appears as the projection
disj union = p; : frDisk® — frEy, (0,5,u) — o,
and the other projection provides an isofibration to finite pointed sets p = ps :
frDisk® — Fin,, (0,5, 1) — &.
Similarly, for the discrete category of finite sets, we have the alternate presenta-

tion of Fin® as the category whose objects are pairings (I, ) of a finite set with a
specified map p : I — K, and whose morphisms consist of diagrams

I——J
|
K—— L.

Under this alternate formulation, we again take connected components to obtain a
functor 7 : frDisk® — Fin® which fits into a pullback diagram

FrDisk® I er g (19)
Fin® Fin,. .

disj union

Lemma 5.3. The projection p : frDisk® — Fin, gives frDisk the structure of
a symmetric monoidal co-category, and there is an equivalence N(frDisk®) =
frDisk® of symmetric monoidal co-categories over Fin®.

Proof. Let ' Fin® denote the symmetric monoidal construction of Proposition 4.11
and Fin® denote the alternate construction given above. We have the assignment
which sends an ordered tuple of sets (I : k € K) to the disjoint union ITjIj
equipped with the unique map p : Il — K which has u=1(k) = Ix. This
assignment defines a functor ' Fin® — Fin® over Fin,, in both ways, which is seen
to be essentially surjective and fully faithful, and thus an equivalence.
Considering the identities on frEs and Fin,, we now obtained a unique functor
N( fr%éa) — frDisk® which completes a transformation between the respective
pullback diagrams A x A! — Cat, from (16) and (19). This completing functor is
an equivalence by [Ker, 033K]. The fact that the isofibration p : frDisk® — Fin, is
a cocartesian fibration which gives frDisk® the structure of a symmetric monoidal
oo-category now follows by the transfer result of Lemma 4.16. O

Warning 5.4. From now on the symmetric monoidal structure on Fin is always
realized via the fibration Fin® — Fin of pairs (I, 1) as above, though the distinction
is of little technical importance.

5.5. Linear disk arrangements. We often consider the subcategory Lin frDisk® C
frDisk® spanned by all objects, and those morphisms

f:DxIT—-DxJ
whose constituent disk embeddings f; : D; — D; send the z-axis of D; into the

z-axis of D;, and have derivatives T f; : R? — R? equal to the identity. One can
check that the inclusion

LinfrDisk® — frDisk®
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is an equivalence of symmetric monoidal co-categories (Lemma A.4).
From homotopies between such linear arrangements of disks, i.e. from 2-simplices
in LinfrDisk, one can extract some useful combinatorial data.

5.6. Extracting framed braids. From any morphism f : (Z,u) — (J,v) in
LinfrDisk®, and j € J, the linear ordering on the z-axis in the j-th disk D;
induces a linear ordering on the preimage Z; — {j}. Any homotopy between two
maps in LinfrDisk®, ¢ : |AY| x D x Z; — D x J, then traces out framed braids in
the disks D x 7. By a framed braid we mean an element in the fundamental group of
the space of framed configurations of points in the disk Bry,(K) = mg (Conffc(r(D)),
where we point the space Confff,.(D) via a choice of an ordering on the set K, a
map K — D which aligns the points according to the given ordering along the
z-axis, and the points inherit their framings from the ambient framing on D. We
note the decomposition Bry, (K) = Br(K) x (Z¥) where the integral factor tracks
the windings of the framing around each embedded singleton {k} — D.

Definition 5.5. For any map f : (Z,u) — (J,v) in LinfrDisk® we take
Brfr(f) = H BrfT(Ij)u

jeJ
where I and J are the underlying uncolored sets for 7 and 7, and each I; is given
its ordering induced by f.
Expanding on what was stated above, recall that a 2-simplex

o= (J.v)
SN

(Z.) - (£,)

in LinfrDisk® is precisely the choice of a homotopy o : |A'| x D x ), — D x J
with o9 = gf|z, and o1 = h, and with the evaluation oy : D x Z), — D x J at each
time ¢ € |A!| an oriented embedding. Such a 2-simplex specifies an element [o] =
(B,n) € Bryr(gf), where the integral factor n € H]—(ZIJ') = Hz’elf Z has each entry
n; tracing the winding number of the z-vector in the derivative for o¢|p, : D; = D;
around 0. The j-th contribution to the braid group g; in 8 = (8, : j € J) is given
by following the centers of the disks under the given homotopy

1x0x1 Ule

ﬁj = |A1‘ XIj — |A1| XDXIj — Dj

5.7. A remark on pairings of uncolored disks. We note that there are two
symmetric embeddings ¢4 : frDisk® — frDisk® from the symmetric monoidal
oo-category of uncolored disks. These embeddings are isomorphisms onto the full
subcategories spanned by totally negative, and totally positive disks respectively.
(One defines the uncolored disk category in direct analogy with the colored presen-
tation from above.)

We can consider further the full subcategory spanned by both collections of to-
tally negative and totally positive disks. The two embeddings ¢4+ are then connected
by a transformation ¢ : A' x fr Disk® — frDisk® with tlgoy = t— and t|f1y = 1y,
and which is furthermore an equivalence onto this mixed subcategory. For any
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tuple of negatively colored disks x = (—1I, 1), the corresponding natural morphism
Ly : A — frDisk® is the negating of the identity —id, : (=1, p) — (+I,p).

One can realize the map ¢ directly at the level of simplicial categories or by solving
a cocartesian lifting problem, though the precise details are not so important for
us. Our only point here is that frDisk® itself can be considered as a type of
coupling of two copies of the uncolored disk category along with certain transition
morphisms.

6. frDisk-MONOIDAL 0co-CATEGORIES

We show that frDisk is equifibered over Fin (Defintion 4.17). We then provide
basic information regarding frDisk-subcategories, and symmetric monoidal sub-
categories, in frDisk-monoidal co-categories. We also discuss a relation between
frDisk-monoidality and monoidality over the colored little disk co-operad frEs.

As a fundamental example for the text, we show in Section 7 that any ribbon
tensor category, in the 1-categorical sense of the term, admits a natural frDisk-
monoidal structure. Following Section 7, we provide constructions of marked bor-
dism categories, then begin our descent into TQFTs.

6.1. frDisk is equifibered over Fin.

Proposition 6.1. The components functor frDisk® — Fin® gives frDisk the
structure of an equifibered symmetric monoidal co-category over Fin.

Proof. According to our discussion around Corollary 4.13, the product functors for
frDisk and Fin are induced by the products on the preceding simplicial categories.
Hence it suffices to show that the diagram

frDisk x frDisk —>—~ frDisk
Fin x Fin 1 Fin

is a pullback diagram of simplicial categories, in the strict sense of the term. For
this we need to show that the corresponding diagrams on objects and morphisms
are pullbacks.

The case of objects is obvious. Let us now fix finite sets I. and J. with colored
lifts Z. and J.. Take [ = [ I1 I} and J = Jy II Jy, and define Z and J similarly.
We consider the diagram of simplicial sets

I

@frDisk(Io, Jo) X mfrDisk(Ilv Ji) mfrDisk(Ia J) (20)

| |

Hompin (107 Jo) X HOHlFin(Il7 Jl) 1 HOHlFin(I, J)

We note that the vertical maps here are given explicitly by taking maps on con-
nected components and forgetting the colorings

(0 :JA"| x D x L = D x M) — (mo(0) : L — M).

Since Homs over Fin are discrete, (20) is a pullback diagram if and only if, for
chosen set maps (fo, f1) — f, disjoint union provides an isomorphism between the
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fibers
mfrDisk(IOa jO)fo X mfrnisk(lla jl)fl - mfrDisk(Iv j)f- (21)

This is clear however since both spaces decompose over J as the product space

HmeM(Ija {£0}), =+ = color(y),
jedJ

and under this decomposition the disjoint union map (21) is just the identity. O

The same arguments show that the uncolored disk category fr Disk is equifibered
over Fin as well.

6.2. frDisk-categories. Asashorthand, by a frDisk-category we mean a frDisk-
monoidal co-category. Similarly, by a fr Disk-category we mean a fr Disk-monoidal
oo-category.

Definition 6.2. For any frDisk-category ¢ : £® — frDisk® we let &~ and &7
denote the respective fibers over the negatively and positively colored singletons
{£0} in frDisk C frDisk®. Given a colored set Z, with negative and positive
indices I_ and I, respectively, the colored exponent &7 for &% is defined as the
product

ET = (&) x (&),

The fibers &* are the underlying oco-categories for a given frDisk-category
&® — frDisk®. According to the discussion of Section 5.7, one can think of
a frDisk-category as a pair of fr Disk-categories coupled by a fr Disk-monoidal
functor.

To elaborate, we have the two embeddings ¢+ : frDisk® — frDisk® and as-
sociated transformation ¢ : A' x frDisk® — frDisk® whose image is the full
subcategory spanned by consistently colored disks. Hence, any frDisk-category
&® — frDisk® pulls pack to a cocartesian fibration

FE® — Al x frDisk® .
The fibers of the above fibration over {e} x fr Disk® exhibits fr Disk-structures

e : (6%)® — frDisk® on the underlying co-categories &*. The unique cocartesian
solution to the the lifting problem

{0} x (&7)® >

Al x (£7)® A' x frDisk®

idXq—

then provides a fr Disk-monoidal functor

(6)® - (&H)®

frDisk®

Remark 6.3. Straightening provides an identification between our frDisk-categories
and (colored) “framed disk algebras” in %at, in the sense of Ayala-Francis [1].
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6.3. Structure maps for frDisk-categories.

Definition 6.4. For a given frDisk-category &% — frDisk®, the unit and prod-
uct functors

unit:*§é‘)®®—>é"i and m:é”ixé&i%’éa{%oil}

— &*

on the underlying co-categories &% are the transport functors along the respective
like colored embeddings § — D and DII D — D in frDisk C frDisk®, respec-
tively. The transition functor d : &~ — &7 is the transport functor along the color

negating identity id : D_ — D.
We commonly understand the tuple of functors
(unit : % — &, m: EE x EF 5 d 67 = 6T
as the underlying structure maps for such a fibration &% — frDisk®.

We note that, since all disk embeddings D II D — D are isotopic (Proposi-
tion A.2), the product functors from Definition 6.4 are well-defined up to natural
isomorphism. For the sake of specificity however, we can fix the disk embedding
DI D — D as the one which maps the first disks by z — %z - % and the second
disk by z — %z + 1.

Remark 6.5. We commonly understand an (uncolored) fr Disk-category F® —
frDisk® as a homotopical variant of a balanced monoidal category. In topological
terms, the braiding transformation for the product functor is provided by the co-
cartesian transformation Al x (F x .#) — .Z over the rotation of the two disks
within the ambient disk |Al| x (DI D) — D, and the balancing transformation
Al x F — Z is provided by rotating a single disk within itself [Al| x D — D.

Similarly, from a frDisk-category &2 — frDisk®, we extract our two ho-
motopical balanced monoidal categories (£%)® — frDisk® and a homotopically
balanced monoidal functor d® : (£7)® — (£1)%.

6.4. frDisk-categories are frE;-monoidal co-categories. We take a moment
to clarify the relationship between our monoidal co-categories, over the equifibered
oo-category frDisk, and monoidal co-categories over the oo-operad of little disks.
For the purposes of this discussion, the reader need only understand that an
oc-operad is an oo-category 0% equipped with a type of isofibration to finite
pointed sets 0® — Fin, [57, Definition 2.1.1.10]. As with symmetric monoidal
oo-categories, the underlying oo-category for an oo-operad is the fiber over the
singleton & = ﬁf%}.

Given an oo-operad 0%, an ¢-monoidal co-category is a cocartesian fibration
&9 — 0% which has consistent fibers, as in (9). See [57, Definitions 2.1.1.10 &
2.1.2.13]. We note that any &-monoidal co-category is itself an co-operad, and that
the structure map &© — % is a map of oc-operads [57, Proposition 2.1.2.12].

We have the disjoint union functor Fin® — Fin,, (I, ) — I, and for a given op-
erad 0® an envelope for 0% is any oo-category Env(£)® which fits into a pullback
diagram
o®

Env(0)®

l

Fin® ——— > Fin,
disj union
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in Gats. We assume additionally that the given diagram strictly commutes, and
that the projection to Fin® is an isofibration.

Remark 6.6. Since the structure map for any oco-operad is an isofibration, the
strict pullback Fin® xpi,, 0% always provides a pullback, i.e. limit diagram, in
Gat~, [Ker, 03GT7]. So, any envelope admits a unique equivalence to the strict
pullback, as a fibration over Fin®.

For any envelope Env(€)®, composing with the symmetric structure map (not
disjoint union map!) for Fin® produces a functor Env(£)® — Fin, which realizes
Env(0)® as a symmetric monoidal oco-category [57, Corollary 2.2.4.5.]. The under-
lying co-category for the resulting fibration Env(&)® — Fin, is identified with the
non-full subcategory

Env(0) = Act(0) C 0%
consisting of all objects, but only active maps in &%®. We have our primary example
of interest.

Example 6.7. The pullback diagram from (19) realizes the symmetric monoidal
oo-category of framed colored disks as an envelope frDisk® = Env(frE;) for the
oo-operad of framed colored disks.

Now, it was shown in works of Barkan, Haugseng, Kock, and Steinebrunner that
the corresponding envelope functor

Env = Fin® XFin, — : ﬁpoo — (y%oo)/Fhﬂ@

is fully faithful [41], and furthermore an equivalence onto the full subcategory
of equifibered oo-categories over Fin [3]. Under this equivalence &-monoidal oco-
categories, in the sense of [57], are identified with Env(&)-monoidal co-categories,
in the sense of Definition 4.20. Restricting to our particular case of interest, and
noting [Ker, 017ZS], we obtain equivalences between frEs-monoidal co-categories
and frDisk-monoidal co-categories.

Theorem 6.8 ([41, 3]). The envelope functor induces equivalences of co-categories
Env : frE;-%ats = frDisk-%ats.

6.5. Symmetric subcategories in frDisk-categories. Let &% — frDisk® be
a frDisk-category and consider full subcategories .#* C &% which are stable
under isomorphism in the underlying oo-categories &*. We define the associated
subcategory .Z% C &% generated by the Z* to be the (unique) full subcategory
whose fibers over frDisk® fit into strict pullback diagrams

78 7 (22)

| |

EP — = &1
t P!

where t = (Z, i) is arbitrary. Since the inclusion .#Z — &7 is an isofibration in
this case, and since each p; is an equivalence, the above pullback diagram implies
that the transport equivalences for &% restrict to equivalences .£,° = £ for £®
as well (Lemma 3.22).

Now, according to Section 6.4, we might imagine &% as a symmetric monoidal oo-
category of disks which are labeled by objects in the &*. The symmetric structure
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is then given by taking disjoint unions of such labeled disks. From this perspective
one expects that the subcategory £ of disks with labels in .Z* forms a symmetric
monoidal subcategory in &®. One can show that this is in fact the case.

Lemma 6.9. For full subcategories £+ C &* which are stable under isomorphism,
the associated co-category £© is naturally symmetric monoidal and the inclusion
L — &9 is a symmetric monoidal functor. Furthermore, X% is stable under
isomorphism in &L.

Note that the assertion that the inclusion .#® — &® is symmetric monoidal

forces the symmetric structure map .£® — Fin, to be the one obtained from &®
via restriction. We delay the proof of Lemma 6.9 to Appendix A.5.

Remark 6.10. A version of Lemma 6.9 holds for non-full subcategories £+ C &*.
The construction of the category .Z® is more delicate in this case, however.

6.6. frDisk-subcategories.

Proposition 6.11. Let ¢ : &% — frDisk® be a frDisk-category and L+ be full
subcategories in the underlying co-categories &F = éa{(gio} which are stable under
isomorphism. Suppose also that

o The unit maps unit : ¥ — &+ have image in L*.

e The transition map d : &~ — & sends L~ into L.

e The product functors m : &+ x &F — &* send L+ x L* into L.

Then there is a unique, full frDisk-subcategory L€ in &° which is stable under
isomorphism and has underlying co-categories L+ .

The frDisk-subcategory .Z® is, as one expects, precisely the symmetric sub-
category constructed in Section 6.5. So we are giving necessary (and sufficient)
conditions for the associated symmetric subcategory #® from Lemma 6.9 to be a
frDisk-subcategory. To assist with the proof we record a related lemma.

Lemma 6.12. For any frDisk-category q : &2 — frDisk® and morphism f :
s=(Z,u) = t=(J,v) in frDisk®, the corresponding transport functor fits in to
a diagram

&2 % gt®

ﬂ!iN P!l~

T — > &7
myf

in Gals in which my decomposes as a composite of functors D : ET - &%,
M:&% - &9 aqnd U : &0 — &7 where
e T is obtained from I by changing some negatively colored indices positive,
and D applies the transition functor d : &~ — &1 at all such indices.
o Jo C J is the image of f : D x Iy — D x J, or rather mo(f), and M is
an iterated application of the product functors m : &+ x &+ — &*.
o U: &7 — &7 inserts the unit unit : x — £* at all indices in the comple-

ment J \ Jo.

The proof of Lemma 6.12 is time consuming but straightforward, and is provided
in Appendix A.4. We return to our original proposition.
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Proof of Proposition 6.11. From the description of transport provided in Lemma
6.12, and our hypotheses, it is clear that .#® is stable under transport along arbi-
trary maps in frDisk®. Since .Z® is stable under isomorphism in &% stability un-
der transport implies that, for any object z in .Z®, map q(z) — 7 in frDisk®, and
g-cocartesian lift x — y in &%, the object y is also in .#®. Hence, by fullness, the
structure map &% — frDisk® restricts to a cocartesian fibration .Z%® — frDisk®
and the inclusion .#® — &% preserves cocartesian edges. It follows that the trans-
port functors for &%, along maps in frDisk®, restrict to provide transport functors
for 9.

We need to show that the transport functors for .#® induce the requisite decom-
positions of the fibers, as outlined in Definition 4.20. Consider an arbitrary object
t = (Z,u) in frDisk® and the separation ¢ = (Z,idz). By assumption we have
pullback diagrams

%®*>$I

|

e _= L o1
t

in which the vertical maps are isofibrations, which implies the restricted functor
,Z{‘X’ — #7T is an equivalence. The transport equivalence & = &7 similarly

restricts to an equivalence .Z° = #Z. From the diagram

i

we conclude now that the transport functor .Zt~® — Z2 is an equivalence.
Consider now the maps t = (Z,) — ' = T just given by the identity on Z.
From the diagram

Dgf@ D%@)

&
K%

we conclude that transport provides an equivalence .,%® = ,Zf? as well. Writing
out pu: Z — K and taking t, = 7 for k € K, we similarly observer a diagram
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to find that transport provides a final equivalence .Z® = I, .iﬂt% So we see that
the cocartesian fibration .Z® — frDisk® satisfies the factorization constraints
from Definition 4.17, and verify the frDisk-monoidal structure on £®. O

7. DISK CATEGORIES FROM RIBBON TENSOR CATEGORIES

We show that any discrete ribbon tensor category AY produces a gaggle of
frDisk-monoidal co-categories g, : A® — frDisk® (Proposition 7.11 and Corol-
lary 7.12). Here A is the category of cochains A = Ch(A") and * is a modifier.
Our constructions follow from a general result which asserts that any functor be-
tween balanced monoidal categories d : E~ — E+ determines a frDisk-monoidal
oo-category q : E® — frDisk®.

In order to support our analysis of unbounded complexes over cocomplete cate-
gories, like AY, we recall basic information concerning pro-finite completion. Pro-
finite objects are essential tools for us, as a pro-finite category is always on the
“other side” of a finitely generated linear abelian category under a duality.

7.1. frDisk-categories from discrete balanced categories. Recall that a bal-
anced monoidal category E is a (discrete) braided monoidal category which is
equipped with a natural isomorphism 6 : idg — idg which satisfies

b2y = (02 © Oy)Cyacey,

for any pair of objects z and y in F, where ¢ is the braiding. A balanced functor
between balanced monoidal categories E and D, with associated transformations
A% and 67, is a braided monoidal functor F : E — D which satisfies FO¥ = 6P F.

A balanced tensor category F is a ribbon tensor category if there is an equality
07 = 6« whenever z is rigid in E.

We consider a pair of balanced monoidal categories E~ and E™ equipped with a
balanced functor d : E~ — E™T. For such a pairing, and colored set Z we consider
the colored exponent EZ, as in Definition 6.2, and for any map f : (Z, u) — (J,v)

in LinfrDisk®, with underlying disk arrangement D x Iy - D x J, we let

my: BT — EY (23)
denote the associated product with constituent factors

m;; (B peolor) gy @oin (4,) ® ... Q@ d% ().
Here each Z; = {i1,...,1%,} is given the ordering specified by the map f (see Section
5.6) and
g id if color(i) = color(y)
d if color(i) = — color(j).

We refer the the map my from (23) as the colored product functor for the triple
{E~,E*,d} over f.

To be clear, m; sends the excess factors ET\Zt to a point, i.e. my is a compos-
ite of the projection EZ — EZ/ with the aforementioned multiplications, and for
any index j € J with empty preimage the map (23) just chooses the unit object
Leolor(j) @ % — Eclor() - For any composite gf : T — L in LinfrE, we also have
the natural isomorphism

MgMy — Mg

provided by the associators and the monoidal structure on d.
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Proposition 7.1. Given any triple E = (E~, ET,d) consisting of balanced monoidal
categories and a balanced monoidal functor d : E= — E7T, there is a canonically
defined frDisk-category q : E® — frDisk® whose fiber over each colored set (I, 1)

; ®
is the colored exponent E(Lu

f:(Z,u) — (T,v) in LinfrDisk® is the colored product functor

) = ET and whose transport functor along any map

f!szc:EI—>E‘7.

The proof is covered in Appendix B.

7.2. Describing the fibrations ¢ : E® — frDisk®. The fibration ¢ : E® —
frDisk® is defined by taking a full subcategory E® C &7 in a certain cocartesian
fibration ¢ : @ﬁf — frDisk® associated to the map d. We take in particular
6"(? = Eff X fr Disk® frDisk®, for E(? — frDisk® the fr Disk-category defined via
the balanced monoidal category E; from Section B.3. The fibration E(;@ — frDisk
is constructed explicitly in Section B.2, and we thus obtain an explicit description
of the fibration ¢ : E® — frDisk®. We record the relevant low-dimensional
information for q.

Before providing this description however, we recall some preliminary topological
information. For a 2-simplex

(Z, 1) N (£,2)

in LinfrDisk® with specifying homotopy o : |A'| x D x Zj, — D x L from gf to h
the associated framed braid [o] = (8,n) € Bry,(¢f) from Section 5.6 has underlying
symmetry in [ | j S1, exchanging the ordering on Z; induced by gf with the ordering
induced by h. Hence f provides, via the braidings on E*, a natural isomorphism
B :mgyr — my. The framed braid itself [o] = (8, n) then induces a transformation

Can = B omgs(0™) oassoc: mgmy = mgy — my, (24)

in which the integral parameter n € ] j 715 acts via the balancing transformaions
on the various factors.

Returning to the fibration E® — frDisk®, the objects in E® consist of a choice
of finite colored set Z with a map to a finite set p : Z — K and an object = in
ET. For f: (Z,n) — (J,v) in the specified subcategory LinfrDisk®, a map
a: (v, Z,pu) — (y,J,v) in E® over f is the choice of a map a : mys(z) — y. A
2-simplex

y (J,v)
/ x over / - X in Lin frDisk®
AR5 (T, . (£.3)
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is the choice of maps a : my(z) — y, k : my(y) — z, and v : my(z) — z which
produce a diagram

mg(a)
mgmyg(x) : mg(y)

_—
Cﬁ,nl llﬂ

mp(x) B ——

in EX, where (3,n) is the framed braid specified by o.

One should recall at this point that £% is a symmetric monoidal co-category and
that the fibration ¢ : E® — frDisk® is a symmetric monoidal functor, as is the
restriction to linear disk arrangements q : E®|1,, ;,pisk® — LinfrDisk®. From
the above description we see that the underlying co-category for E®|;, ¢, piske i
the oo-category of disks labeled by objects in E* and (linear) disk embeddings.
The symmetric structure is given by taking disjoint unions of such labeled disks.

Since the inclusion LinfrDisk® — frDisk® is an equivalence (Lemma A.4),
and the structure map ¢ : E® — frDisk® is an isofibration, we have that the
inclusion E®|rnfrE, — E® is an equivalence as well (Lemma 3.22). From this
one obtains a precise description of the homotopy category for E®, as a discrete
symmetric monoidal category.

Lemma 7.2. For (ET,E~,d) as in Proposition 7.1, the homotopy category hEﬁ)}

of the underlying oco-category for the symmetric monoidal structure E© — Fin, has
objects given by objects = in ET, across varying I, and morphisms laf] cz =y
given by the choice of a linear arrangement of disks f : DXT — D x J coupled with
a morphism o : mg(x) — y. Two such maps [ay] : x — y and [a),] 1 © — y are
equal in hE%} if and only if they are related by the action of the framed braid group,
i.e. if there is a framed braid (8,n) from f to f' for which we have an equality

o' oCpnls = a.

The symmetric monoidal structure is given by taking disjoint unions of disks and
(cartesian) products of morphisms in E*.

Here, again, by a framed braid (8,n) from f to f’ we mean a framed braid for
which the associated elements in the symmetric groups Bj € Sj, are the unique
permutations which exchange the ordering on I; defined by f with the ordering
defined by f’.

7.3. Pro-finite objects. We show below that the category of unbounded cochains
A = Ch(A®) over a ribbon tensor category produces a frDisk-category A% —
frDisk®. Here the positive fiber is a pro-finite variant of Ch(A") and the negative
fiber is Ch(AY)°P. Both unboundedness and pro-finiteness cause some technical
issues, which we resolve over the next two subsections.

Fix a tensor category AY, or more generally a finitely generated linear abelian
category (Definition C.8). First, the category Az?ro— Fin of pro-finite objects in AY
consists of objects z in AY which come equipped with a filtered collection B, of
inclusions i* : * — x, over a filtered category A, which satisfy the following:

e An inclusion ¢’ : 2’ — x belongs to B, if and only if there is a map i* :
z* — z in the collection which factors through 7’.
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e Each quotient my : z — x) = :5/3:A has ) of finite length.

e The natural map
z — lim z, (25)
A

is an isomorphism.

Morphisms between objects in A}?ro—fin are maps f : & — y for which  x,, (y* = y)

lies in B, whenever y* — y lies in B,. Equivalently, we require each composite
xr — y — Yy, to factor through some projection x — zx — y,. We call the
collection B, for pro-finite = the base for x around 0, and a general map f:z —y

in AY between pro-finite objects is called continuous if it is a map in A;z?ro— Fin-

Remark 7.3. The indexing category A here is not small but, after identifying
A" with a corepresentation category [74, Theorem 5.1], one sees that A is is fact
essentially small. So the limit yLn)\ xy always exists in AY.

Remark 7.4. Filteredness, and the first point above, tells us that the intersection
iMoo 2 x, o — x is in B, whenever the constituent maps i* : * — x and
i x* — x are in B,.

We note that A and Agm_ fin Share the subcategory of finite length objects. In
particular, each finite length object is naturally pro-finite and each map between
finite length objects is continuous. So we have fully faithful inclusions

Q o Q
AY Af'm - Apro—fin'
The objects in A?in are precisely the discrete objects in A;?m_ fins 1 the sense that

0 — z is in the base around 0 for pro-finite x if and only if z is of finite length.
When A" is a tensor category, we endow Agm_fm with the monoidal structure
induced by the completed tensor product
TRy =Ry =limz, ® Yu-

%
A

The object = ® y is naturally pro-finite, with canonical base given by all subobjects
w — = ® y which contain the kernel of some structural projection z @ y — ) ®
Y. When AY is braided (resp. balanced) the braiding (resp. balancing structure)

gm_ Fin under which the

is a map of braided (resp. balanced) monoidal categories.

induces a unique braiding (resp. balancing structure) on A

inclusion A}Qm — A;?T o fin

In the following statement, the opposite category (AY)°P is taken to be monoidal
under the opposite product z ®°P y = y ® . When A" is braided the opposite
category is naturally braided via the same operations ¢} = c;, and any subsequent

wy
twist for AY is a twist for (AY)°P as well.

Lemma 7.5. For any tensor category A, the duality functor provides an equiva-
lence of monoidal categories
_* . (A@)op ~ AU

pro-fin*

(26)

When AV is furthermore ribbon, this equivalence is an equivalence of balanced
monoidal categories.

We note that the expression for the dual z* := Hom(x, 1) is valid even when x
is of infinite length, where Hom is the inner-Hom functor for the tensor action of
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AY on itself. In the above expression (26) our duality functor is, more specifically,
this inner-Hom functor on AY.

Proof. First recall that duality is an equivalence on the full subcategory of finite
length objects, —* : (Ajfm)"p = A}?m. We understand that any object z in AV
is canonically expressed as the filtered colimit x = ligl)\ x) of its finite length sub-
objects zy — x, and that all maps in AY send finite subobjects to finite sub-
objects. Since the duality functor exchanges colimits with limits, we now have
the canonical expression for the dual * = lim 3 which endows 2™ with the base
provided by the kernels of the projections * — x3. So we see that the duality func-
tor —* : (A¥) — A® naturally has image in the non-full subcategory A7 ..
of pro-finite objects. The inverse to —* is given by the continuous (right) dual
=AY i (AT)P 2 =1im 2,

As for the tensor structure, we have the natural isomorphisms (z) ®y,,)* = Y, ®
x3 for finite-length objects which induce unique natural isomorphisms (z ® y)* —
y* ® x* for arbitrary objects in AY. This gives —* its monoidal structure. Com-
patibility with the braiding follows from the identification (cgy)* = cy+,+ whenever
x and y are of finite length [2, Lemma 2.1.11], which forces such an equality at
all objects, and the identification for the twist 6 = 6,~ is precisely the ribbon
condition. 0O

We note that the opposite category (AY)°P itself is both complete and cocom-
plete, since AV is both complete and cocomplete. Hence Lemma 7.5 tells us that
the category of pro-finite objects Az?r o-fin 18 both complete and cocomplete as well,
and also abelian. When A" is finite, and thus has enough projectives, we see that
AZT o fin has enough injectives.

Lemma 7.6. Let A” be a tensor category.

(1) The forgetful functor AY — A" preserves all limits.

pro-fin
(2) Given any essentially small cofiltered diagram K°P — A?m in which all of
the transition maps xo, — xg are surjective, and any pro-finite x, a map
f:x— m zq in A% is a (continuous) isomorphism in A;?m-fm if and
only if the following hold:
(a) Fach composite fo : © — x4 factors through a structural projection
Tyt X — Ty, and the resulting map v, — xo 18 surjective.
(b) Each structural projection 7y : © — x) factors through some composite
fﬁ T = X

Proof. (1) Follows from the fact that the duality functor —* = Hom(—,1) : (A%)°P —
AY is left exact and restricts to an equivalence onto A;?r o-fin- (2) Continuity re-
quires that each composite f, factors through some 7). The fact that the (now

continuous) map f : z — fm 1z, is an isomorphism if and only if each projection
my factor through some f3 follows from the dual statement in A" Namely, one
sees that a map from a filtered colimit in which all transition functions are injective
li_r>na Yo — Y is an isomorphism if and only if each constituent map y, — y factors
through some inclusion y, — y of a finite length subobject, and the resulting map
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Yo — Yu is injective, and each inclusion y) — y from a finite length subobject fac-
tors through some yg — y. The first condition tells us that the map hﬂa Yo — Y
is injective and the latter forces surjectivity. (|

Applying Proposition 7.1 to Lemma 7.5, we observe the following.

Proposition 7.7. For any ribbon tensor category AV, the triple
(A%)7 = (A%)7, (A)F = AT, o =2 (A%)7 5 AT

pro-fin? pro-fin
defines a frDisk-monoidal co-category q° : (AV)® — frDisk® as in Proposition
7.1.

7.4. Pro-finite complexes. In this work we have a fundamental interest in cochains
over ribbon tensor categories. We consider pro-finite completion in this specific set-
ting.

For complexes Ch(A") over a tensor category AY, degree-wise duality provides
an equivalence

—*: Ch(A%)P 5 Ch(AY

pro—fin)’ (:C*)n = (‘rin)*' (27)
This degree-wise duality functor is, however, exactly the inner-Hom functor for the
tensor action of Ch(A") on itself. We note also that Ch(A") is itself a tensor

category, with finite objects precisely the subcategory
Ch(AO)fln = Chb(A]?zn)
of bounded complexes of finite length objects.

Lemma 7.8. For any tensor category A, the forgetful functor
Ch(AY .. ) — Ch(A)

pro-fin
identifies complexes over A;?To-fin with the non-full subcategory Ch(Ao)pm_fm of
pro-finite cochains.

We claim, in fact, that these two pro-finite subcategories in Ch(A") are equal.

Proof. The above discussion at (27) tells us that the inclusion Ch(AY

pro—fin) -
Ch(Av)pm_ fin is fully faithful and essentially surjective. To see that every object
in Ch(AY) 0. fin actually lies in the image we note first that limits in Ch(AY) are
calculated degree-wise. Second, we note that for any basic inclusion z* — z into
a pro-finite complex, and intermediate subobject (z*)" — (/)™ — z", there is an
intermediate subcomplex #* — 2’ — 2 with 2’ equal to (2/)" in degree n. Thus 2’
lies in the base as well.

We now have that the base around 0 for  produces, in each degree, a base around
0 for ™. So each z" lies in A]?ro— Fin- The fact that the differential is continuous
follows from the fact that z is the limit of its finite quotients x = 1'&1)\ Tx. So we

see that z lies in Ch(A;Qm_fm). O

By the materials from Section 7.3 we understand that the category Ch(AgT o fm)
carries a completed product so that the duality equivalence (27) is an equivalence
of monoidal categories, and of balanced categories when AY is ribbon. Since the
product v ® w of complexes in Ch(AY) has degree n component (v ® w)* =
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By tno=n?¥™ @ w2, it is easy to see that the product on Ch(A;?m_fm) is given
explicit by the formula
TRY =" — (;L-@y)"_l — (x@y)n — -+, with (x@y)" = H ™" ®y7l2-

ni+nz=n
In particular, the inclusions from the full subcategories of partially bounded, locally
finite complexes

Ch™ (A7) Ch™* (4%,
\ /

Ch(AY

pro—fin)
are both monoidal. We record the following for the sake of referencing.

Corollary 7.9. Given a ribbon tensor category AV, duality provides an equivalence
of balanced monoidal categories
—*: Ch(AY)P 5 Ch(4Y,

pro-fin ) .

Proof. In this case Ch(A?) is ribbon, under the signed braiding c,,, = @nym(—l)”mcgnym
and balancing structure 6, = @RGSH. So this is just a particular instance of Lemma

7.5. (]

The following bit of homological algebra is fundamental.

Proposition 7.10. For any tensor category AY, the monoidal products on Ch(A®)
and Ch(A?Y

pro_fm) preserve quasi-isomorphisms in each factor.

Proof. Via duality, it suffices to prove the result for the product on Ch(A%). Since
the tensor functor 2 ® — for generic z in Ch(A") commutes with mapping cones,
it suffices to show that x ® y is acyclic whenever y is acyclic. For this we write y
as a directed colimit y = @n y(n) for the bounded subcomplexes

yn) == 0=y "=y " oy S Z(y) 50— -

Since the product £ ® — commutes with arbitrary colimits we have x®@y = h%mn T®
y(n).

For each constituent complex = ® y(n) the inclusion 2 ® Z"(y) = z®@y(n) is a
quasi-isomorphism. This is clear by a simple spectral sequence argument using the
filtration on = ® y(n) provided by the degree on x [78, Theorem 5.5.11].

We note that the degree m cocycles in ¢ ® Z~"(y) are precisely the subspace
Z™mt(z) @ Z7"(y), and that in = ® y(n + 1) these cocycles are all bounded by
the degree m — 1 subspace Z™ " (z) ® y="~1 C (x ® y)™~!. Hence the sequence
x®Z "(y) > x@y(n) = rRy(n+ 1) induces the 0 map on cohomology

T

H*(z®y(n+1)),

IR

H*(a:@Z_”(y)) 5

and it follows that each inclusion x ® y(n) — = ® y(n + 1) induces the 0 map on
cohomology. Thus we conclude that the colimit lim H* (z ® y(n)) vanishes.



50 CRIS NEGRON

Now, any finitely generated abelian category (Definition C.8) is Grothendieck
abelian, so that directed colimits are exact. Hence, from the expressions

B"(z®y) = thm(x ®y(n)) and Z™(z®y) = li_n)lZm(x ®@y(n))

and the exact sequences

0— B™(z®y(n)) - Z"(z@y(n)) = H™(z @ y(n)) — 0,
we conclude in this case that, for allm € Z, H™ (z®y) = lim H* (z®@y(n)) =0. O
7.5. Disk categories from ribbon cochains.

Proposition 7.11. For any ribbon tensor category AV, with associated ribbon
tensor category A = Ch(A") of unbounded cochains, the pair of balanced monoidal
categories A~ = A% and AT = Apro-fin, along with the balanced duality equivalence

—F A% :> Apro—fi’ru
determines a frDisk-monoidal co-category q : A® — frDisk®. The fibers of A®
over colored sets are the colored exponents AE@I W = AT and the transport functor

along any map f : (Z,p) — (J,v) in LinfrDisk® is the associated colored product
functor my : AT — AT from (23).

The frDisk-category of unbounded cochains contains all other homologically
oriented frDisk-categories of interest.

Corollary 7.12. For the following full subcategories A® C A® | the structure map
q: A® — frDisk® restricts to a cocartesian fibration q, : A® — frDisk® which
gives A® the structure of a frDisk-monoidal co-category.

o The full subcategory A%n spanned by the finite length complexes A;m =

Chb(AJ?m)Op and A;{m = Chb(A?m), and their higher powers A?m C AT,

o The full subcategory A%fm spanned by partially bounded locally finite com-
plezes A 4;, = Ch_(A?m)Op and Aj:fm = Ch+(A?m), and their higher
powers AII_fm C AL

conn

T

o The full subcategory A2 .. spanned by (co)connective complexes A =
), and their higher powers Az, C

Ch=°(A%)P and A}, = Ch=°(AY
AT,

pro-fin
Furthermore, in each case the inclusion A® — A® is a frDisk-monoidal functor.
Proof. Apply Proposition 6.11 to the frDisk-category A® — frDisk®. (]

By the explicit construction of the frDisk-category associated to a triple as in
Proposition 7.1, we also have the apparent frDisk-monoidal inclusion (A©)® —
A® which identifies (A%)® with the full subcategory in A® spanned by complexes
concentrated in degree 0.

Lemma 7.13. The inclusions (AV)? — AT extend to a frDisk-monoidal functor

(A©)® A®

N

frE;
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which identifies (AY)® with the full subcategory in A® spanned by complexes which
are concentrated in degree 0.

Notation 7.14. Given a ribbon tensor category AV, ¢ : A® — frDisk® always
denotes the frDisk-monoidal co-category of unbounded cochains, as in Proposition
7.11.

8. ANOMALOUS BORDISMS WITH TOPOLOGY

We construct a symmetric monoidal co-category Bord”¢ of non-compact, anoma-
lous, trivially marked bordisms in 3-dimensions. In Section 9 we use this co-
category, and a canonical symmetric monoidal functor d,,; : Bord}¢ — frDisk, to
construct a symmetric monoidal co-category Bord%® of 3-dimensional &-marked
bordisms which we associate to any frDisk-monoidal oo-category ¢ : &% —
frDisk®.

The majority of this section is spent dealing with various technical minutiae and
general tomfoolery. So we actually suggest reading the synopsis provided in Section
8.1, then briskly skimming the remaining contents. The conscientious reader can
return to the section at a later point to digest the details, as the need arises.

8.1. Marked bordisms, in principle. At a basic level, our trivially marked bor-
dism oo-category Bord”¢ appears as follows: Objects are surfaces marked by colored
disks ( : D x Z — X. Maps between such marked surfaces My : ¥ — 2;7 are 3-
dimensional bordisms M : ¥ — ¥’ which are equipped with an additional oriented
embedding of cylinders

f:CylxZ - M.

This embedding preserves boundaries, and hence defines two disk embeddings at
the boundaries fx, : DXZ — ¥ and fx/ : D X J — ¥'. We require that fy recovers
the given markings ¢ on ¥, and that fsy maps into the image of the markings 7
on ¥'. So, at the outgoing boundary we recover an embedding of colored disks
Oout(f) : D XZ — D x J,ie. amapin frDisk.

For the higher structure, we allow the cylinders f : CylxZ — M to move
within M under homotopy. In this way, an n-simplex in Bord}‘ traces out an n-
simplex in frDisk at the outgoing boundary, and we observe a map of co-categories
Oout : Bord?® — frDisk. Furthermore, Bord”® admits the expected symmetric
monoidal structure under disjoint union, and the map O,y is the linear term of
a corresponding symmetric monoidal functor to the oco-category of framed colored
disks

9%, : (Bord)® — frDisk®.

out

Below we take special care to accomodate the anomaly, deal appropriately with
collars around the boundary, mod out by diffeomorphism in dimension 3, etc. How-
ever, for almost all of what is done in this paper, the above description of the bor-
dism category will suffice. So, upon first engagement, the reader might only skim
the contents of this section, then proceed directly to subsequent materials.

8.2. Marked surfaces and bordisms. By a marked surface ¥ we mean a com-
pact oriented surface ¥ with a choice of an oriented embedding

(:DxT—%.
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A bordism My : ¥¢ — ¥ between marked surfaces is an oriented 3-dimensional
bordism between the underlying surfaces

M, ¢:X1IY 5 0M,
along with a choice of collar around the boundary
PO x[0,0) Y x (1—6,1]— M

and a choice of embedding f : Cyl, xZ — M from cylinders Cyl, = D x [0, a], with
a > 0, whose intersections at the boundaries

po: (Cyl, xI) xy X =DxZ— % and py: (Cyl,xZ) xy X' =D XTI — 3

recover the markings on the incoming boundary, and send D X Z into the image of
the markings on the outgoing boundary.

We consider the collar on M only up to equivalence, where two collars are equiv-
alent if they are equalized by a third, i.e. if there is a diagram

EerHZ’ (1—¢,1]

/K

% x [0,6) IS x (1—6,1] % x[0,6) IS x (1—6,1]

\/

at some € < §,6’. We also assume that f : Cyl, xZ — M is constant towards the
boundary of M in the sense that

f|D><[O,€)><I : (27t7i) = (C(Z77’)7t) € Xx [075) cM

and f|D><(a7£,a]><I : (Z,t,Z) — (C(Z,Z), l-—a+ t) € 5 x (1 - & 1] cM

for some small £ > 0.

8.3. Mapping complexes at a fixed bordism. Given marked surfaces ¢ : D X
Z—Yandn:DxJ — ¥, and an oriented bordism M : ¥ — ¥/ (with fixed
collar), we take
Hom(¢, ¥7; M)a

the subcomplex in Maps(Cyl, xZ, M) whose n-simplices consist of continuous maps
o : |A™| x Cyl, xZ — M which evaluate at each ¢t € |A"| to a smooth embedding
ot @ Cyl, xXZ — M whose behaviors around the boundary are as prescribed in
Section 8.2.

For each smooth oriented isomorphism w : [0,a] = [0, ] with dw/0t = 1 around
the boundaries we have the induced oriented isomorphism Cyl, — Cyl, which
induces a further isomorphism of simplicial complexes

w* : Hom(S¢, $,y; M)y, = Hom(S¢, s M),

For Param the opposite category of positive real numbers and oriented isomor-
phisms w : [0,a] = [0,b] as above we then have the functor

Hom(X¢, %,; M), : Param — Kan.
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Definition 8.1. Given marked surfaces ( : D xZ — Y and n: D x J — ¥, and
an oriented bordism M : ¥ — ¥/, we take

Hom(X%¢, ¥ M) = lim Hom(X¢, %75 M)q.

Param

Note that n-simplices in the Hom complex are, explicitly, equivalence classes of
n-simplices o : |A"| x Cyl, xZ — M, where two such simplices are equivalent if
they are related by such an oriented reparametrization in the linear factor

Cyl, xZ ———— Cyl, xT

\/

Due to this freedom of reparametrization, we generally consider maps Cyl xZ — M
only from the standard cylinder Cyl = Cyl; = D x [0, 1].

8.4. Isomorphisms between bordisms. Fix surfaces ¥ and ¥’. We define the
groupoid Bord(X, ¥) whose objects are oriented bordisms M : ¥ — ¥/, with fixed
equivalence class of a collar, and whose morphisms are oriented diffeomorphisms
X : M — M’ which are constant towards the boundary. More precisely, for choices
of collars Collar — M and Collar’ — M’, we require the existence of a subcollar

Collar,
Collar ¢— X x [0,e) I X' x (1 — &, 1] — Collar’

along which X|Colla.1r5 = Z.dCollarg .
For example, for any bordism M : ¥ — ¥/, the resulting bordisms

—1,0) [[M and MJJ(2" x [1,2
b)) 3

obtained from gluing are both isomorphic to M in Bord (X, ¥).
We note that each isomorphism y : M — M’ in Bord(%,Y’) determines an
isomorphism between the fixed mapping complexes

X« - Hom(X¢, X7 ; M) 5 Hom(X¢, ;5 M').
Definition 8.2. For marked surfaces ¥ and ¥,, we define the Hom complex

Homgp, (3¢, %) = lim Hom(X, X M)
Bord(X,X7)

and the composition operations
o: HO7111’301:0* (Z/na E/gl) X Hoim%ow* (247 Zln) - Hoim%ow* (EC’ Eg)
are defined by gluing along the boundary
M) oMy =M [[ M, (28)
n
To clarify what we mean by gluing along the boundary, let us consider n-simplices

7:|A"| x Cyl, xZ -+ M and w:|A"| x Cyl, xJ — M’
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in Hom(X, ;) and Hom(X, ¥¢) respectively. The induced map of disks 75 :
|A™ x D x T — D x J obtained by intersecting at the outgoing boundary >’
produces an inclusion

Tsv o |A"] x Cyly XZ — |A"| x Cyl, xJ

and we restrict along this inclusion to obtain an embedding w|, : |[A"| x Cyl, xZ —
M’. We have the apparent decomposition

|A" x Cyl, 1 xT = (JA" x Cyl, xT)  J]  (IA"] x Cyl, xZ)
(|A™|x DXT)

and the two maps

|A™| x Cyl, xT |A™ x Cyl, xZ

T\
MUy M’

w|r

now induce a map from the pushout
worT:|A" x Cyl, y xZ — M sy M'.

The glued bordism M IIsy M’ along with this n-simplex w o 7 is the composite
M/ o M, of (28).

8.5. The trivially marked bordism category. The x-marked, non-anomalous,
simplicial bordism category Bord, = Bords ,(*) is the category of oriented surfaces
with colored markings ¢ : D x Z — ¥, and mapping spaces as in Definition 8.2.
This simplicial category is symmetric monoidal under disjoint union. Note that we
have the symmetric monoidal forgetful functor

%Ota* — %0t03’2

to the usual (discrete) bordism category of unmarked oriented surfaces and un-
marked bordisms. This non-anomalous bordism category is not precisely what we
want to consider however, as we want to introduce the anomaly.

First, we have the usual anomalous bordism category Bords s which consists
of oriented surfaces ¥ equipped with a Lagrangian A\ C H;(X,R) and bordisms
M : ¥ — ¥ equipped with an integer nj;. Composition is defined by gluing
bordisms and translating the integer parameters via the Maslov index. See for
example [22, Section 4.3].

The anomalous bordism category is again symmetric monoidal under disjoint
union, and we have the symmetric monoidal forgetful functor Bords o — Bords .
We then construct the marked, anomalous, simplicial bordism category via pullback

Bord, := Bords s X®ora, ,B0otd, Bord, (29)

| l

BOFd372 %Otag’g.

Here the objects are marked surfaces ¥ » with a Lagrangian, and the mapping
complexes are the fiber products

HomBord(EM El)\') X Homs oc (Z,%7) m%gra* (EQ 277)~

This is again a symmetric monoidal simplicial category under disjoint union.
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Definition 8.3. The anomalous *-marked bordism co-category Bord, = Bords o(*)
is the homotopy coherent nerve of the symmetric monoidal simplicial category

Bord, := N(Bord, ),
were Bord, is as in (29)

8.6. Anomalous notations! Throughout this document we work with anomalous
bordisms Bord,, but we always ignore the anomaly data both in our notations and
in our arguments. We only work in the anomalous setting because our theories are,
quite simply, anomalous.

8.7. Non-compact bordisms. The non-compact bordism category Bordy% in
Bords 7 is the symmetric monoidal subcategory consisting of all surfaces but only
those bordisms M : ¥ — ¥’ in which each component M, in M has non-vanishing
outgoing boundary.

In the marked setting, we have the full symmetric monoidal simplicial subcat-
egory Bord**"/ "¢ of surfaces with nontrivial markings. Specifically, we consider
marked surfaces D x Z — ¥ in which each component ¥, in ¥ is marked by at least
one disk. We take the fiber product with the anomalous, unmarked, non-compact
bordisms to get the symmetric monoidal simplicial category

Bord”* = Bord}$ X mor0, , B0t ",

Definition 8.4. The non-compact *-marked bordism oc-category Bord!¢ is the
homotopy coherent nerve
Bord}“ := N(Bord}°).

The oco-category Bord?¢ admits the apparent description as the subcategory in
Bord, spanned by nontrivially marked surfaces and those bordisms My : ¥ — Z%
for which each component in the underlying 3-manifold M. C M has non-vanishing
outgoing boundary.

Remark 8.5. The term “non-compact” is more about the possible targets for a
symmetric monoidal functor L : Bord}® — ¥#. The point is that coevaluation
bordisms coev : £ II Y — () are omitted when we move from Bord, to Bord!®, so
that the value of such a field theory L on a surface is allowed to be non-compact,
or more specifically non-rigid, in ¥ in the non-compact setting.

Remark 8.6. When working in the non-compact setting there is an apparent
choice of orientation. Namely, by applying the orientation reversal equivalence
Bords", = Bords 2 we exchange outgoing and incoming boundaries, and hence ex-
change a non-compact category of bordisms with non-vanishing outgoing boundary
with an alternate non-compact category of bordisms with non-vanishing incoming
boundary. One should think of this incoming vs outgoing choice as largely an issue
of preference. For example, we prefer to allow for vanishing incoming boundary so
that S? is an algebra in Bordy, rather than a coalgebra, and so that all surfaces
in Bord3% are S?-modules in Bordy$.

8.8. Disk arrangements at the boundary. We have a symmetric monoidal
simplicial functor d,,, : Bord, — frDisk given by intersecting at the outgoing
boundary. In particular, we send each marked surface ( : D x Z — X to the colored
marking set Z in frDisk and for an n-simplex

o |A" x CylxZ — M,
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with M a bordism M : ¥ — ¥’ between marked surfaces X and ¥,, we intersect
with the outgoing disks to obtain a well-defined n-simplex

A" x D x T — =" - — ~DxJ
| )
|A™] x Cyl xT M

(e

We apply the construction from Section 4.4, and the homotopy coherent nerve,
or alternatively a construction as in Section 5.4, to obtain a map of symmetric
monoidal oo-categories d%,, : Bord? — frDisk®. We then restrict along the
symmetric monoidal functor Bord? — Botd® to obtain a map from the anomalous

bordism category.

Definition 8.7. The symmetric monoidal functor

92 : Bord? — frDisk®

out

®

out from above.

is the composite of the projection Bord® — Botd® with the map d
We let
Oout : Bord, — frDisk

denote the linear term of the functor 9%, i.e. the fiber of 95, over {0} in Fin,.

We usually restrict further to the symmetric monoidal subcategory (Bord!“)®

of non-compact bordisms, though we still employ the same notation 9%,,.

9. AN 0o-CATEGORY OF MARKED BORDISMS

Given a frDisk-monoidal co-category ¢ : &2 — frDisk®, we define an associ-
ated symmetric monoidal co-category Bordy of &-marked bordisms. In the case
of cochains A = Ch(A") over a ribbon tensor category AY, we describe the bor-
dism oo-category Bord’i® in explicit terms. In Section 10 we show, subsequently,
that results from [22, 20] imply the existence of a symmetric monoidal functor
Lay,, : Bordy}, — Ch(Vect) whenever the input category A® is finite and modu-
lar.

9.1. Bordisms with frDisk-markings. Recall our symmetric monoidal functor
0%, : Bord? — frDisk® from the 3-dimensional bordism oo-category of Section

out

8.7.

Definition 9.1. Given a frDisk-monoidal co-category ¢ : &2 — frDisk®, the
&-marked bordism category is the fiber product

Bord% := Bord% X frDisk® &%,
The non-compact &-marked bordism category is the subcategory
(Bord}*)® := (Bord“)® X Bord® Bord$ .

Remark 9.2. In our notation Bordeg, one can take “&” to be the underlying
triple (6=, &%, d). In our case of special interest A = Ch(AY), for ribbon AY, we
simply confuse the distinction between the triple (A%, Ao fin, d) and A itself, and
recognize Bord% as the symmetric monoidal co-category of surfaces and bordisms
with labels from A and Apyo-fin.
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We note that the forgetful functors Bords — Bord? and (Bord’s")® — (Bord”®)®
are cocartesian fibrations, and hence the corresponding maps to Fin, are cocarte-
sian fibrations.

Proposition 9.3. The functor Bord? — Fin, endows Bordg with a symmetric
monoidal structure under which the cocartesian fibration Bord? — Bord? is a map
of symmetric monoidal oo-categories. Similarly, Bord}® is naturally symmetric
monoidal and the inclusion (Bord®)® — Bord? is a symmetric monoidal functor.

Proof. Since the symmetric monoidal functor &2 — frDisk® is an isofibration,
this result is an immediate consequence of Proposition 4.15. O

Notation 9.4. Given an object ¥, or morphism M, in Borde we let Yo
and Miop (o) denote the corresponding images in Bord. under the forgetful func-
tor/projection Bords — Bord,. For a morphism M; : ¥, — E;] in Bord, we
let

my : (BOI‘d(g)z;C = gI — (BOI‘d(g’)E;7 = 5‘7 (30)
denote the corresponding transport functor my = (My).

In the expression (30), Z and J are the marking sets for 3 and E% respectively.
We also note that the transport functor along M} is identified with transport for
&% along the corresponding map 9,y (My) in frDisk. So my is always a type of
colored product for &7, in the language of Section 7.1.

9.2. Describing the oco-category Bords. We consider a ribbon tensor category
A% and its associated frDisk-category q : A® — frE, of unbounded cochains, as
in Proposition 7.11. This fibration was described explicitly in Section 7.2.

From our description of A® over frDisk® we deduce an explicit description of
the bordism category Bord 4 over Bord,. Specifically, we can describe the equivalent
subcategory

Linf’l“DiSk X frDisk BOI"dA = (L’Lnf’l“DiSk X frDisk BOI‘d*) X frDisk A({X)O}

spanned by all objects and all morphisms whose disk arrangements at the outgoing
boundary lie in LinfrDisk (Corollary A.8).

Objects in Bordy are surfaces with embedded, colored disks which are marked
by objects in A¥,

The positive colored disks are labeled by objects in Ch(A;?m_ fm) = Aprofin = AT
and the negatively colored disks are labeled by objects in Ch(AY)P = A% = A~.
We denote such an object by X,, where ¥ is the underlying oriented surface and
x = (x4,top(z)) is the pairing of the tuple of objects x4 in AT with the underlying
configuration of disks top(z) : D x T — X.

Morphisms M, : ¥, — E; in the subcategory Lin frDisk X f,pisk Bord4 consist
of a bordisms Miop(a) : Ztop(z) — Ltop(y) Petween the underlying *-marked surfaces
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along with morphisms «; : z;, — y; in Acelor(d) over each disk in the outgoing
boundary

M

Here we note that the outgoing arrangement of disks aligns each incoming tuple
D x Z; linearly along the z-axis of D; C ¥/, so that the corresponding marking
objects {x; : i € Z;} are naturally ordered via the topology of My (). So it makes
sense to label each outgoing disk D; by the chosen morphism o; from the ordered
product of the incoming objects to the outgoing objects,

Qj L X, :m(‘ri17""‘rir) — Yj-

Remark 9.5. This ordered product includes an application of duality whenever
we encounters a color transition color(i,) = — color(j), as in Section 7.1.

A 2-simplex

1\74 wj copV \:,p((s)
over
o h=top(c
—_—

E E/I EI/
’ :/I ? MtOP(’Y)
in Lin frDiskx ¢,piskBord 4 consists of an underlying 2-simplex in Lin frDisk X ¢, Disk
Bord,, which is explicitly represented by a choice of a diffeomorphism ¢ : M’ oM —
M" and a homotopy
h:|AY x CylxZ — M"
from the cylindrical diagram ¢(top(d) o top(a)) to the cylindrical diagram top(7y),
along with an algebraic compatibility at the terminal boundary. For the algebraic
compatibility, the homotopy h provides a homotopy |Al| x D x Z; — D; between
linear disk arrangements at the outgoing boundary £ : D x £ — X" and this
boundary homotopy traces out a collection of framed braids (8}, n;) in the outgoing
disks D;. We require that the associated actions of the framed braid transformation
Cg,.m, from (24) completes a diagram

Y,

y X

®j€Jl (xlj) g £ Zl

{Bl,nl
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for each index [ in L.
The symmetric monoidal structure on Bord,4 is given by disjoint union.

Remark 9.6. One should view the allowance of homotopies as the institution
of a universal skein relation, where the twistings and rotations at the outgoing
boundary are compensated for algebraically via the appropriate application of the
ribbon structure on A~ or AT,

9.3. Including bounding constraints. We recall that we have fully faithful in-
clusions

® ®
Afi’ﬂ /1® Al—fin
frDisk

for the frDisk-categories of finite and locally finite complexes (Proposition 7.11).
Pulling back, we obtain full, symmetric monoidal subcategories

Borda,,, — Bords < Borda, ,,,

spanned by surfaces labeled by finite and locally finite cochains, respectively. In
particular, the above explicit description of Bordy restricts to provide explicit de-
scriptions of both BordAfm and BordAl_fm.

9.4. Comments on general marking schemes. Given a symmetric monoidal
oo-category .7 %, and a corresponding “.7-flavored” bordism oo-category, by which
we mean a symmetric monoidal co-category of bordisms with a symmetric monoidal
functor

Bord®, — 79 x Bords o,

triv
we obtain a corresponding class of marked bordisms just as above. Namely, for
any symmetric monoidal cocartesian fibration &® — % we get an co-category of
o7 -marked bordisms via pullback

Bord,, = Bordpiy X g0.9%.

This situation is what we would call a 3-dimensional 7 -flavored marking scheme.

We'’ve provided above a 3-dimensional frDisk-flavored marking scheme, but
certainly there are other natural schemes one might consider. We have some inter-
est, for example, in the case where 7 is the 2-dimensional bordism category (see
[16, 9]). Though we operate within the scheme of framed disks, we note that many
of our arguments through the remainder of the text apply equally well under any
marking scheme.

The main point of contention, as far as our arguments are concerned, is the exis-
tence (or non-existence) of an abelian theory for cochains under the given scheme.

10. DISCRETE LYUBASHENKO-RESHETIKHIN-TURAEV THEORIES

For any modular tensor category AY-which we recall is a special type of rib-
bon tensor category—we construct a symmetric monoidal functor Ly : Bord}® —
Ch(Vect)pro- fin from the co-category of A-labeled bordisms. We describe the values
L4(3;) for a connected marked surface ¥ via mapping complexes in A.

The field theory Ly is constructed by completing pre-existing TQFTs from De
Renzi-Gainutdinov-Geer-Patureau-Mirand-Runkel [22] and Czenky-Negron [20].
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10.1. Discrete LRT in the finite setting.

Theorem 10.1. Let AV be a finite modular tensor category and A?m — frDisk
be the associated frDisk-monoidal co-category of finite cochains. The field theories
from [22, 20] determine a corresponding symmetric monoidal functor

La,,, : Bord}, — Ch*(Vectyi,).
Proof/Construction. The inclusion
Linf’/’DiSk X frDisk BOI‘dTAwfm — Bor Zcfm

is an equivalence (Corollary A.8) which is bijective on objects, so that the induced
map on homotopy categories is an isomorphism. Hence the homotopy category
hBordf}fJ;m is explicitly identified as the discrete category of Ay;,-labeled surfaces
¥, and equivalence classes of bordisms M, : ¥, — ¥, in which Oput(Miop(a))
consists of a linear arrangement of disks D x Z — D x J.

Consider maps My, M, : ¥; — Z; in LinfrDisk X f;pisk Bordchm with cor-
responding disk arrangements f,g: D xZ — D x J in LinfrDisk. These maps
are identified in the homotopy category if and only if there is a smooth homotopy
between the constituent cylinder embeddings Cyl xZ — M, as in Section 8.3, for
which the resulting homotopy o : |A'| x D xZ — D x J at the outgoing boundary,
and associated framed braid [o] = (8, n), produce a diagram

mg()

=N

my(x)

af y

in Afjm. Here (g, is the transformation provided by applications of the braiding and

twist on Chb(A?Z-n>, as in (24). The symmetric monoidal structure on hBord}’
is given by disjoint union, as expected.

Now for Bordﬁcm the “reduced” bordism category from [20, Definition 6.1], we
have a symmetric monoidal functor

. nc nc
p:hBordy  —— Bordy

which sends each marked surface X, to the same surface ¥ marked by the centers
of the corresponding disks Z — D x Z — X, and with the i-th marking labeled by
the object z; in & = (x1,...,2,). We send a bordism M, : £, — X, to the ribbon
bordism p(M,) obtained as follows:

(a) We replace the cylindrical diagram Cyl xZ — M with the ribbon diagram
[0,1] xZ — Cyl xZ — M obtained by following the centers of the cylinders,
and endow each constituent path with the framing inherited by the framing
on the ambient cylinders.

(b) In a small collar around the outgoing boundary (1 — §,1] x £’ — M, and
at each marking disk D; — ¥’ — M, we take the ribbons mapping to the
z-axis in D

(1-96,1]xZ; - (1—-06,1] x D; = M,
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and merge them along the x-axis into a single string emerging from the
center of D,

(¢) We label the unique vertex generated in this process by the underlying map
ay :my(z) — y for the bordism M, where f = Oput(Miop(a))-

The fact that p is well-defined on equivalence classes of morphisms follows by the
relation [20, Section 5.2, U3] on maps in Bordﬁcfm7 and p respects composition by
the relation [20, Section 5.2, Ul].

Having constructed such a symmetric monoidal functor p : h Bord}, — Bord}y’,
we obtain the TQFT Ly,,, by pulling back the TQFT Z* from [20, Theorem 9.3]
along p,

Lay,, i={ Bordj, —hBordj, % Bordy:, % Ch* (Vectsin).

10.2. Merging bordisms. Let ( : D x Z — X be a marked connected surface. A
basic merging bordism for ¥ is a bordism My : ¥ — X, to the same surface ¥
equipped with a single positive marking n : D — X, and with M/ satisfying the
following:

(0) ¥ admits an auxiliary embedding 7 : D — ¥ which contains the images of
both ¢ and 7 in 7(D).
(1) The underlying 3-manifold for M is the product ¥ x [0, 1].

(2) The mappings from the cylinders f : Cyl xZ — ¥ x [0, 1] factor through
the image of the auxiliary disk embedding 7: D — .

(3) The corresponding map

[ XExpa)) (D x[0,1]) : Cyl xZ = D x [0,1] x T — D x [0,1]

is induced by a smooth homotopy h : |Al| x D x Z — D, in the sense that
f(z,t,1) = (h(t, 2,1),t).
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For example, a basic merging bordism might appear as

(D) (D)

Definition 10.2. Given two markings ¥, and 3, of the same underlying surface
Y, a merging bordism My : ¥, — X, is a bordism which decomposes over the
components as

Mp= [ Mjf:%c =15 — %, =115
cemp(X)

with each M. either an isomorphism, or isomorphic to a basic merging bordism in
Mapsg,q, (¢, Xp), defined as above.

Lemma 10.3. For any marked surface ¢ in Bord., there is a choice of single
positive markings 1 : D x mo(X) — X on the components of ¥ which admits a
merging bordism My : X — X,. We may assume further that the outgoing diagram
Oout (M) lies in LinfrDisk.

Proof. Tt suffices to deal with the case where X is connected with specified markings
¢: D xZT— X. We consider a path [0,1] — ¥ which passes through the centers of
the ((D;), and by taking a tubular neighborhood we obtain an embedding from a
disk 7 : D — X which contains the centers of the {(D;) in its interior. We can take
a smooth homotopy « : |Al| x D x T — ¥ which shrinks the image of each D; so
that (' = k1 : D x Z — ¥ has image in n(D).

We consider now ¢’ as a disk embedding ¢’ : D x Z — D by pulling back along
7, and we are free to assume that the images of the disks D; are arbitrarily small
in D. In particular, we assume that each D; has image in the interior D°. We
consider, for each index i, the differential A; ' = Ty(¢"); € GLa(R). Since A; has
positive determinant we can connect the identity matrix I> to A; via a smooth path
A;i(t) - |AY — GLo(R).

We take now A(t) : |AY| x D x T — D with A(t)|p, = s; ' A;(t)s; where s; :
R? — R? is the translation which sends the center of ¢/(D;) to 0. Since the disk
is compact, we can assume the images ¢’(D;) are sufficiently small so that A(t) is
a diffeomorphism at each time ¢ which does in fact have image in the unit disk
D CR2% Then (" = A(1) : D x Z — D is a disk embedding which sends the center
of each D; to the z-axis in D and has differentials Ty(¢”); = idgz. We are free to
assume that x(¢) and A(t) are constant in neighborhoods of both 0 and 1, so that
we obtain smooth homotopies

RA R A X DXT — D — X%
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which define respective marked bordisms
FACyIxT = D x |AY X T — S x |[AY, f*(2,t,9) = (h*(2,1,1),1).

The map My« is an isomorphism, and Mya satisfies (0)—(4), so that the composite
My = MyaMyx is a merging bordism. ]

10.3. State spaces and merging bordisms. For each marked surface { : D x
Z — ¥ in Bord?¢ we recall that the projection

(Bordﬁ‘;m)zC — (A%n)z = A?m (31)
is an isomorphism of simplicial sets, since Bordﬁcﬂn is constructed from the fibration
Af?m — frDisk via pullback. Now for a bordism f : Cyl xZ — M between between
x-marked surfaces My : ¥ — Z%, an edge M, : ¥, — X, over M is cocartesian in
Bordﬁcfm if and only if its projection to A%n is cocartesian over frEs. From this
we conclude that the isomorphisms from (31) fit into a diagram

T
A x (Bord}S ) Y Bord
Afin EC Afin

=] J/ \Lproject

A x AT

fin Ty

®
Afin’

0ut<Mf)

where each T, is the cocartesian transformation over the given map. Evaluating at
1:% — A® now produces a diagram for the transport functors

ne (M) ne
(BordAfm)gc (BordAfm)g;7
AL AT
in 80’“(]\/[”! fin

where we recall that the map Ouut(My): is the colored product functor my,,, (as;)-
The above diagram can furthermore be chosen to strictly commute.

After we identify the fibers in Bord’}{‘}m with their respective colored exponents
for A, we denote the transport functor (My), simply by my : A%m — Afjin, as
in Notation 9.4.

Lemma 10.4. Let X¢ be a marked surface in Bord}“. For any merging bordism
My : X¢ — Xy, the corresponding transport functor provides a natural isomorphism

L., oD, : A" x (Bord}, )z, — Ch™ (Vect ).

Equivalently, evaluating at each object ¥, over ¥ produces a natural isomorphism
between the state spaces

Lag,, (3z2) = Lag, (@)

Proof. We need only demonstrate a single cocartesian edge My @ Xz — i (a)
over M which is sent to an isomorphism in Ch™ (Vect t;,) under L in- In the case
where ¥ is connected this is covered in (the proof of) [20, Lemma 8.4]. In the case
where ¥ is not connected the result follows by the connected case and the monoidal
structure on La,, . g
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Proposition 10.5 ([22, 20]). Consider a connected genus g surface X with arbitrary
markings ¢ : D x T — ¥. Any merging bordism My : ¥ — ¥, specifies a natural
isomorphism

LAfm (E—) - Homjxfm (C®gvmf7) ,
of functors from (Bordy, )s. = A%m to Ch™ (Vect fi,).

In the above expression C' is the coend for AV, i.e. the value C' = mR(1) where
R: A% = A% ®veet A is right adjoint to the product functor m : AY ®@vecs A —
A®. In the case of representations of a Hopf algebra AY = Rep(H), for example,
C is the coadjoint representation C' = H*.

Proof of Proposition 10.5. By [20, Theorem 8.5]-which follows [22, Proposition
4.17]-there is such a natural isomorphism

Lagin, |(Bordgcfm)zn 5 HOmZﬁn(C@g, -)
when n : D — ¥ is a single positive marking. So the result follows by Lemma
10.4. [

10.4. Discrete LRT theory for unbounded cochains. Below we consider the
symmetric monoidal category Ch(Vect)pro-fin = Ch(Vectpro.fin) of pro-finite linear
cochains, as in Section 7.4.

Proposition 10.6. Let AY be a finite modular tensor category, A = Ch(A®), and
q : A® — frDisk be the associated frDisk-category of unbounded cochains (see
Proposition 7.11). There is a unique symmetric monoidal functor

L4 : Bord}® — Ch(Vect)pro-fin
which fits into a commuting diagram

LAfm

Bord}y, Ch™ (Vect ) (32)

| |

BOI‘dZC Ch(VeCt)pro—fin7

A

and for which the natural map Liao(X;) — Wm La,,, (X4,) is an isomorphism when-
ever x = lim_x) is an expression of x as a filtered limit of finite cochains as in
Lemma 7.6.

Proof. Each object z in a colored product A admits a structural expression as a
filtered limit = lim, z) over finite length (bounded) complexes. We define the
state spaces in our proposed theory directly as the limits

La(Xe) =lmLa,,, (3a,).
A

Via the mutual refinement property, one sees that the above limit is always identified
with the limit over any system as in Lemma 7.6. Consider any bordism M, : ¥, —
¥, with y consisting of finite, bounded complexes. Such M, consists of a bordism
My : iop(a) = Ltop(y) and a map ay : myg(x) — y in A7

Since the product on Ch(A"Y) commutes with filtered colimits and preserves
injections, the product the dual category Ch(AO)pm_ fin, commutes with filtered
limits and preserves surjections. Hence my(z) = lim my(xx) with each map
my(x) — my(zy) surjective. In particular the kernels of these maps provide a
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base for the topology on ms(x) around 0, and continuity of ey : my(x) — y implies
a (unique) factorization through my(x) — y at all sufficiently large A,

Yy
7
me(zy) .

Hence we obtain a collection of compatible bordisms M2 : ¥, — 3, for large A,
and so obtain a well-defined morphism

La(Ma) = La,,, (Mg) o mx

ar

mpg

()
~

where 7y is the structure map ¥, — X, .
In the case of a bordism M, : ¥, — E’y with general marking object y we have
La(%)) = l'glu Lo (¥,) and so define

fin
LA(Ma) = y_LA(Ma,u) : LA(ZJK) — LA(Z;)
"

where each M, , is the composite of M, with the projection E; — E;N. For a
composite of bordisms NgM, : ¥, — E; — ¥” with z bounded and finite, the
diagram(s)

Mg Np

s =)

A

!/
EI/\ Y Eyu
a,p

give La(NgMy) = La(Ng)La(Mg). For general z the equality La(NgM,) =
La(Ng)La(Mg) follows from the finite case.
For the symmetric monoidal structure we have

La(22) ® La(3y) =lmLa,,, (Ze,) ® Lag,, (5,
A p

"
EZ

and
La(X, HZ;) = l'glLAfm(ZmA HZ;H)
A1

in Ch(Vect) o fin. Hence we have a unique natural isomorphism La(—)®La(—) =
L(— I —) which fits into diagrams

| |

LAfm (sz) ® LAfm (E;u) — LAfm (ZmA Il E;u)

~

at each )\ and pu. (]

Definition 10.7. For a finite modular tensor category A%, and A = Ch(A"), the
discrete LRT theory is the symmetric monoidal functor

Ly : Bord}” — Ch(Vect)pro-fin

constructed in Theorem 10.1 and Proposition 10.6.
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Remark 10.8. The letters LRT reference Lyubashenko, Reshetikhin, and Turaev.
It would also be reasonable to reference De Renzi, Gainutdinov, Geer, Patureau-
Mirans, and Runkel here, though the label DGGPR is a bit too rambunctious for
our liking.

10.5. State spaces for discrete LRT.

Lemma 10.9. Let A be a finite modular tensor category, and A = Ch(A%). For
any connected genus g surface X with fixed markings ¢ : D X T — X, and any map
f: DXZ — D to a positively colored disk in frDisk, there is a natural isomorphism

La(X-) 5 Hom’ (C®9,m;—)
of functors from (Bord\")s, = AT to Ch(Vect)pro-fin-

Proof. We note that all embeddings f : D x Z — D are smoothly homotopic
(Proposition A.2) so that all of the associated product functors my : AT — AT =
Apro-fin, 1.e. all transport functors along the maps f, are naturally isomorphic. It
follows that the functor Hom’ (C®9, ms—) is independent of the choice of f, up to
natural isomorphism.

Now, for any marking object = in AZ with structural expression z = @1/\ Ty,
continuity of m gives the product m¢(z) as the limit ms(z) = Hm my(xy). Hence
we have a natural isomorphism

Hom’ (C®9,my(x)) = Jim Homy (C®9,my(xy))
A

between functors from AZ to Ch(Vect)pro-fin. By construction we have a natural
isomorphism

La(S:) 5 Ly, (%)
A

as well. Hence the natural isomorphisms Ly, (35,) = Hom} (C®9,my(x,)) from
Proposition 10.5 imply the claimed identification

La(Z;) = Hom’ (C®9 m¢(x)).
[

We recall that any product functor mys : AZ — At = A, in sends homotopy
equivalences in each factor to homotopy equivalences in Apyo-fin, and hence sends
any product of homotopy equivalences £ : z — z’ to a homotopy equivalence
in Apro-fin. This follows by the duality of Corollary 7.9 and the fact that the
product on Ch(Ao) preserves homotopy equivalence in each factor. Furthermore,
the functor

Hom™ (C®9, —) : Apro-rin — Ch(Vect)pro-rin

preserves homotopy equivalences as well. It follows from the identification of Lemma
10.9, and symmetric monoidality, that the LRT theory preserves homotopy equiv-
alences.

Corollary 10.10. Consider a marked surface ( : D x I — X. The symmetric
monoidal functor Ly : Bordy® — Ch(Vect)pro-fin sends homotopy equivalences in
the fiber (Bord’y’)s, = AT to homotopy equivalences in Ch(Vect)pro-fin-
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11. DERIVING LRT AT THE 1-CATEGORICAL LEVEL

Consider the discrete derived category D = D(AY) of a modular tensor category
A®. We have the induced ribbon structure on D and corresponding duality equiv-
alence —* : D(AY)Pr 5 D(Afm_fm). This equivalence gives D(AY) a frDisk-
structure D® — frDisk® via Proposition 7.1, and we produce the subsequent
marked bordism category Bord7y.

Low dimensional simplices in Bord}y are described precisely as in Section 9.2,
from which one deduces an explicit description of the homotopy truncation h Bord?7y.
Vaguely, h Bord7y is (equivalent to) a symmetric monoidal category of surfaces with
markings from the discrete categories D(AY) and D(A;)m_ fin)» and ribbon bordisms
between such surfaces. The underlying graphs for such ribbon bordisms are required
to be trees in which each component has a unique internal vertex, and a unique

external vertex which is attached to the outgoing surface.

Theorem 11.1. Let A be a finite modular tensor category with corresponding
discrete derived category D = D(AY). There is a symmetric monoidal functor

Lp :hBord}y — D(Vectpro-fin)
which is obtained by “deriving” the theory from Proposition 10.6.

We note that Lp is a map between 1-categories, and can therefore be approached
in completely 1-categorical terms. We outline a proof of Theorem 11.1 below in
two parts. Following the proof, we discuss various means of “expanding” the theory
from Theorem 11.1, and requisite liftings to the co-categorical setting.

11.1. Step 1: Introducing the homotopy category. We consider the homo-
topy category K = K(A") with its frDisk-structure induced by the duality equiv-
alence —* : K(AY)? & K(A;?ro-fin)' We show that discrete LRT induces a unique
symmetric monoidal functor from h Bord% which fits into a diagram

h BOI'CIZC ba Ch(veCtp'ro-fin) (33)

i J/quotient

h Bordan bic D(VeCtpro—fin)

Proof for Theorem 11.1, Step 1. Consider the equivalence relation ~p:,, on maps
in hBord’y®, where two morphisms M,, Mg : £, — X, are equivalent whenever
they have the same underlying topology

Miop(a)y = My = Miop(s),

and the outgoing morphisms «, 8 : ms(x) — y are related by a tuple of cochain
homopies in A*. We have the symmetric monoidal functor hBord’;® — h Bord}¢
provided by the balanced projection A — K, and this induces a symmetric equiv-
alence

hBord'y® / ~htop—r hBord}s .

We note that each colored product functor m : AZ — A% along a linear disk
arrangement D X Z — D sends cochain homotopies in the incoming factors to
cochain homotopies in AT, and that the Hom functors Hom’ (C®9, —) preserve
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cochain homotopies as well. Thus, from the description of the state spaces provided
in Lemma 10.9, and the fact that the functor

Ch(Vectpro-fin) = D(Vectpro-fin)

is a quotient along cochain homotopy, we understand that there is a unique sym-
metric monoidal functor Ly which completes a diagram as in (33). O

11.2. Step 2: Deriving LRT.

Proof of Theorem 11.1, Step 2. The localization functor K (AY ) — D(AY )

pro-fin pro-fin
admits a fully faithful right adjoint R : D(A;?m_fm) — K(A(7 ) which is, by

ro-
nonsense, lax monoidal and compatible with the balanced sir(ilgzﬁre. The exis-
tence of such an adjoint follows from the fact that K (A;?m_fm) admits enough
K-injectives (see Section 14.3). Hence R induces a symmetric monoidal functor
hBord%” : hBord}y — hBord%’, and we obtain a symmetric monoidal functor to

D(Vectpro-fin) via composition
Lp = Lg ohBordy : hBordpy — D(Vectpro-fin)-
This completes the proof of Theorem 11.1. O

One can show that the functor Lp : hBordy — D(Vectpro-fin) is a left Kan
extension for the functor Lg, so that Lp is a “derivation” of discrete LRT. One
can also check that the state spaces for Lp over a genus g marked surface ¢ are
identified with derived Homs

Lp(¥-) = RHom 4o (C®9,m;—),

in direct analogy with Lemma 10.9 (cf. Proposition 15.5). From this description
of the state spaces one sees that Lp restricts to a D(Vect) valued theory from the
full subcategory of surfaces labeled by objects in the bounded derived category
Db(A}?m) of finite length complexes, i.e. that we can forgo pro-finite completion in
the finite bounded setting,

Lp,,, :hBordpy, ~— D(Vect).

11.3. Unmarking the discrete derived theory. We recall that all nonempty
surfaces in h Bord}y” are equipped with markings from the discrete derived category.
In a skein theoretic setting, we could remove all such markings by employing unit
labels on surfaces and noting that the particular positions of unit markings do not
matter, modulo skein relations.

In our setting we can still label all surfaces by the identity object 1p in Db(A}?m)
to obtain a symmetric inclusion

nc nc
hBord,” — hBordp

from the trivially marked bordism category. We then institute certain coarse skein
relations on hBord}“ via a localization process which we outline in Section 16.
While we defer the details, and direct the interested reader to Sections 16 and 17
below, let us record our ultimate conclusion.

Theorem (17.10). For any finite modular tensor category A, the discrete derived
theory from Theorem 11.1 induces an unmarked, anomalous topological field theory
in 3 dimensions

Lp,,, : Bord35 — D(Vect).
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For each genus g surface X3, the corresponding state space admits a natural identi-
fication with derived Homs LLp,,, (X) = RHom 4o (C®9,1).

As we explain in Section 17.6, the existence of such a field theory implies a
natural, projective action of each mapping class group MCG(X) on the associated
derived Homs RHom 40 (C®9,1) (cf. [51, 71]). We also discuss implications in
dimension 3 in Section 19.

11.4. Expanding from Theorem 11.17 At the center of our project, even be-
yond the present paper, is the following question:

— To what extent do the symmetric monoidal functors Lp and Lp,,, expand into
a system of (T)QFTs, in analogy with the fusion or I1-categorical settings? —

To list a few explicit points:

(A) For a given finite modular tensor category A, is there a once extended, anoma-
lous 3-d topological theory £ whose circle value £'(S*) recovers the derived category
for AY? Does such an extended theory imply a natural marking scheme which su-
persedes the one employed in our construction of Lp? (See Conjectures 17.12 and
18.5 below, as well as [4, 21, 50] for the 1-categorical setting.)

(B) Is there an extended 4-dimensional topological theory associated to the derived
category of a modular tensor category, and can we recover our 3-dimensional theo-
ries from such a 4-d theory via a boundary construction? (See Question 18.8 below
and compare with [39].)

(C) Is there an effective notion of skeins, and skein relations, for the derived cate-
gory which allows one to calculate values in the 4-dimensional theory from (b)? In
particular, can one calculate factorization homology using skeins? Thinking further
about (a), can this skein theory be used to implement skein relations into a suffi-
ciently receptive 3-dimensional marking scheme? (See again Sections 2 and 9.4,
Question 18.9 below, and compare with [14, 10].)

Questions (A)—(C) all ask, in the non-semisimple/derived setting, if there is an
ecosystem of interconnected topological field theories which parallel those one finds
in the fusion setting, for say Crane-Yetter vs. Chern-Simons/Reshetikhin-Turaev
theories. We record, finally, a principle concerning flat connections which is unique
to the non-semisimple world.

(D) Does the theory Lp, or some enhanced version of it, couple naturally to flat
connections? (See Conjectures 18.10 and 18.11 below, and also [47].)

We defer further discussions of point (D) to Section 18, though it is certainly a
deep and interesting story, both in mathematics and in physics.

Thinking seriously about any of the questions above requires one to think about
the derived category in some locale where one has an effective theory of categories.
It is apparent that the triangulated setting will not suffice for this task, which then
prompts our transition to the world of oco-categories.

11.5. Derivating LRT in oco-categories. The remainder of the text—or more
precisely, the next five sections—is dedicated to the construction of a lift for the
marked theory from Theorem 11.1 to the level of co-categories. We suggest this lift
as a projection of a more expansive system of TQFTs, as proposed above, and so as
an indication that such a system should in fact exist. We return to the fundamental
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questions (A-D), and provide a more thorough discussion of these issues, in Section
18 at the conclusion of the text.

In lifting the theory Lp to the homotopical setting, we follows essentially the
same processes outlined above. We begin in Sections 12 and 13 with the movement
from the abelian category of cochains to the homotopy co-category, then Kan extend
to produce a theory for the derived oco-category. In comparing with Step 1 above,
we note that the homotopy co-category # (A%) is no longer obtained from chains
over A via a quotient construction, but via localization.

Remark 11.2. The methods employed below are not sensitive to our specific choice
of marking scheme (see Section 9.4). What’s required is the existence of a preced-
ing abelian theory at the level of cochains, for the given marking scheme, as in
Proposition 10.6.

12. LOCALIZATION FOR MONOIDAL 0co-CATEGORIES

We claim that the discrete LRT theory Ly : Bord’t® — Ch(Vect)pro-fin from
Proposition 10.6 localizes to provide a symmetric monoidal functor, i.e. field theory,
from a bordism oo-category Bord’y with labels in the homotopy co-category. While
this is more-or-less an immediate consequence of Corollary 10.10, one needs to
understand the behaviors of localization when applied to various types of fibrations
in order to effectively proceed in this direction.

In this section we present an overview of localization for cocartesian fibrations,
and monoidal oco-categories, which essentially follows work of Hinich on the topic
[43]. (See also [57, Propositions 2.2.1.9 & 4.1.7.4] and [64, Appendix A].)

12.1. Vertical localization. Let W be a collection of morphisms in an co-category
%. Recall that a localization for 4 along W is the choice of a functor F : € — &’
for which restriction

F*: Fun(¥¢’, 2) — Fun(¥, 2),

at arbitrary &, provides an equivalence onto the full subcategory Fun(%, 2)w C
Fun(%, 2) spanned by those functors which send all morphisms in W to isomor-
phisms in 2. Via a pushout construction [Ker, 05ZL], or fibrant replacement [56,
Proposition 3.1.3.7], we understand that localizations always exist.

Proposition 12.1 ([43, Proposition 2.1.4)). Let q : € — 7 be a cocartesian
fibration and W C €[1] be a collection of edges. Suppose that every edge in W lies
in the fiber €; over some object t in 7, that each fiber Wy = W N 6;[1] is stable
under isomorphism in Fun(A',6;), and that the transport functor fi : €, — €,
over each map f : t — w in J sends Wy into W,,. Then there is a pairing of a
localization F : € — €W Y] with a map q' : €|W ] — 7 which fts into a strictly
commuting diagram

%)\ r CIW1] (34)
T ' :

and for which the following hold:
(i) ¢ : €W = T is an isofibration.
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(ii) For any isofibration 9 — 7, restriction provides an equivalence
F*:Fung (€W, 2) = Fungs (¢, 2)w.
(iii) ¢ : €W~ — 7 is a cocartesian fibration, and F is a map of cocartesian

fibrations over .

(iv) For eacht in 7 the induced map on the fibers Fy : 6, — (€[W ~1]); realizes
the target category as a localization for €; along the class Wy.

(v) For any cocartesian fibration 9 — 7, restriction provides an equivalence
F*:Funs (€W 1], 2) = Fun% (%, 2)w.
Furthermore, any such pairing (F,q") in which ¢’ is an isofibration automatically
satisfies (ii)—(v).
As in Section 3.11, Funz (%, Z)w denotes the fiber
Fung (¢, 2)w = {4} Xrun(w,7) Fun(€, 2)w

and Fun% (¢, 2)w is the full subcategory spanned by all functors which preserve
cocartesian edges, i.e. maps of cocartesian fibrations.

Proof. From either [56, Proposition 3.1.3.7] or [Ker, 05ZL], one sees that there is a
construction of the localization F’ : € — %" for which F” is injective, as a map of
simplicial sets. In this case the restriction equivalence

Fun(¢”, 2) — Fun(¢, 2)w

is furthermore an isofibration [Ker, 01F3]. Hence, considering the case 2 = .7, we
see that the structure map ¢ lifts uniquely to a map ¢” : ¥/ — .7 which completes
the proposed diagram.

We can factor ¢ into a sequence €” = ¢’ % .7 in which w is an equivalence
and ¢’ is an isofibration [Ker, 02VM]. Then the composition F = wF' : € — ¢’
is also a localization of ¥ along W, and we claim that this choice of localization,
W] = €' coupled with ¢/ : €' — 7, satisfies (i)—(iv). Indeed, we claim that
any choice of a localization F' : ¥ — ¢’ with an isofibration ¢’ : ¥’ — .7 which
completes a diagram as in (34) satisfies (ii)—(v).

(i) Holds by construction. (ii) Given an isofibration 2 — .7, we have a diagram

Fung (%', 2) Fun(¥’, 2)
Fung (¢, 2)w l/ Fun(¥, 2)w

* ‘ o Fun(¥¢’, .7)
* Fun(‘f, y)W

q

in which the vertical maps are isofibrations [Ker, 01H7] and the front and back faces
are pullback diagrams. It follows that the induced map on the fibers Fun (4", 2) —
Funz (¢, 2)w is an equivalence as well, by Lemma 3.22.

(iii) In [43, Section 2.2.2] Hinich constructs a localization & for € by localizing
the functor Fparked . 7 — ggmarked ags0ciated to €. The associated localized
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functor Fe :  — %at,, comes equipped with a transformation Fy — Fe so that
we have an induced map of cocartesian fibrations

N

By (ii) this triangle extends to a diagram

% (35)
N

—&

N

T

in which the sub-diagram A3 — %at, strictly commutes and the map of oo-
categories ¥’ — & is an equivalence, by uniqueness of localization. Since ¢’ is
an isofibration it follows, via the above diagram and the fact that [ is a map of
cocartesian fibrations, that ¢’ is in fact a cocartesian fibration [Ker, 028A] and that
F' is a map of cocartesian fibrations [Ker, 028B].

(iv) By [43, Proposition 2.1.4] the localization & considered above has the prop-
erty that all of its fibers &; over 7 localize the respective fibers ;. (This property
is actually clear from its construction via the localization of Fy.) Via the equiv-
alence ¥’ — & over .7, and the above diagram (35), it follows that the fibers &/
similarly localize the fibers &; [Ker, 023M].

(v) Suppose that Z — 7 is a cocartesian fibration. Given the equivalence of
(ii), it suffices to show that a functor G : ¥ — 2 over .7 preserves cocartesian
edges if and only if its localized map G’ : €' — 2 preserves cocartesian edges.
However, since F' is essentially surjective, and since cocartesian lifts of edges in the
base are unique, this just follows from the fact that F' itself preserves cocartesian
edges. O

€

Definition 12.2. Given a cocartesian fibration ¢ : € — .7, a collection of edges W
in € is said to be a vertical class over .7 if it satisfies the hypotheses of Proposition
12.1. Given such such a vertical class W, a vertical localization over .7 is a choice
of strictly commuting diagram

in which ¢’ is a cocartesian fibration and F is a localization functor which preserves
cocartesian edges.

Proposition 12.1 says that such vertical localizations for cocartesian fibrations
always exist. We also observe that vertical localizations are stable under pullback.

Proposition 12.3. Let q : € — T be a cocartesian fibration, W C €[1] be a
vertical class over 7, and € [W 1] — T be the associated vertical localization over


https://kerodon.net/tag/028A
https://kerodon.net/tag/028B
https://kerodon.net/tag/023M

TQFTS FROM DERIVED QUANTUM GROUP REPRESENTATIONS 73

T . Consider any functor Z — 7, and let Wy, be the collection of all maps in the
fiber product €7 = # X o € which are sent to degenerate edges in % and to W in
%. Then Wg is a vertical class in G4 and the natural map

%%[ngl] — R x7 (CW)) (36)
is an equivalence of cocartesian fibrations over Z.

Proof. We note that the fibers of €% over Z are identified with the fibers of € over
7, and under these identifications the transport functors for ¥z are identified with
the transport functors for . So it is clear that W is a vertical class. We consider
the claim that the map (36) is a equivalence.

By Proposition 12.1 (v), the map of cocartesian fibrations € — Z x o € [W 1]
induced by the map of cocartesian fibrations ¢ — €' [W 1] localizes to provide a
map of cocartesian fibrations

nat : 6z [W;,'] = % x 7 (€]W™1))

over Z. This is our functor (36). Note that for each object r : * — %, with image
t in .7, the induced map on fibers (¥%), — %; is an isomorphism which sends the
class (Wg), bijectively to W;. Hence, from the diagram

o

(%@)7

| l

(CalWaz' D (% x 7 (€)= (€W )

r

nat,

and Proposition 12.1 (iv), we find that each fiber nat, over Z is an equivalence. It
follows that nat itself is an equivalence [Ker, 023M]. O

12.2. Aside: Generation of classes.

Lemma 12.4 (Morphism generation). Let &% — frDisk® be a frDisk-category
and W be classes of maps in the underlying co-categories & which are stable
under isomorphism in Fun(A', &) and contain all identities. Suppose also that
o The transition map d: &~ — & sends W~ into WT.
e The product functors m : &% x &+ — &% send (W*)? into W.
There is a (unique) vertical class W in &% whose fibers Wiz, are precisely the
pullbacks of the product classes W% along the transport equivalences py : éag W
&7, ’
To recall, the transition functor d : £~ — &1 is the transport functor along the

color negating identity id : D_ — D, and the product functors m : &% x &% are
the transport functors along any like colored disk embedding D II D — D.

Proof. For the union W' = Uz ,,)W(z ), stability under transport follows by the
description of transport along maps in frDisk® provide in Lemma 6.12. O

Definition 12.5. For a frDisk-category ¢ : &2 — frDisk® and classes W+ C
&*[1] as in Lemma 12.4, we call the corresponding collection W C &®[1] from
Lemma 12.4 the class generated by W*.
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12.3. Localization for monoidal co-categories. In general, one can use Propo-
sition 12.1 to effectively localize &-monoidal co-categories along classes of maps
which are stable under any collection of “generating morphisms” in &®, for a given
oo-operad or equifibered symmetric monoidal co-category ¢%. We cover two spe-
cific instances which are relevant for us.

Proposition 12.6. Let ¢ : £ — frDisk® be a frDisk-category, and W+ be col-
lections of edges in the underlying co-categories &+ which are stable under isomor-
phism in Fun(AY, &%) and contain all identities. Suppose that the W are stable
under the product functors on &* as well as the transition functor d : &= — &+.
Then the localization ¢ : &2[W—'] — frDisk® along the corresponding vertical
class (see Lemma 12.4) is a frDisk-monoidal co-category.

Proof. Take 9% = &°[W~1]. By Proposition 12.1, ¢ : ¥® — frDisk is a co-
cartesian fibration and the fibers of the localization functor &% — %% induce
equivalences & [W, '] 5 42, over each object t in frDisk®.

Let f : t = (Z,u) — t' be a cocartesian edge in frDisk® over the active
surjection K — {0} in Fin,. We have the diagram

A

in which f; is an equivalence, by the definition of frDisk-monoidality. So we see,
from the definition of W, that f,_l(Wt/) = W;. Similarly, for the inert projections
pr : t — tg the transport equivalence &% = ] heK 5;% recovers W, as the preimage
of the product [], W, . Hence, from the diagrams

édt® [W;l} — éaf? [Wt71] ‘g;s® [Wtil] — Hk éat% [Wtzl]
gt® transp gt(? gt@) transp Hk gt(%

we see that transport for % induces equivalences ¢,° = 47 and 42 = [, 4°.
This verifies frDisk-monoidality of the localization. (]

The analogous statement for symmetric monoidal oco-categories is well-known.

Proposition 12.7 ([43, Proposition 3.2.2]). Let q : #® — Fin, be a symmetric
monoidal co-category, and Wy C F[1] be a class of maps which is stable under
isomorphism in Fun(AY,. %) and contains all identities. Suppose also that Wy is
stable under the product functor m : F x F — F, and define W C F®[1] to be
the collection of edges in the varied fibers (F%); which are sent to W' under the
transport equivalences (F®); = F1.

The collection W is a vertical class in F® and the corresponding cocartesian
fibration ¢’ : FO[W 1] — Fin. realizes FO[W 1] as a symmetric monoidal oo-
category.

One can show that in fact all “symmetric monoidal localizations” are of the form
considered in Proposition 12.7. We record a variation on this point.
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Lemma 12.8. Let ¢ : F® — Fin, be a symmetric monoidal co-category and
W C Z®[1] be a class of maps for which q() is a degenerate whenever o € W.
Suppose that there is a localization | : F© — FO[W =] which fits into a strictly
commuting diagram

Fin, ,
and that the following hold:

(a) ¢ is a cocartesian fibration which gives F©[W ] the structure of a sym-
metric monoidal co-category.

(b) 1 is a map of symmetric monoidal co-categories.

(¢) The natural map ﬁ[W{_Oi] — FEW oy is an equivalence.
Then a map of symmetric monoidal co-categories F' : F© — 9% factors to provide
a (uniquely associated) map of symmetric monoidal co-categories F' : FO[W 1] —
2% if and only if Froy : F — 9 sends Wygy into the class of isomorphisms in 9.

Proof. Throughout we let Isom(%) C %[1] denote the class of isomorphisms in an
oo-category €. Take 9% = Z®[W 1] and consider the class U in .#®[1] obtained
as the union of all of the maps

U =17 (Isom(97)) € F2[1],

across all finite sets I. Via the diagrams

@ . @1

P!
lI T Tlfo}
TP F!

P
in Guto, we understand that each fiber Uy is the preimage of U {IO} under the trans-

port equivalence % }X) 5 1. Furthermore from the general compatibility with
transport

9~ 9}
& &
2 5 7

we understand that fi(U;) C Uy for all f: I — J in Fin,. Hence U is the vertical
class generated by Uygy over Fin,, as in Proposition 12.7, and via Proposition 12.1
we observe an equivalence of symmetric monoidal oco-categories

FOU1] —= 9
S~

Fin, .

See also [Ker, 0285].
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Consider now any symmetric monoidal functor F' : #® — 9% and suppose
that F(Ugoy) C Isom(Z). Then by compatibility of I with transport we have
F(U;) C Isom(27) for all I, and hence F(U) C Isom(Z®). So we obtain an
induced map of symmetric monoidal co-categories F' : ¥® — 2% by Proposition
12.1 (v).

We claim finally that F' sends Uygy into Isom(2) if and only if F' sends Wy
into Isom(2). Clearly the former property implies the latter, and if we suppose
that F' sends Wygy into isomorphisms then Fyg : # — & admits a factorization

4

Z{V R

F 9
Froy

by condition (c). But this diagram implies ' sends Uygy into Isom(2) as well, by
the definition of U. O

12.4. Derived co-categories as frDisk-categories. Let AY be a (discrete) rib-
bon tensor category and ¢ : A® — frDisk® be the corresponding frDisk-monoidal
oo-category of unbounded cochains. Recall the values

A~ = AP = Ch(A®)P and A" = Ay pin = Ch(AY

pro—fin)'

We have the classes Htopi C A*[1] of homotopy equivalences. These classes are
stable under duality —* : A~ — AT and under the tensor products A* x A* — A%,
Stability under the tensor product, in particular, follows from the fact that the
tensor product preserves homotopy equivalences between morphisms in each factor.
We then have the class Htop in A® generated by {Htop ™, Htop™}, and localization
produces a frDisk-category

qx  H® = frDisk®
whose underlying oo-categories are the homotopy co-categories

K™ =HP = H(AY)P and KT = Hpropin = H (AS

pro—fin)’

by the calculations #% = A*[(Htop®) '] [57, Proposition 1.3.4.5]. We note that
the localization ¢ : #® — frDisk® is the unique frDisk-category which admits
a monoidal functor

A® e

~ 7

frDisk®

with the fibers A* — #* over the +-colored disks inverting homotopy equivalences
and inducing equivalences AX[(Htop®)~!] 5 #*. Such uniqueness is deducible
from Proposition 12.1 and [Ker, 028B].

We can also consider the collections Qisoi C A*[1] of quasi-isomorphisms. These
classes are again stable under duality and tensoring, by Proposition 7.10, and hence
generate a vertical class Qiso in A®. We therefore localize to obtain a frDisk-
category

gz : 2° — frDisk®
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with underlying oco-categories
9~ =9 = P(AV)? and DT = Dpro-fin = V(A0 i)

[57, Proposition 1.3.5.15]. (See also Section 14.3.) As in the homotopy situation,
the fibration qg : 2% — frDisk® is the unique frDisk-structure on the derived
oo-category for which the localization functors A* — 2% lift to a frDisk-monoidal
functor.

13. HomoTory LRT THEORIES

We construct a homotopical variant L : Bord’y — Vectpro-in of the discrete
Lyubashenko-Reshetikhin-Turaev theory from Section 10, and calculate the state
spaces in this theory. The state spaces are, in particular, identified with inner
mapping spaces for the action of Yectpro-fin on J# (A;?ro—fin)'

In order to tame the topology in the target category, we show that L also
restricts to a Yect-valued TQFT Ly ,,, : Bord’y; . ~— Vect from the oo-category

of bordisms with labels in the homotopy co-category of locally finite cochains.

13.1. Homotopical vector spaces.
Definition 13.1. We take
YVect := Ch(Vect)[Qiso_l] and Yectpro-rin := Ch(Vect)pro-fin [Qiso_l},

and refer to these localizations as the oo-categories of homotopical vector spaces
and homotopical pro-finite vector spaces, respectively.

Since quasi-isomorphisms are preserved under the tensor products on Ch(Vect)
and Ch(Vect)pro-fin, by Proposition 7.10, we see that these localizations inherit
unique symmetric monoidal structures under which the localization functors Ch(Vect), —
YVect, are symmetric monoidal functors. This follows by Proposition 12.7.

Remark 13.2. As with any abelian category, one can explicitly construct the co-
categories Yect and Yectpro-pin by taking the dg nerves of the dg categories of
unbounded cochains Chgg(Vect) and Chyg(Vectyro-fin), respectively [57, Proposi-
tion 1.3.4.5]. (We note that in this case the classes of homotopy equivalences and
quasi-isomorphisms agree, so that there are no distinctions between the homotopy
and derived oo-categories.)

However, one can also construct Yect as the stabilization of the oco-category
Jany, of linear Kan complexes—aka simplicial vector spaces.

We observe that the pair of fully faithful, symmetric monoidal functors from
Ch* (Vect fi,,) to Ch(Vect) and Ch(Vect)p o fin (See Section 7.4) localizes to produce
fully faithful, symmetric monoidal embeddings

”Vectli_fm
Yect Vectpro-fin-

As expected, we've taken “//ectlj_[fm = Ch* (Vectfm)[Qiso_l} in the above expression.
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13.2. Discrete LRT with homotopical target. Let AY be a finite modular ten-
sor category with corresponding frDisk-category A® — frDisk® of unbounded

cochains. We have the symmetric monoidal functor LY : (Bord’}")® — Ch(Vect)?T o-fin
from Proposition 10.6 and compose with the localization functor Ch(Vect)f?m_fm —

Yect®

pro-fin 0O obtain a map of symmetric monoidal co-categories

L% : (Bord’\)® — Vect®

pro-fin®

This is just a version of the discrete LRT theory with a homotopical target.

13.3. Homotopy LRT theories. Below we speak of a diagram in the oo-category
S~ of symmetric monoidal co-categories. We recall the construction of this co-
category in Section C.1 of the appendix, but it suffices to understand that a 2-
simplex in ., is a choice of composable functors between symmetric monoidal
oo-categories

a®
q0 ‘jl q2

{1

Fin,

and a choice of natural isomorphism o : A x ﬁgg — 92@’ in Fungiy, (%o, F2) with

oo = F12Fo1, 01 = Fo2, and q20 = idy,.

Proposition 13.3. Consider a finite modular tensor category A% and let #® =
H(A®)® — frDisk® be the associated frDisk-category for the homotopy oo-
category of unbounded cochains over AY. There is a unique symmetric monoidal
functor Ly : Bordy — Yectpro-pin from the oco-category of J -labeled bordisms
which completes a diagram

: La
Bord’}*

qj/eCtpro-fin

loc %

Bord";
n Sl .

Proof. We obtain the fibration #® — frDisk® via vertical localization of the
fibration A® — frDisk® along homotopy equivalence, so that the map

(Bord’y*)® — (Bord'y )®

realizes (Bord”y)® as the symmetric monoidal localization of (Bord’;)® along the
pullback class Htopgepaneyo (Proposition 12.3). Furthermore, taking the fiber at
{0} in Fin, which is the same as taking the fiber along the underlying oco-category
Bord}¢ — (Bord}“)®, produces an equivalence

Bord "y’ [Htopg 4ne] — Bord’
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of cocartesian fibrations over Bord“, again by Proposition 12.3. Thus Lemma 12.8
tells us that the functor

(Bord’})® — (Bord’y)®
is universal amongst symmetric monoidal functors which invert the class Htopg,,q,
in the underlying co-category.

Now, according to the construction from Proposition 12.3, we can describe the
class Htopg,,q, explicitly. These are simply bordisms M, : ¥, — X, whose under-
lying topology Migp(a) is the identity map, i.e. the 3-manifold M = ¥ x [0, 1] with
embedded cylinders Cyl xZ — X x [0, 1] traveling in straight lines from ;4 to
Yiop(y) = Ltop(x), and whose labeling morphisms «; : x; — y; are all homotopy
equivalences. Hence, by Corollary 10.10, the LRT theory

L4 : Bord')® — Vectpro-fin

sends all maps in Htopg,q, to isomorphisms in Yectp o-fin. We therefore obtain
the claimed factorization

L®

(Bord’y*)® - Vects i (37)

7

-~
R _ 318
(Bord'y)®
in M.
For uniqueness, restriction along the localization functor provides an equivalence
Fung’, ((Bord’)®, “Vect?m_fm) 5 Funfs, ((Bord’y)®, ”I/ect?m_fm)Htop,

by Proposition 12.1 (v). Hence the homotopy fiber

® ® hto
Fungi,, (Bord’y) ’A//eCtpm'fm) XFHHP%?M((Bordﬁc)®77€Ct§roffin)ﬂmp {La}
is contractible [Ker, 033M]. By defintion of the homotopy pullback [Ker, 032Z], this
contractible space parametrizes those symmetric monoidal functors which complete
such a diagram (37) in A . O

Definition 13.4. For any finite modular tensor category A, with corresponding
homotopy oco-category .# = J# (A), we refer to the symmetric monoidal functor
Ly : Bordy — YVectpro-fin

from Proposition 13.3 as the homotopy LRT theory.

13.4. Calculating the state spaces. We recall that the state spaces in discrete
LRT are identified with the Hom complexes

La(X;) = Hom’ (C®9,my(x)),

whenever ¥ is connected of genus g and my : AT 5 At = Apro-fin is the product
associated to any embedding D x Z — D to a positively colored disk. We can
obtain the Hom complexes in a manner internal to Ao fin by taking inner-Homs
for the action of Ch(Vect)pro-fin 00 Apro-fin (Lemma C.13). We recall also that
the object C here is the canonical coend in AY.

For Hpro-fin = L%/(A;)m_me the action of Ch(Vectyyo- fin) on Ch(A;?m_fm
izes to endow Hpro- pin With a natural module structure over ¥ect,,o.fin (Corollary

) local-
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C.16), and the Yectyyo.fin-module category Hpro-fin, admits inner-Homs. In par-
ticular, for any bounded complex of finite length objects = in JZ,.0 fin we have the
associated internal mapping spaces

Maps (x, =)+ Hpro-fin = Vectpro-fin (38)

pro fin
(Corollary C.18). The following is an analog to Lemma 10.9 for homotopy LRT.
Proposition 13.5. Consider a finite modular tensor category A% and the corre-
sponding frDisk-category #® — frDisk® for the homotopy oo-category. For a

connected genus g surface ¥ with markings ¢ : D X T — %, and any choice of map
f:D XZT— D to a positive disk in frDisk, there is a natural isomorphism

Ly (3_ )%Maps (C’®g,mff)

pro fin

of functors from 7T = (Bord%)gc to Vectpro-fin-

Proof. Given any frDisk-category &2 — frDisk® we have the canonical identifi-
cation

(Bordg*)s. = {E¢} XBorare Bord} % ypige 6 = {I} X frpisice 6 5 &7

We consider the fibration Bord”y, — Bord}“ and, taking the fiber at X, the diagram
from Proposition 13.3 produces a diagram

Lals

AI

WeCtpro—fin

loc A(

%I

The fact that the map AZ — #7 is the localization functor along homotopy
equivalences follows by Proposition 12.3.

Via the isomorphism L4 = loc o Hom’ (C®9, m;—) we obtain an isomorphic
diagram

locHom’ (C Cc® m

WeCtpro fin

\/

)

and hence conclude that L |5, is the unique functor obtained from Hom’ (C®9,m—)
via localization. Rather, L |5, is isomorphic to any other functor which completes
such a diagram.

By Corollary C.18 and the fact that the localization functor A® — #'® is a map
of frDisk-categories, we have a diagram

my Hom*(C®9,—)
AT At Ch(Vect)pro-fin
loci loci \Lloc
HT T Yectpro-fin-

ms Maps(C®9,—)
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in ¥at,,. This diagram reduces, via a sequence of horn fillings, to provide a diagram

loc Hom* (C® ,m; —
_—

)
AI/SCtpro—fin

loc /VK@(C@g,mf—)

%I

AI

in Gats and a subsequent isomorphism L |5, — Maps (C®9,my—). O

Jﬁ/pro—f’in

Remark 13.6. As is clear from the proof, or more directly from Corollary C.18
in the appendix, each mapping space at fixed = in ¢ is identified with the Hom
complex

Maps (C®9, ) = loc o Hom’ (C®9, ).

pro-fin
So, as an object, this complex is not mysterious. Its behaviors on higher simplices
in J£ represent the only non-trivial point. However, even this higher structure can
be understood concretely if one adopts any explicit construction of the homotopy
oo-category.

13.5. Restricting to locally finite complexes. We are interested in producing
a version of the field theory L which takes values in Yect, rather than in the
pro-finite completion Yectpro-rin. 1t is relatively clear that the restriction of L
to the subcategory of bordisms with locally finite labels has the desired property.
We argue the point explicitly below.

Take # = # (A") for a ribbon tensor category A% and consider the corre-
sponding frDisk-category #® — frDisk® from Section 12.4. Let Jf/lfcm cx*
be the full subcategories spanned by complexes which are isomorphic (homotopic)

to complexes in the full subcategories % * (Aj?m) in #~(AY) and %*(A;?m_fm),

respectively. Define now Jf/l_%m C #® as the full subcategory whose fibers along
various t = (Z, ) in frDisk® are the pullbacks

('%/l%”m)t ‘%/lzfzn (39)
‘%/l'@) ~ %/I’

P!

as in Section 6.5.
Since locally finite complexes are stable under tensoring and duality, Proposition
6.11 tells us that e/“i/l%’cm is a frDisk-category, in the expected way.

Lemma 13.7. The map Jéj‘%m — frDisk® inherited from H#® via restriction is
a cocartesian fibration which gives Ji/l@]’cm the structure of frDisk®-category, and
the inclusion jifl‘%cm — ' ® is a frDisk-monoidal functor.
For any complex z in ¢+ (A?m) the linear mapping space Maps y (C®9, 1)
2 A pro-fin
lies in the symmetric subcategory Vect?:fin in Yectpro-fin. Since the inclusion

”Vect?_'fm — Yectpro-sin is fully faithful, the corresponding map of symmetric
monoidal co-categories
(“//ect?_'fm)® — Yect®

pro-fin
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is also fully faithful [Ker, 01VB]. So, since all objects in ji/lifm are isomorphic to
an object in in(A]?m), the entire restricted TQFT

L%{|(Bord:’;%_fm)®
admits a unique symmetric monoidal lift to the co-category of locally finite, bounded
below, homotopical vector spaces

+
(Vect] ;)%
A - 7 \
®
(Bordf}%_fm)® = Vect o fin:
K

Via a consideration of the symmetric monoidal embedding ”//ect;_rfm — Vect, we
observe the following.

Proposition 13.8. Let AV be a finite modular tensor category and Ji/z@}m —
frDisk® be the associated frDisk-category of partially bounded, locally finite cochains.

There is a symmetric monoidal functor

Lo 4+ Bordlyg | — Vect

which is obtained from Ly via restriction. Furthermore, for any connected genus

g surface X with marking set L, and embedding f : D x T — D to a positively
colored disk, there is a natural isomorphism

L g (E-) = Maps_ (C®9,m;—)
of functors from Jflzfm & (Bord%_fm)g( to Vect.

Proof. To ease notation we take J¢in = l-;m and Yect tin = ”//ect;:fin. The
only issue is the identification of the state spaces. First, via the action of Ch™ (Vect f;,,)
on Ch™ (A}?m) we obtain a natural action of ¥ect,. ¢;,, on the homotopy co-category

- pin via localization (Proposition C.14). From the inner-Homs for Ch+(A?m),
which are just given by the Hom-complexes, we also obtain inner-Homs for J_¢;,,
via localization (Proposition C.17). In particular, the inner-Homs for %7, agree
with those of the ambient category ... fin of pro-finite complexes,

Maps . = Maps

|

Hpro-pin | Epin X Hi-fin*

Similarly, we have the inclusion % t;,, — # = # (AY), inner-Homs Maps . for
the action of Yect on JZ, and an identification of inner-Homs

Maps%ﬁn = Maps%\%fﬁxl/lifm,

so that we may write Maps%,l_fm (C®9 ms—) = Mapsk%/(C@, mf—)|(xl® O

_f,',-,,,)I :

Remark 13.9. One can (easily) show that the theory L; . is the unique one
obtained from Lga, ., = LA|BOFdZ§ p via localization.
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14. ADJOINTS AND KAN EXTENSION OVER A BASE

nc

From our theory L : Bordy — 7Yectpro-fin for the homotopy oco-category we
can produce a theory Lg : Bordg — Vectpro.pin for the derived oo-category as
well. We proceed, in particular, via a Kan extension along the localization functor
Bord”; — Bordy'. In order to control this extension to a sufficient degree—for
example, in order to calculate the state spaces in Ly—we want to understand what
such a Kan extension actually looks like.

In this section we give a general presentation of relative Kan extension, and
relative adjoints for fibrations over a fixed base. We employ relative constructions
in order to account for behaviors of monoidal structures under Kan extension, for
example.

Remark 14.1. There is a more complicated notion of operadic Kan extension [57,
Definition 3.1.2.2]. For our purposes, we expect that one can employ operadic Kan
extension instead of relative Kan extension, and obtain the same output. So the
distinction is not a deep one for us, and the reader might consult [57, Section 3.1.2]
for an alternate point of view.

14.1. Relative adjoints.

Definition 14.2. We say a functor between isofibrations

and a transformation € : GF — idy in Fung(%,%) which exhibits G as right
adjoint to F, in the non-relative sense of the term [Ker, 02EJ].

We note that this notion is symmetric with respect to units and counits.

Lemma 14.3. If F : € — & is a functor between isofibrations over a given base
T, and G : & — € is a right adjoint relative to T with corresponding counit
€ : GF — idg, then there is a unit transformation u : ide — FG which lies in
Funz(&,8&).

Proof. Let ¢: ¢ — 7 and p: & — 7 be the structure maps and let v/ : FG — ide
be any choice of unit. We have the diagram

GFG
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in Fun(&,¢) which provides a diagram
p

P(H// Y

_
p = p

after applying q. So we see p(u') is isomorphic to the identity on p in the functor
category Fun(A'l x &,.7). Since the map
Py Fun(A! x £,8) — Fun(0A* x &, &) X Fun(0A1 x &, 7) Fun(A' x &,.7)  (40)

is an isofibration [Ker, 01F1] we can find a diagram

FG s FG (41)

| )

ide —a ide
K2

in Fun(&’, &) which maps to the paired diagrams

id

FG——FG p——=p
and P(U')T//Tid

under (40). The transformation v : ide — F'G in (41) provides the requisite unit
transformation. O

Since the unit and counit transformations have constant projections to the base,
we can pull back along any map #Z — 7 to obtain an adjunction over Z from any
adjunction over 7.

Proposition 14.4 ([57, Proposition 7.3.2.5]). Suppose a map between isofibrations
r &
g
admits a right adjoint G : & — € relative to 7. Then for any functor Z — 7 the
pullback

¢

G%:%Xycg)—)gx(gcg
is a right adjoint to Fgp relative to Z.

As for the existence of such adjunctions, we have a convenient reduction to the
fibers in the cocartesian case.

Proposition 14.5 ([57, Proposition 7.3.2.6]). A map between cocartesian fibrations

¢ a &

NS

T
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admits a right adjoint relative to 7 if and only if, for each t in 7, the fiber
F; : € — & admits a right adjoint.

14.2. Adjoints and (relative) Kan extension. Let [ : ¥ — %’ be a functor
between oo-categories. We recall that a left Kan extension for a functor F': € — &,
along I, is the choice of a functor F’ : ¥’ — & and transformation « : F' — F']
which realizes, at each z in €”, the value F’'(x) as a colimit of the diagram

forget 7 L F

©)s Ny

(See [Ker, 02Y7].) Here %), is the relative overcategory
%/m = X (g/lw,

i.e. the oco-category which parametrizes objects T in % equipped with a specified
map (%) — .

The following is standard in 1-category theory, and should be well-known in the
oo-categorical setting as well.

Lemma 14.6. Let | : € — €' be any functor which admitis a right adjoint R :
€' — €. Then any functor F : € — & admits a left Kan extension along I, and
this Kan extension can be calculated as the composite F' = FR : €' — & along
with the shifted unit transformation F(u) : F — F'I.

Proof. At each z in ¥’ we have the transformation

F’(can
(% )

Fly,, ™8 Flilq, F'(z) (42)

in Fun(%),, &), where I'(z) is the constant diagram of value F(z). The transfor-

mation F'l|z,, — F'(x) is obtained as follows: We have the coslice equivalence

e = € Xpun({0y.¢7) FUn(AY, €") Xpun((1y e {2}

[Ker, 02GH] which specifies, and is specified by the choice of a canonical transfor-
mation
can : * — Fun(A' x 6),,¢")

with cang = l|<g/z and can; = z. Rather, the coslice equivalence chooses a
transformation can : I, — z, and we apply F’ to obtain the transformation
F'(can) : F'll¢,, — F'(z). All we need to know about this transformation is
that it evaluates at each object tz = (#,t : I(Z) — x) in €, to the chosen map
cang, =t :l(x) — .

To say that F’ is a left Kan extension for F' along [ is, by definition, to say that
the transformation (42) realizes F”(z) as a colimit for the diagram F|,,, for each

x in ¢”. Let us denote the transformation (42) by canf” and argue this point.

Since the functor | admits a right adjoint R : ¢’ — %, the counit map ¢, :
IR(z) — = is a terminal object (R(z),e,) in the relative overcategory ¢, [Ker,
02J9, 038S]. Hence the transformation can’’ realizes F’(z) as a colimit of the given
diagram if and only if its restriction along the inclusion (R(z), ;) : ¥ — %/, realizes
F'(z) as a colimit for the trivial diagram FR(z) : x — & [Ker, 02XW]. But now
we simply observe

(canf) (poc.y = (FR(x) Flune) ppir(r) TS FR(Q:)) .
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By the definition of a unit and counit for an adjunction [Ker, 02EJ] this composite is
isomorphic to the identity, and in particular an isomorphism. Hence can? l(Rae.)
is a colimit diagram, canl realizes all F'(x) as a colimit for the corresponding
diagram F'

%> and F' " is realized as a left Kan extension for F. O

As with adjoints, we are interested in a relative notion of Kan extension.

Definition 14.7. Consider a partial diagram of isofibrations

A left Kan extension F’ : ¥’ — & of F along [ is said to be a relative left Kan
extension over 7 if F’ is a map over .7 and if the given transformation o : F' — F'l
satisfies p(a) = id,.

We obtain immediately a relative version of Lemma 14.6.

Lemma 14.8. Consider isofibrations ¢ : ¢ — 7 and ¢ : €' — 7. If1: € — €'
admits a right adjoint over 7 then any functor F : € — & over T admits a left
Kan extension over . In particular, for such a right adjoint {R,e}, any choice
u:idy — Rl of a unit over T provides a left Kan extension {FR, F(u)} over 7.

Remark 14.9. We expect that one can establish the existence of relative Kan
extensions, in the cocartesian setting, by checking at the fibers (cf. [56, Proposition
4.3.3.10]). However, we have no need for such a result.

14.3. Homotopy vs. derived oo-categories. We consider a standard example
concerning the construction of the derived oo-category from the homotopy oco-
category, via reflective localization.

Consider a finitely generated linear abelian category A%, in the precise sense
of Definition C.8, and its homotopy oco-category .# = #(A¥). Suppose also
that A” has enough projectives, so that .# has enough K-projective complexes.
Explicitly, we assume that each complex x admits a quasi-isomorphism P — x from
a complexes P for which the functor Hom" (P, —) preserves quasi-isomorphisms, and
hence for which the inner-Hom functor Maps v (P, —) preserves quasi-isomorphisms.
See for example [48, Theorems 2.3, 2.6] or [25, Lemma 13.3].

Dually, the oo-category Hpro-fin = A (A;?ro-fin
We take

) admits enough K-injectives.

Inj # = = (Proj #)° and Inj# " = Inj #pro fin
the full subcategories spanned by K-injectives in £~ = # (AY)°P and #+ =
H (Ao)pm_ fin, Tespectively. We note that isomorphisms in these subcategories,
which are homotopy equivalences, agree precisely with quasi-isomorphisms, and
the statement that we have enough K-projectives is precisely the statement that
the full subcategories
Inj ¥ * C ™
are reflective [Ker, 01F5]. We therefore obtain the following.
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Lemma 14.10. Let AV be a finitely generated linear abelian category with enough
projectives, and take #* one of A (AY)°P or %(Agm_fm). The fully faithful
inclusion R* : Inj #* — #* admits a left adjoint

l: T 5 Injor™.
Furthermore, this left adjoint realizes Inj #* as a localization of #* along the
class of quasi-isomorphisms.

Proof. Given the above analysis, this is an immediate consequence of reflective
localization. See in particular [Ker, 02FA, 02FE, 04JL]. |

Uniqueness for localizations now gives the following.

Corollary 14.11. Let AY be a finitely generated linear abelian category with enough
projectives, and let 9% = Jf/i[Qiso*l} denote one of the derived oco-categories

D~ = D(AV)P or 9T = @(Afm_fm). The following hold:

(1) The localization functorloc : #*+ — 2% admits a fully faithful right adjoint
R* . 9% - x+.

(2) For each x in H'*, the unit transformation u, : * — R* oloc(x) is a
quasi-isomorphism, and for each y in PF the counit transformation €y :
loc o R*(y) — vy is an isomorphism.

(3) The right adjoint R* is an equivalence onto the full subcategory Inj. ¢+
spanned by K -injectives in .

(4) The localization functor restricts to an equivalence Inj #+ = 9%,

Let us suppose now that AV is a finite ribbon tensor category and consider
the corresponding cocartesian fibration ¢ : #® — frDisk® for the homotopy
oo-category (see Section 12.4). We consider the full subcategories Inj.# * and, as
in Section 6.5, and the associated full symmetric monoidal subcategory Inj ¢ ® in
K ® whose fibers, along objects t = (Z, ) in frDisk®, fit into pullback squares

Inj %% Inj ¥
A AT

P!

We have the following particular instance of Lemma 6.9.

Lemma 14.12. Let AV be a finite ribbon tensor category. The subcategory Inj 2 ®
of K-injective complexes is a symmetric monoidal oco-category, and the inclusion
Inj #® — #® is a symmetric monoidal functor. Furthermore, Inj # ® is stable
under isomorphism in H®.

As a consequence of isoclosure we see that the structure map #® — frDisk®
restricts to an isofibration Inj . #® — frDisk®.

Proposition 14.13. Suppose A is a finite ribbon tensor category. Forq: #® —
frDisk® and ¢ : 2° — frDisk® the corresponding cocartesian fibration for the
homotopy and derived oco-categories, the following hold:
(1) The (vertical) localization functor loc : #'® — 9% admits a relative right
adjoint R: 2% — #® over frDisk®.
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(2) The right adjoint R is fully faithful, and an equivalence onto the full sub-
category Inj #® C ' spanned by K-injectives.

(3) The localization functor loc : H® — D% restricts to an equivalence of
isofibrations Inj #® = 99,

Proof. (1) Over any object (Z, u) the fiber of localization reproduces the localization
functor

loct : #t = 97,
by Proposition 12.1, and each fiber loc admits a fully faithful right adjoint RZ :
2T — #T by Corollary 14.11. Hence loc admits a right adjoint R : 2% — #©
over frDisk®, by Proposition 14.5.

(2) & (3) By Proposition 14.4 the fiber of R over any (Z, 1) recovers the right ad-
joint R to the localization functor locI, and we know that this functor has image in
the full subcategory Inj . #Z by Corollary 14.11 (3). Furthermore, again after reduc-
ing to the fibers, the same result tells us that the unit and counit transformations
provide natural isomorphisms

x> Roloc(z) and loco R(y) =y

whenever z is in Inj #® and y is in 2%. However, the unit and counits for the
fibers R and loc? are just obtained from the unit and counit transformations for R
and [oc. In particular, these transformations realize R and loc|i,j »e as mutually
inverse equivalences over frDisk®. ([l

Corollary 14.14. Suppose we are in the situation of Proposition 14.13. The struc-
ture map #'® — frDisk® restricts to a cocartesian fibration Inj # ® — frDisk®.
Furthermore, the right adjoint R : 2% — ' ® to localization is a fully faithful sym-
metric monoidal functor which restricts to an equivalence of cocartesian fibration
2% — Inj # ©.

Proof. The first and third claims follow by [Ker, 028A], and the second claim fol-
lows, subsequently, from the fact that the right adjoint factors as a composite

2% S InjH® — #®
of an equivalence of cocartesian fibrations composed with an inclusion of symmetric
monoidal co-categories. O

Remark 14.15. Since K-injective complexes are stable under tensoring, in the
complete setting, the only thing that is stopping the inclusion Inj . #® — J#© from
being a map of cocartesian fibrations over frDisk® is the unit. Specifically, the
unit in the category of K-injectives is provided by an injective resolution I of the
unit in J#*, so that the inclusion does not preserve unit object. See Lemma 15.6
below.

Corollary 14.16. Suppose A is a finite ribbon tensor category. Then for any
functor 7 — frDisk®, any oo-category & over 7, and any map F : T X frDisk®
H® — & of co-categories over 7, a relative left Kan extension

F/ : ﬂ Xf7'Disk® .@® — &

along locy : T X ,piske £ © = T X p.piske P exists. This extension is explicitly
given by the composite F' = FR .

Proof. Apply Proposition 14.13 and Lemma 14.8. (]
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14.4. Uniqueness of Kan extension over a discrete base. We consider the
following particular expression of the universal property for Kan extensions.

Proposition 14.17. Consider functors F : € — & and | : € — €'. For any left
Kan extension F' : €' — &, the structural transformation o : F' — F'l realizes '
as an initial object in the relative undercategory

Fun(¢”, &) r) = Fun(¢’, &) Xpun(e,6) Fun(€, &) p,.

Proof. For any choice of functor G : ¥’ — &, the usual universal property for Kan
extensions tells us that the sequence

" —oa
HFun((E’,eﬁa) (Fl, G) - HFun(‘g,éa) (F/la Gl) - HFun(%,é’) (F7 GZ)

is a homotopy equivalence [Ker, 0309]. (Here the H, are arbitrary choices of Hom
functors [Ker, 03MR].) When we choose G = F”, this functor sends the identity
idp to a. We therefore have a natural isomorphism

HFun(%”’,é”) (F/u _) = HFun(‘ﬁ,éa)(Fa _l)

of functors from Fun(%”, &) to #an and subsequent equivalence between the cor-
responding cocartesian fibrations

Fun(¢’, &) g/ = Fun(¢”, &) Xpun(¢,¢) Fan(€, &) gy
Fun(¥¢”, &)

[Ker, 02GT, 01QC] which sends the object idps to (F’,«). Since idp: is initial in
Fun(¢”, &) pr ) [Ker, 02J2], a is initial in the given fiber product. O

This universality statement directly implies uniqueness of Kan extensions over a
discrete base.

Proposition 14.18. Let Z be a discrete category, and consider a partial diagram

(43)

of maps between cocartesian fibrations over Z. Suppose also that one of the following
conditions hold:

i) For each ' in €' the relative overcategory €y is nonempty.
ii) & has no initial object.
ili) & admits an initial object o for which Autz(p(o)) = 1.

If a left Kan extension of F' over Z exists, then this extension is uniquely determined
up to a contractible spaces of choices. In particular, the full subcategory

LHan(F;Z) C Fung (€', &) Xpuny, (v,6) Fanz(€,8) gy

spanned by left Kan extensions over Z is a contractible Kan complez.
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Proof. Consider two oco-categories over Z, q; : %; — Z. Since Z is discrete, the
subcomplex
Funz(e%o,%l) Q Fun(%o,ﬂl)

is the subcategory spanned by all functors over Z and all transformations ¢ : F —
F’ between such functors for which ¢1(¢) : go — ¢o is the identity. Furthermore,
transformations in Funy (%, %) satisty the 2-of-3 property in that for any diagram

F/
V&
F

in which two of the ¢; are in Funz (%, %), the third transformation is also in
Funz(%o, %1)

Considering now the situation (43). If we have two left Kan extensions over Z,
say Fy, Fy : €' — & with transformations a; : F — F;l, then the universal property
of Kan extensions promises the existence of a natural isomorphism ¢ : Fy — F

which completes a diagram

F—>F1

F//

Since the «; are transformations over Z we conclude that ([ is a transformation
over Z as well, and hence that ( itself is a transformation over Z.

To see this clearly, we consider an object ' in ¥’ and the corresponding map
p(Cw) s ¢ (") = ¢/ (2). If 2/ admits a map ¢ : [(z) — 2’ from some z in € then, via
cocartesianness of ¢ and ¢’ and the fact that [ is a map of cocartesian fibrations,
we can assume that = and t lie in a single fiber over Z, i.e. that ¢(x) = ¢/(2’) and
q'(t) = idg 5y In this case, we have p((;(z)) = idy() and the diagram

¢ (1) =T )

Q'(t)—idl iq’(t)_ld
)

/ / / !/
(@) —
in Z implies p({,/) = id.

On the other hand, if 2’ admits no maps from an object of the form I(z) then
Fo(z) and Fy(x) are both colimits over the empty diagram %, — &, and are hence
initial objects in & which lie in the same fiber over Z. In this case assumption (iii)
must hold, which forces p((zr) = idy (2)-

Let us take now

I, = Funz(%/,@@) XFuny (€,&) Funz(%, éa)F/
and
II = Fun(%’, &) X Fun(#,6) Fun(¢, &) py.

We note that IIz includes into II as the subcategory spanned by functors and
transformations over Z. The above arguments tell us that any map ¢ : {Fo, a0} —
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{F1, 01} between left Kan extensions over Z in II is a map in IIz. So we see that
the full subcategory

LXan(F;Z) C 11
spanned by left Kan extensions over Z, all of which are initial in IT by Proposition
14.17, already lies in ITz. Since the full subcategory spanned by initial objects in any
oo-category is contractible-provided it’s not empty—we conclude that Z#an(F; Z)
is a contractible full subcategory in II. O

Remark 14.19. Naive versions of Proposition 14.18 do not hold when the base
Z is allowed to be an oo-category. Also, one can check in examples that some
hypotheses are needed in order to establish uniqueness for relative Kan extensions.

As an example we can consider the case of a discrete operad. When Z is an
oo-operad and p : & — Z is a map of oco-operads, then one of the conditions (ii)
or (iii) must hold. In particular, if & has an initial object that object lies in the
contractible fiber &) over the empty set in Fin,. Such an object maps to an object
in Zy, and contractibility of this discrete category implies that all automorphism
groups of objects in Z are trivial.

Corollary 14.20. Suppose that we have a partial diagram of cocartesian fibrations
as in (43), with Z discrete. Suppose also that Z is an cc-operad and thatp : & — Z
is a map of co-operads. If a Kan extension F' : €' — & over Z exists, then this
extension is unique up to a contractible space of choices.

Our main example of interest here is Z = Fin,, though Corollary 14.20 applies
to other operads as well, including those that control associative monoidal oo-
categories and module co-categories over (symmetric) monoidal co-categories.

Considering the case where the functor F': € — & is the identity on %, in the
statement of Proposition 14.18, we obtain the following.

Corollary 14.21. If a map of cocartesian fibrations over a discrete base Z admits
a relative right adjoint over Z, then this adjoint is unique up to a contractible space
of choices.

Proof. Given such a relative right adjoint G' to | we only note that condition (i)
holds, as we always have the object {G(z'),e, : IG(2") = o'} in €. O

Definition 14.22. Given a situation as in the statement of Proposition 14.18, we
denote the relative left Kan extension of F': 4 — & along [ : € — ¢, if it exists,
by Lan (F;Z) : €' — &.

When no confusion will arise we drop the subscript I, and write simply Lan(F’; Z)
for Lan,(F'; Z).
15. DERIVING LRT AT THE 0o-CATEGORICAL LEVEL

For a finite modular tensor category AY with derived oo-category 2 = 2(A°),
we construct a topological field theory

Ly : Bordy — Yectpro-fin

from the 3-dimensional anomalous bordism category with labels in 2. This theory
is constructed by taking a Kan extension of the homotopical theory L along the
localization functor Bordy — Bordy,’. We then apply results from Section 14 and
Appendix C to calculate the state spaces for Ly via maps in 2.
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We show that the restriction Lg,,, of Ly to the full subcategory Bordg,, —of
bordisms with rigid labels defines a field theory which is valued in Yect, rather
than Yectpro-fin. Finally we show that the cohomology of this theory recovers the
original abelian theory from De Renzi et al. [22],

HO (L@fm

Bord"e, ) = Original Lyubashenko theory L A%,

Afin in
The theory Lg,,, can therefore be viewed as a derivation of the original abelian
Lyubashenko theory from [22], or conversely, we can view the abelian theory as a
homological truncation of a fundamentally derived theory Lg;,,, .

15.1. Derived LRT theories.

Theorem 15.1. Consider a finite modular tensor category AV, and let #® —
frDisk® and 2% — frDisk® be the corresponding frDisk-categories for the ho-
motopy and derived co-categories of unbounded cochains (see Section 12.]). The
symmetric monoidal functor Ly : Bord’, — Vectpro-pin from Proposition 13.3
admits a left Kan extension

Lo : Bordy — Yectpro-fin
and this Kan extension admits a canonical symmetric monoidal structure.

Let us expand on the above statement in order to clarify the point about sym-
metric monoidality. We have the symmetric monoidal functor loc® : (Bord)® —
(Bord%)® induced by the localization functors #* — %% on the marking cate-
gories (see Section 12.4, Proposition 12.6). As these localization functors from % *
admit right adjoints, the corresponding localization functor for bordisms admits a
relative right adjoint

R® : (Bord%)® — (Bord’)®
over (Bord}¢)®, and this right adjoint recovers the right adjoints on the marking
categories #'T = (Bord%,)gC and 27 = (Bord9)s . over each marked surface %
in Bord, C (Bord.)® (Propositions 14.5, 14.4).

Now, given that we have such a right adjoint, relative left Kan extensions along
arbitrary functors F : (Bordy)® — & over (Bord,)® exist, by (Corollary 14.16).
Furthermore, all such extensions are obtained via precomposition with R®. In
particular, we have the relative left Kan extension

LY = Lanj,ee (LG,; (Bordl€)®) = L%, o R® : (44)
(Bord%)® — Vectffm_fm.
We also understand that the fiber of LY along the inclusion Bord}® — (Bord]¢)®
recovers the left Kan extension Lg of the underlying functor L : Bord —
Vectpro-fin along localization. We are claiming, in the statement of Theorem 15.1,
that the map L% is a map of cocartesian fibrations over Fin,, i.e. that it is a
symmetric monoidal functor.
Proof of Theorem 15.1. Since the map L%, : (Bord )% — “//ectf?m_fm is symmet-
ric monoidal it suffices to establish symmetric monoidality of the right adjoint
R?® : (Bord%)® — (Bord’})®. However, this point is apparent, though we take a
moment to account for the details.
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In the notation of Proposition 14.4, R® = R(Bora,)® is the unique functor which
completes a strictly commuting diagram

(Bordz,)® 784
~ R
~ N \\
(Bord’y)® H®
(Bord?©)® frDisk®.

By Corollary 14.14 the functor R is symmetric monoidal, and the two projections
(Bord®)® < (Bord%)® — 2%

are symmetric monoidal functors as well. Furthermore, by Proposition 4.15, the
cocartesian edges in (Bord’)®, as a fibration over Fin,, are precisely those edges
which have cocartesian image in both #® and (Bord}“)®. From these two points
it follows immediately that the completing map R® : (Bordz)® — (Bord’)® is a
map of cocartesian fibrations over Fin,, i.e. a symmetric monoidal functor. [

Remark 15.2. As far as uniqueness, Lg is uniquely determined as a map in
%ats. The author cannot determine if Ly is uniquely determined as a functor
over Bord”¢. In any case, having specified Ly, the symmetric monoidal structure
is uniquely determined up to a contractible space of choices by Corollary 14.21.

Definition 15.3. Given a finite modular tensor category AV, we refer to the sym-
metric monoidal functor

Ly : Bordy, — Yectpro-fin
from Theorem 15.1 as the derived LRT theory for 2 = 2(A").

15.2. Restriction to the finite derived category. For a modular tensor cate-
gory AY we consider the full subcategory .@Jgn spanned by those complexes with
bounded, finite length cohomology in 2®. More precisely, as in Section 13.5, the
fibers in this co-category over objects t = (Z, ) in frDisk® are the pullbacks

(D)t = Din
28 ~ 7.

By Proposition 6.11, @;?;n is a frDisk-subcategory in 2.

Theorem 15.4. Let AV be a finite modular tensor category, and .@}X;n — frDisk®
be the associated frDisk-category of complexes with finite cohomology. There is a
Vect-valued topological field theory

Lo,,, : Bordy, — Vect

which is obtained from Lg wvia restriction.
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Proof. We have the symmetric monoidal functor Ly ,,, : Bordy, , =—— Vect of
Proposition 13.8, which is obtained from L via restriction and a change of the
target category according to the pair of fully faithful embeddings

YVectpro-fin "I/ectl"_’fm — Yect.

Since the right adjoint R : 2% — #® restricted to 77, has image in J¢%,,, the
explicit expression Ly = L » R gives an identification of "//ectl"_’fm—valued functors
L@'Bord%‘”fm = LJﬁ/R'Bord@fm = Llfz.fmR|Bo1rd_@f,m .

After embedding into Yect, we obtain the proposed symmetric monoidal functor
Lg,,, = L%’z.me|Bord@fm : Bord%cfm — YVect.
O
15.3. Calculation of the state spaces.

Proposition 15.5. Let X be a connected genus g surface with markings ¢ : D x
T — 3. For any embedding f : D x T — D into a positively colored disk there is a
natural isomorphism
Lg(%-) = Maps_ (C®9,ms—)
of functors from the fiber 9T = (Bordy)s, to Vectyro-fin-
Before proving Proposition 15.5 we establish a helpful lemma.

Lemma 15.6. Let A¥ be a finite ribbon tensor category, and consider the subcat-
eqory frDisk;@urj in frDisk® spanned by all objects and all morphisms f : T — J
whose corresponding disk embedding f : D x Ly — D x J is surjective on connected
components. The inclusion Inj #® — ¢ pulls back to a map of cocartesian

fibrations

f?"DiSk® Xf'r’DiSk® Il’lJ e%/®

suryj

fTDiSk® XfrDisk® c%/® (45)

suryj

\/

frDisk$,, ;
Proof. For any map f : (Z,u) — (J,v) in frDisk?urj, Lemma 6.12 tells us that
the corresponding transport functor

fr:1Inj Jf/(%ﬂ) — Inj 1/(?,”)

is expressible as a composite of duality functors and product functors. Since the
subcategories Inj.#* are identified under duality, by construction, we see that
the subcategory Inj.#® C J#® is stable under transport if and only if objects in
Inj #* are stable under the respective product functors on J#*. Since Inj #® is
full in #® and stable under isomorphism, stability under transport is equivalent
to the claim that any cocartesian edge a : # — y from an object in Inj.#™® also
has y in Inj ¢ ®.

Considering Inj %~ = (Proj #)°?, and the duality equivalence with Inj %o fin,
it suffices to show that a product P® P’ of two K-projectives remains K-projective.
For this we observe the formula

Hom’ (P ® P’,y) = Hom’ (P, Hom(P',y))
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via inner-Homs for the action of A = Ch(AY) on itself, and note that the functor
Hom(P’, —) sends acyclic complexes to acyclic complexes. For this latter point one
can consider a finite projective generator G in AY and note the formula

Hom’ (G,Hom(P’, —)) = Hom’% (G ® P’,—) = Hom’, (P',G* @ —).

The left hand functor preserves acyclics if and only if Hom(P’, —) preserved acyclics,
and the right hand functor preserves acyclics via exactness of the action functor
G* ® — and K-projectivity of P’. O

We return to our analysis of the state spaces in derived LRT theory.

Proof of Proposition 15.5. By our construction via the right adjoint we have
Ly(2-) = Ly (Yr-) = Maps , (C®,ms(R-)),

where the equivalence with inner-Homs comes from Proposition 13.5. We also note
that the map f : DxZ — D in this case is in the subcategory frDiskg,,; C frDisk.

By Corollary 14.14 and Lemma 15.6 the symmetric monoidal functor R : 2% —
J® restricts to a map of cocartesian fibrations

fTDiSk® XfTDiSk® @® — f’I"DiSk® Xf’rDisk® %®

suryj suryj

over frDisk?urj, so that there is a natural isomorphism m ;R = Rm ¢- This gives
an equivalence
~ ®
Ly(X-) = Maps (C®9, Rmy—) .
By the calculation of inner-Homs for the derived oo-category provided in Proposi-
tion C.24, we have Maps_ (loc—,—) = Maps%(f, R—), so that finally

Lyp(Xo) S Maps@(C@g,mff).
(]

15.4. Recovering discrete LRT at the heart. Consider the full subcategory
(@@m)@, in @®m spanned by complexes with cohomology concentrated in degree 0.
This is a frDisk-category by Proposition 6.11, the inclusion (Qfm)@ — 9% is a
frDisk-monoidal functor, and the sequence

(AV)® = A® — 9%
induces an equivalence (A?)® = (27, )® [Ker, 0288]. Hence we obtain a symmetric

monoidal equivalence Bord’}s = Bordyo . We therefore have two field theories
fin

Lyo =La |Bord2%7 and L@?m = L@fm Bord”‘? )
the first of which is valued in the full symmetric monoidal subcategory Vect C
Ch(Vect) and, via the identification of the state spaces in Proposition 15.5, the
second field theory is (up to natural isomorphism) valued in the full subcategory
VectZ? of coconnective cochains.

Now, the 0-th cohomology functor H? : ¥ect=? — Vect admits a natural sym-
metric monoidal structure, which one can realizes via localization for example. We

therefore have the Vect-valued symmetric monoidal functor

H°L,o : Bordpy:
fin

o — Vect.
@fin

We compare this cohomological LRT theory to the original Lyubashenko theory
from [22]. As a preliminary point, however, we record the following.
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Lemma 15.7. A transformation

<

Al x G2

m%

Fin,

42

between symmetric monoidal functors Fy and Fy is a natural isomorphism if and
only if, for each x in the underlying co-category %y, ¢ evaluates to an isomorphism
QE : Fo(x) — F1<.’17) m «%-

Proof. As in the statement, we take Fy = (|{oy and I} = (|;1}. For an object z in

a general fiber (45°); we have that ¢, is an isomorphism if and only if the induced
map

(Cz)s = ™o Mapse (y, Fox) — mo Maps,,e (y, Fix)

is an isomorphism at all y. For the inert projections p; : I — {0} we have the
cocartesian lifts p; : © — x; in %@’ which map to cocartesian lifts F.(p;) : Feo —
F.x;, since the F. are symmetric monoidal functors. For each 7 in I, we also have
the diagrams

Fonglx

FO(Pi)l lFl(Pi)

Foaﬁi T> Fl.'lfi.

T

By the factorization property on morphisms for co-operads [57, Definition 2.1.1.10]
we see that the map (, is an isomorphism if and only if all (,, are isomorphisms.
In particular, if we assume that (fo} is a natural isomorphism then ¢, is an isomor-
phism at all z in 4. This is sufficient to show that ( itself is an isomorphism in
the functor category Fun(¥4;°,%4,%) [Ker, 01DK]. We now seek an inverse to ¢ in the
relative functor category Funpy,, (%X’,%‘X’).

The inverse to ¢ in the non-relative functor category is uniquely determined, up
to isomorphism, as the transformation ¢’ : F; — Fy which completes a diagram

Fy (46)

_—

R y Fy.
Since the induced map (q1). : Fun(9,%4?) — Fun(%;°,Fin,) is an inner fibra-
tion [Ker, 01H0], and any isomorphism is therefore both a (g).-cocartesian and
cartesian edge, we can produce a candidate inverse ¢’ to ¢ in Fungiy, (45, %) by
solving the lifting diagram

A} —— Fun(48, ) (47)

A? T> Fun(94y?, Fin..)
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in which the bottom map is constant of value gg. This solution provides a 2-simplex
in the subcategory Fung, (¢45°,%°) which realizes ¢’ as a left inverse to ¢, as a
symmetric monoidal transformation, and one subsequently completes a diagram of
the form

Fo—>F1

N

by solving a lifting problem as in (47) for the horn inclusion A — A3 to see that
(" is a 2-sided inverse to ¢ in Fung, (¥45°,9%). O

Proposition 15.8. For any finite modular tensor category A%, there is a diagram

Bord'} Vect
\ /j?m
Bord@@

fin
n SMs. In particular, there is a natural isomorphism of symmetric monoidal
~ 170
functors Lyo — H L@;vm |Bord o
Proof. We have the symmetric monoidal transformation

® Q@ ~v
LA‘y - L%fm

(Bord”“ ®© — L@C? ‘ Bord", )®

provided by our construction of L@ via Kan extension. Taking cohomology, and

0
noting that the sequence Vect® — ¥ect® %y Vect® is the identity, we obtain
another natural transformation

0.8 .71® 0r®
H «a .LAQ, — H L@zn‘(Borch@)t&

We claim that H%a® is a natural isomorphism.
To test if Ha® is a natural isomorphism, it suffices to check that the underlying
transformation
Hoa : LAU — HOL@?in |B0rdz%

evaluates to an isomorphism at each object ¥, in the underlying oo-category
Bord’j%, by Lemma 15.7. Furthermore, since H% is symmetric monoidal we reduce
to the case where X is connected and, since merging bordisms induce isomorphisms
on state spaces, we reduce further to the case of a surface with a single positive
marking. In this case, for such singly marked X, in Bord}“, we have the localization
functor

l: %ro-fin = (BOI"d&g)g< — -@pro—fin = (BOI‘dZ_}C)E<
with right adjoint R, and the transformation

a:Lyo(3:) = Lx(3:) = L (Zrie) = Lo (X))
is induced by the unit map u; : * — Rl(z) for the adjunction between R and . In

particular, « is obtained by applying the functor L to the bordism %, : ¥, —
Y Ri(e) over idy, with the outgoing disk labeled by the morphism w,.
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As relayed in Corollary 14.11, this object Ri(z) is K-injective and u,, : © — RI(x)
is a quasi-isomorphism. So, after applying the identification of state spaces from
Proposition 15.5, we have

as, = —ou, : Hom 40 (C®Y, ) — Hom’o (C®Y, Ri(z)) = Maps%(C@g, Rl(x)).

(Here we adopt the explicit construction of the homotopy oo-category as the dg
nerve of the dg category of linear cochains.) Taking 0-th cohomology we see that
Has recovers the standard identification

Hom 4o (C%9,2) = EXt%o (C®9, ),

so that all Hay, are isomorphisms and hence H’a® is a natural isomorphism of
symmetric monoidal functors. [

16. DERIVED THEORIES WITH UNIVERSAL SKEINS

We aim to produce, in these final sections, an unmarked field theory
Lp,,, : Bord35 — h Vect (48)

from the marked theory Lg,,, constructed in Section 15. The theory Lp,,, is ob-
tained in two basic movements: We first localize the bordism category Bordg,
along a special class of colored merging bordisms, and produce in this way a sym-
metric monoidal co-category Bordy [@é;m] of bordisms with embedded skein-like
diagrams. We also argue that the derived LRT theory Lg,,, sends all such colored
merging bordisms to isomorphisms in #ectpro- fin, and therefore induces a symmet-
ric monoidal functor from this localization. We clarify these points in the present
section.

Subsequently, in Section 17 we establish an identification between the homotopy
category of localized, trivially marked bordisms h Bord”“[©; 1] and the unmarked

category Bordg’cz, thus yielding the promised theory (48) after restricting along a
unit map Bord}* — Bordg; .

16.1. Special merging bordisms. For any surface ¥ with markings ( : D xZ —
>, and index ¢ in Z, we have the corresponding surface EZ obtained by deleting all
but the i-th marking disk. We also consider the apparent inclusion M Eé : Eé — ¢
given by the 3-manifold ¥ x [0, 1] with the embedded cylinder D x [0,1] — X x [0, 1],
(z,t) — (¢(2,7),t). The reader might recall at this point the notion of a merging
bordism from Section 10.2.

Definition 16.1. For a connected marked surface ¢ : DxZ — ¥ and positive index
i in Z, a merging bordism My : ¥ — Zé in Bord}“ is called special if the identity
on Eé is recovered as a composite idzz =MpoM Eé. For a general marked surface
Y¢, a special merging bordism My : ¥ — X, is a bordism whose components are
each special merging bordisms, or identities.

For a frDisk-category q : &° — frDisk® with corresponding cocartesian fi-
bration ¢’ : Bordz” — Bord}“, a special merging bordism M, : ¥, — X, in Bord"
is a ¢’-cocartesian edge over a special merging bordism in Bord]¢.

Lemma 16.2. Let &2 — frDisk® be a frDisk-category. Consider any object
Y. in BordZ® and positive index i for the underling x-marked surface top(zx) :
D xT — X. Let 3¢ C X be the component of ¥ which contains the image of this
i-th marking disk. There is a special merging bordism M, : ¥, — X, in which the



TQFTS FROM DERIVED QUANTUM GROUP REPRESENTATIONS 99

outgoing surface ¥, is endowed with the single marking top(z); : D — X on the
specified component 3¢ of X.

Proof. Since the forgetful functor Bord%® — Bord[“ is a cocartesian fibration it
suffices to prove the result in the x-marked bordism category. We can assume
further that the surface ¥ is connected. Consider 3¢ in Bord]“ and a positive
index 7. We take an embedding from an auxiliary disk 7 : D — ¥ which contain
all of the markings ( : D x Z — ¥ in its image and view ( as a map into this new
disk ¢ : D x T — D, by intersecting with the image of 7.

Let N be large and consider any smooth function ¢ : [0,1] — R>( which is
constant around 0 and 1, is weakly decreasing, and has values ¢(0) = 1 and ¢(1) =
N~1. We can take a smooth homotopy A : [0,1] x D x T — D which satisfies the
following:

(a) ht: D xZ — D is a smooth embedding at all ¢.
(a) hg = ¢ and h(t,z,i) = ((c(t) - z,4), where 7 is the specified index.
(b) There exists € > 0 for which h(¢,z,5) = h(t,z,j) whenever t,t' < € or
t,t' >1—e
(¢) hi: D xZ — D has image in ((D;).
The corresponding bordism M : ¥¢ — X¢ with M = ¥ x [0,1] and cylinders
f:Dx[0,]]xZ—=Xx[0,1], f(z,t,1):= (h(t,2,4),t)
is a special merging bordism. (See also Proposition A.2.) |

We have the following analog of Lemma 10.4.

Proposition 16.3. Let AY be a modular tensor category and 2% — frDisk® be
the associated frDisk-category for the derived oo-category. Any special merging

bordism M, : ¥, — X, in Bordy,’ evaluates to an isomorphism

L@(Ma) : L@(Ex) = L@(Ey)
in Veclpro-fin-

Proof. We can lift this special merging bordism in Bordg along the equivalence
Bordfy; » — Bordy to a special merging bordism M/, : ¥p — %,/ in Bordi,
at least up to an isomorphism of morphisms. From the natural isomorphism

Lol|soraps , = Lmjx

it now suffices to show that L sends special merging bordisms to isomorphisms.
Now, since the localization functor Bord’}” — Bord’y, is an essentially surjective
map of cocartesian fibrations over Bord]¢, we can furthermore lift special merging
bordisms in Bord”; to Bord'}", again up to isomorphism. We thus reduce further

to proving that the functor
L4 : Bord)® — Yect

sends special merging bordisms to isomorphisms, and via symmetric monoidality
we reduce further to considering such bordisms M : ¥, — ¥, for connected 3.

In the setting of Bord}” we can be very explicit about things. An object X,
in Bord’}® is a surface D x Z — ¥ with complexes x; labeling each disk D;. For
each positive index, x; is a complex in Ch(A;?m_ fm), and for each negative index
r; is a complex in the opposite category Ch(A%)°P. A special merging bordism
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M : ¥; — X, with ¥ connected is either an isomorphism or some non-trivial
merging of markings on X. In the former case it is immediate that L4 (M) is an
isomorphism. So we consider the latter setting.

Such a non-trivial merging bordism M, : ¥, — 3, has the unique outgoing disk
labeled by an isomorphism a4 : my(z) — y. We can write the tuple = as a limit
z =lim, z of objects in A%m giving the product as a limit m(z) = Hm my(zy),
via continuity of my. Via the isomorphism a4 we have a corresponding expression
y = %iLn)\ yx with a4 inducing isomorphisms a4 : mg(zx) = ya. We therefore
have corresponding merging bordisms M, » : ¥, — X, at each A which fit into a
diagram

L(Ma)
La(Se) ————— La(%y)

| |

LA(EI)\) L(Ma ) LA(Z?/)\)'

By Lemma 10.4 the bottom maps L 4 (M, ») are all isomorphisms, and by Propo-
sition 10.6 the vertical maps assemble into an isomorphisms

La() = m Ea(Si) and La(%y) = m La(,)

From this we conclude that L4(M,) is an isomorphism. d

16.2. Color change bordisms.

Definition 16.4. In Bord}“ a color change bordism My : ¥, — 3, is one in which
the following hold:

e The marking set 7’ for ¥, is obtained from the marking set Z for ¥ by
changing some negatively colored indices in Z to positive indices.

e After forgetting the colors, the markings ¢,7: D x I — ¥ agree.

e The bordism My is just ¥ x [0, 1] along with the constant cylinder embed-
ding

[iDx[0,1] xT =X x[0,1], f(z,1,i) = (C(z1),1).

For &% — frDisk® any frDisk-monoidal co-category, a color change bordism in
Bord}‘ is a cocartesian lift M, : ¥, — 3, of a color change bordism in Bord}“.

Lemma 16.5. Let AY be a finite modular tensor category. Any color change
bordism M, : ¥, — X, in Bordy, evaluates to an isomorphism

Lg(Ma) : Lg(E:) = La(Ey)

in Veclpro-fin-

Proof. As in the proof of Proposition 16.3, it suffices to show that the map
La(Ma): La(E:) = La(Ey)

is an isomorphism whenever M, : ¥, — X, is a color change bordism in Bord'}".
Such a bordism has outgoing boundary labeled by isomorphisms «; : ; — y; when
the color of the i-th makings in 3, and X, are the same, and is labeled by an
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isomorphism «; : 5 y; when the colors of the i-th markings differ. Via the limit
expressions

La(Se) = m La(%,,) and La(S,) = lm La(%,,)
A A

we reduce to the case where x and y are finite.

We recall, in the finite setting, that the Ch(Vect)-valued TQFT Ly, is obtained
by applying a symmetric map p : Bord}, — Bord}’, to the “reduced” bordism
category from [20, Section 8.1], then composing with the symmetric monoidal func-
tor Z* : Bordy,, — Ch(Vect) from [20, Theorem 9.3]. The image p(M,) in already
an isomorphism in Bord}} ~so that

La,,, (Ma) = Z*(p(M,))

is an isomorphism in Ch(Vect). Consequently, after applying the localization loc :
Ch(Vect) — Vect, we have that La,, (M) = locLa,, (M,) is an isomorphism in
Yect. O

We are interested in a class of maps which mixes both special merging bordisms
and color change bordisms in Bord%".

Definition 16.6. A colored merging bordism in Bord}“ is a bordism My : ¥ — X,
which decomposes as a disjoint union of special merging bordisms and color change
bordisms. For any frDisk-category &2 — frDisk®, a colored merging bordism in
Bord}‘ is a cocartesian lift M, : ¥, — X, of a colored merging bordism in Bord}*
along the fibration Bords® — Bord}°.

16.3. Inverting colored merging bordisms.

Definition 16.7. For any frDisk-monoidal co-category &% — frDisk®, let 4 C
Bord%°[1] be the collection of colored merging bordisms.

Theorem 16.8. Let &% — frDisk® be a frDisk-category. There is a unique sym-
metric monoidal structure Bord}°[©,']® — Fin, on the localization Bord°[0 ]

for which the following hold:
(1) The localization functor Bord2® — Bord%°[© '] lifts to a symmetric monoidal
functor loc : (Bord2")® — Bord2[0,']%.
(2) For any symmetric monoidal co-category 9% — Fin,, restriction provides
a fully faithful functor

loc* : Funf, (Bord%°[0']%,9%) — Funfs, ((Bord%)®,9%)
which is an equivalence onto the full subcategory spanned by those symmetric

monoidal functors F® for which the underlying map F : Bord}® — ¢ sends
each morphism in Og to an isomorphism in 4.

Ultimately, we obtain the symmetric monoidal co-category Bord%°[©,']% via a
vertical localization procedure (see Lemma 12.8). We give the proof of Theorem
16.8 in Section 16.5 below. For now, let us record an immediate consequence.

Corollary 16.9. For a finite modular tensor category AV, with corresponding de-
rived oco-category 9, the derived LRT theory Ly : Bordg — Vect localizes to a
symmetric monoidal functor

L Bord%c[@él] — Vectpro-fin-
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Proof. By Proposition 16.3 and Lemma 16.5 the functor Ly sends the class Og
into the class of isomorphisms in ¥ectyrofin. So the result follows by Theorem
16.8. O

16.4. Describing the localization via “coarse skeins”. Let &2 — frDisk®
be an arbitrary frDisk-category. We note that the forgetful functor Bordz® —
Bordz to the unlabeled (anomalous) bordism category sends all colored merging
bordisms to the identity, and thus localizes to provide a symmetric monoidal functor
Bord’[©;'] — Bord}%. So the localization is some kind of decorated bordism
category.

The objects in the localization are still marked surfaces—or at least, they can be
taken to be marked surfaces—but morphisms are now bordisms M : ¥ — ¥/ with
a kind of “coarse wiring diagram” which is comprised of cylinders merging and
splitting in M.

......

The interfaces of these cylinders are labeled by morphisms from products of objects
in &%, so that one can imagine them as skein diagrams. Indeed, if one has some
notion of a bordism category SkBord}® with “skeins labeled by &” then we expect
a symmetric monoidal functor Bord%® — SkBordz® which inverts colored merging

bordisms, and hence expect a canonical map from the localization
Bord%‘[©,'] — SkBord}" .

We leave it to the interested reader to explore the relation between the localization

Bord A%, [@;%n] and the skein bordism category for a ribbon category AY, in the
discrete setting.

From the above perspective, Corollary 16.9 says that the LRT theory for the
derived oo-category Z(AY) can be taken as a theory from a category of bordisms
with “coarse 2(AY)-labeled skeins” as above (cf. [22, 10, 15, 14]).

16.5. Proving Theorem 16.8.
Lemma 16.10. Given a map of cocartesian fibrations
4 ? 2

N

T
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in which q itself is a cocartesian fibration, and a morphism f : s — t in T, the
transport functor fi : €5 — €; sends qs-cocartesian edges to qg-cocartesian edges.

Proof. First, for any p-cocartesian edge o« : * — y in € over a map f : s = ¢
in .7 we have that ¢(a) : g(z) — q(y) is p’-cocartesian over f. To compare, we
take a g-cocartesian lift o’ : x — ¢’ of g(«), have that o’ is p-cocartesian, and by
uniqueness of p-cocartesian lifts of f we obtain a 2-simplex

Y
r—F>y
o

Since any isomorphism in %’ is g-cocartesian, the 2-of-3 property [Ker, 01TS] assures
us that « is g-cocartesian. So we see that any p-cocartesian edge in € is also ¢-
cocartesian.

Considering now the cocartesian transformations Ty : A x €, — € over f.
Recall that T evaluates to a p-cocartesian edge in ¢ at each object x in the
fiber %s, and hence to a p-cocartesian edge as well. It follows that, for each gs-
cocartesian edge [ :  — u, which is just a g-cocartesian edge which lives in the
fiber, Ty produces a diagram

< fi(x)
% RN . lf.(m
T fi(v)

in € in which all map, save for possibly fi(8), are known to be g-cocartesian. We
again reference the 2-of-3 property for cocartesian edges to find that fi(8) is in fact
g-cocartesian. O

We now provide the proof of Theorem 16.8.

Warning 16.11. The proof of Theorem 16.8 is quite long. We note that this result
is only used in the terminal case & = *. So a superficial reading of the arguments in
the general setting will not hinder one’s ability to engage with subsequent materials.

Proof of Theorem 16.8. As the proof for general & is somewhat rambunctious, we
proceed in parts. We first consider the case of Bord[°.

I. The trivial case &* = x: For each finite set I, any choice of ordering on I
provides an injective equivalence into the fiber

(Bord?“)" = (Bord©)%. (49)

This is according to the explicit construction of the oco-category (Bord}¢)® from
Definitions 4.8 and 8.4. Under such an identification the transport functor

(Bord™)® —T - (Bord™)® (50)

inclT Tincl

necy\J ne\J
(BOI‘d* ) disj union (BOI‘d* )
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along a map f : I — J in Fin, is given by the product functor on Bord”¢, which
we recall is the disjoint union operation (see Proposition 4.11). To be clear, we also
insert the empty surface in the j-th factor whenever the preimage f~!(j) is empty.

Let us take © = ©,. For each finite set I we consider the collection ©f gf tu-
ples of colored merging bordisms in (Bord“)!, and define the class of maps ©; in
(Bord*)¥ as those maps which are isomorphic to a map in ©7 in Fun(A?, (Bord%)%).
(Here we identify ©f with a collection in the fiber via the injective equivalence (49).)

Though the embedding (49) does depend on a choice of ordering, we note that
all such embeddings are naturally isomorphic via the apparent permutation isomor-
phisms, and so find that the class 5 7 does not depend on any choice of ordering.
We take now © the union of all of these fibers

6= J] ©: < Bord!)®[].

I a fin set

Since the class of colored merging bordisms is stable under disjoint union, by con-
struction, we see from the diagram (50) that each transport function f; : (Bord)$ —

(Bord)¥ sends ©; into ©,. So O is a vertical class in (Bord™®)®, in the sense of
Defintion 12.2. Furthermore, since O, is simply the closure of © up to isomor-
phism in Fun(A?!, Bord}¢), one sees from the diagrams

(Bord™)@

ransport equiv
include

(Bord*)! ———— (Bord™)’

that each (:)I is identified with the pullback of @fo} C (Bordl“)![1] along the
transport equivalence. Hence, O is the vertical class generated by @{0}, and by
Proposition 12.7 the vertical localization (Bord?¢)®[©~1] is symmetric monoidal.

Since (:){0} is generated by © under compositions with isomorphisms, the natural
map Bord}‘[©~!] — Bordfc[(:){_ol}] is an equivalence. Hence, the proposed universal
property for the localization is a consequence of Lemma 12.8. We now turn to the
general setting.

II. Defining the class O Consider an arbitrary frDisk-category &® — frDisk®
and let ¢ : (Bord%“)® — (Bord})® denote the corresponding cocartesian fibration

provided by the forgetful functor. Take @g 7 in (Bord}c)? the collection of q-
cocartesian edges which are sent to maps in O along the pulled back fibration

qr : (Bord}*)¥ — (Bord)%.
We note that each ég; 1 is stable under isomorphism in Fun(A!, (Bord2%)%) since

cach O is stable under isomorphism in Fun(A®, (Bord?)¥). Take now O¢ the
union of all of the Og,; in (Bord%)®.
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L. The class @5 is stable under transport: Over any map of finite pointed sets
f I — J we have a diagram

(Bord")f ———— (Bordz")%

(Bord}¢)$ ————— (Bord}%)%

in €ats. By our analysis in the case &% = % we understand that the bottom map
sends ©; into ©;. Since transport for (Bord‘)® sends qr-cocartesian edges to
gj-cocartesian edges (Lemma 16.10) it follows that the functor fi : (Bord")¥ —
(Bord*)9 sends Og,; into Og,;. Thus Og is a vertical class in (Bord*)®.

1V. The class @(@ is generated by @g;{o} : Let I be an arbitrary finite pointed set.
Considering transport over the inert projections p; : I — {0}, we have a diagram

(Bord*)? ——2—~ (Bordz")! (51)

QI\L lq{o}

(Bord})$ —i!> (Bordl“)!.

By (III) we know that p, sends @gﬂ into C:)Ig;{o}, and by our analysis in the case

&% = x we understand that © 1 is precisely the preimage of éfo} under the transport
equivalence.

Now, for any map « : * — y in (Bord:;f)(;9 which has image in the product
éfs’;{o} C (Bord)’[1] we have g;(a) in ©;. We want to show that a is in ég;],
which reduces to showing that « is gj-cocartesian. For this point, we can take a
cocartesian lift o’ : @ — 3’ of g;(a) then lift the simplex

ar(y')
PN
qr(z) ar(y)

along ¢q; to get a simplex
yl
7\
x - y
in (Bord*)?.

Taking the image under p; we obtain a 2-simplex

p(y')
pi(a’) pi(T)
P (x)/p, = \ﬁl (v)

(52)
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in which the two maps from pj(x) are ¢’-cocartesian, and hence in which all of
the edges are g’-cocartesian by the 2-of-3 property [Ker, 01TS]. By (non-strict)
commutativity of the diagram (51) we see that the 2-simplex (52) is sent to a

2-simplex of the form
b/

a———>b
n (Bord}®)!. Since the lift of an isomorphism along a cocartesian fibration is a
cocartesian edge if and only if it is an isomorphism, it follows that pi(7) is an
isomorphism in (Bord°)!. Finally, since pi is an equivalence we find that 7 itself
is an isomorphism, is therefore q;- cocarte51an and by the 2-of-3 property agaln we
find that « is gr-cocartesian. Hence « is in @g .7. This show that the class @g is
in fact generated by @g {0}~

V. The universal property for @g’ localization: We now understand that @g is
the vertical class generated by O, ;{0}- Thus the localization (Bordg")® [@ ! has
the proposed universal property for symmetric monoidal functors which invert the
generators (:)éa .o} in Bord%®. This follows by Lemma 12.8. So it suffices to show
that maps out of Bord%® which sends the subset ©¢ to isomorphisms sends all
maps in (“)g;{o} to 1som0rphisms. For this it suffices, further, to show that every

map o :x —yin @g;{o} fits into a diagram

]

' = y' (53)
Y
in which o’ : ' — 3’ is in O and the vertical maps are isomorphisms.

Consider the forgetful functor go = g0y : Bord%® — Bord}“. By definition, any

_— >
_— >

8<—

map « : x — y in ég;o is a go-cocartesian edge and the image go(x) — qo(y) fits
into a diagram

% g/ (54)

”i \ i”
Q0(x) ——— q0(y)-

in which & is a colored merging bordism. Since ¢q is a cocartesian fibration, and
hence an isofibration, we can lift the isomorphism Z' — ¢o(z) to an isomorphism
2’ — =z, from some unspecified object over Z’. We then take a cocartesian lift
o 1" — 3y of @ to obtain a partial diagram

v ————y/ (55)

e
T Y

By solving some lifting problems along the cocartesian fibration gg Bordg'
Bord!“ we complete this partial diagram to a diagram ¢ : Al x A! — Bord® of
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the form (53), and with ¢(¢) : A! x Al — Bord}¢ recovering (54). By the 2-of-3
property for cocartesian edges, we find that all edges in such a completion of (55)
are go-cocartesian. In particular, o’ : 2’ — ¢’ is in ©¢ and the map y' — y is an
isomorphism. So we have the desired result, and observed the claimed universal
property, i.e. that restriction provides an equivalence

Fungs, ((Bord)*[05'],9%) = Fungs, ((Bordz)®,9%),

&

at any symmetric monoidal co-category 4® — Fin,. (Il

17. EMERGENT (UNMARKED) FIELD THEORIES

We extract from the derived theory Ly : Bordy, — Vectpro-fin of Section 15-or
really its #ect-valued restriction Lg,,, —an unmarked field theory Lp,,, : Bordy$ —
h%ect. As explained in the preamble to Section 16, producing the theory Lp,,,
reduces to a somewhat delicate, hands-on analysis of the homotopy truncation
h Bord“[©;1].

In human terms, we are claiming that after marking all surfaces by the unit
and washing out all homotopy relations, the values of the theory Lg,, does not
actually depend on any choices of decorations on surfaces or bordisms.

17.1. Unit labeled bordisms. Let ¢ : &2 — frDisk® be a frDisk-category.
We consider the initial object ) in frDisk® and define the fibration of unit objects
in &% as the co-category

the full subcategory in the fiber product
Units(6®) = 5’@@ XFun({0},£9) Fun(Al, &%)
spanned by g-cocartesian edges

equipped with the isofibration
Units(6)® =% % % frDisk®.
Lemma 17.1. The structure map Units(&)® — frDisk® is a trivial Kan fibration.

Proof. To ease notation take .7 = frDisk®. By [Ker, 01VK], the cocartesian
fibration &% — .7 induces a trivial Kan fibration

Units(é”)® — g(b@ X Fun({0},7) Fun(Al, T),

and since é‘)@‘g’ is contractible the map 5®® — {0} over J is a trivial Kan fibration
as well. Hence the map

& Xpun({oy,7) Fun(A',.7) = {0} Xpun({0},7) Fun(A', 7)

is a trivial Kan fibration. Finally, since (} is initial in .7, evaluation induces a trivial
Kan fibration

ev - {(Z)} XFun({0},7) Fun(Al, 9) -7
[Ker, 06R2, 01KU]. As any composite of trivial Kan fibrations is a trivial Kan
fibration, we obtain the desired result. (Il

By Lemma 17.1 we observe the unique frDisk-monoidal section frDisk® —
Units(&)® of the structure map, and compose with the evaluation functor Units(&£)® —
&® to obtain a frDisk®-monoidal functor

unit, : frDisk® — &©.
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We refer to this functor as the unit map.

The unit map now determines, by pullback along the outgoing boundary 6%, :
(Bord?©)® — frDisk®, a functor (Bord”®)® — (Bord2®)® which is simultaneously
symmetric monoidal and a map cocartesian fibrations over (Bord“)®,

(Bord}¢)® (Bord%)®

(Bord")®

Definition 17.2. For any frDisk-category q : &% — frDisk® we let unit? denote
the pullback functor

it = (Bord}*)® X j,piere unitq : (Bord}*)® — (Bord)®.

Remark 17.3. What these unit functors do is fairly intuitive. Namely, any
frDisk-category &2 — frDisk® admits unique “unit objects” 1, which are the
images of the transport functors 1; : % = é"@@’ — &P along each (unique) mor-
phisms § — ¢ in frDisk®. At the level of the underlying oo-categories, the map
unite : Bord]® — Bordg labels each marked surface ¢ : D X Z — X by the unit
object 17, and labels each bordism by the unique cocartesian map between units
]-I and 1j.

17.2. LRT theories along the unit. In the case of the frDisk-category @®m —

frDisk® associated to the derived co-category of a modular tensor category AV,
we restrict along the symmetric monoidal functor

unitg,,, : Bord* — Bordy
to obtain a field theory from the trivially labeled bordism category

Lg,,, ounitg,, :Bord;® — Yect.

fi

Lemma 17.4. For any modular tensor category AV, the functor Lg,,, o unitg
sends all colored merging bordisms to isomorphisms in Vect, and hence localizes to
a uniquely determined symmetric monoidal functor

Lg}ifn : Bord?“[0; ] — Yect.

Proof. Since unitg,,, is a map of cocartesian fibrations over Bord}“, it sends colored
merging bordisms in Bord[ to colored merging bordisms in Bordy, . Since Lg,,,
is obtained from Lg via restriction, the result now follows from Corollary 16.9 and
Theorem 16.8. (]

For this section, we are especially interested in the induced map on homotopy
categories

hLEY  hBord[°[O©; '] — h Vect,
where we note that the target h Yect is the discrete derived category of linear
cochains. We claim, in fact, that the homotopy category h Bord?“[©;!] is identified
with the unlabeled 3-dimensional bordism category, and hence that h ]L“@I;‘t provides
an unlabeled topological field theory in 3-dimensions. We argue the point below.
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17.3. Reductions in the homotopy bordism category. Our goal is to prove
that the forgetful functor h Bord}°[©;'] — Bordy$ is an equivalence. We first es-
tablish a collection of relations for morphisms in the homotopy truncation h Bord“[©;1].

Lemma 17.5. (1) Any colored merging bordism M, : ¥, — X, decomposes as
a composite
MT = M,,/./ o 7’.///

where M., is a special merging bordism and M., is a color change bordism.

(2) For any special merging bordism M. : ¥ — %y, there is a bordism M., -
¥, — X¢ for which [M;]7' = [M.,] in hBord°[©;1].

(3) For any color change bordism M, : ¥¢ — X/, and arbitrary N, : X¢ — E;,
there is a color change bordism M., : E%, — E%, and some other bordism
Ny 2 B¢ — X5, for which

[N o ML = (M) o [N
in h Bord [0 1].

Proof. (1) By definition M, consists of a disjoint union of special merging bordisms
on some collection of components, and color change bordisms on others. Isolating
the relevant components provides the claimed factorization.

(2) By definition (Definition 16.1) every special merging bordism admits a right
inverse in Bord}“. So there exists M, with M, o M/, = idy, , and in the homotopy
category we get

[M:]7! = [M;]7 o [M] o [M7] = [M]].

(3) Let M., : £ — X be the unique color change bordism which changes all

negative markings to positive markings. Then we have

!, o N, = Ny oM

T/ d
where M, : 3. — X¢» changes all negative markings to positive markings and
N, is obtained from N, by changing all negatively colored cylinders to positively
colored cylinders. Since M, : ¥ — X changes some select negative markings to
positive markings, we have M/, = M), o M, for the color change bordism which
changes the remaining negative markings on X to positives. Hence N, o M/, =
N, o M. where N,y = N,» o M!/,. We now have

[Nu] o [M:]™" = [Mp] ™" o [M] o [Ny] o [M:] ™" = [M7] ™" o [N
in the homotopy category. (Il
Lemma 17.6. Let ( : D — X be a connected surface with a single positive (resp.
negative) marking, and k : D' — X be any auziliary disk embedding which contains

the image of ¢ in its interior. There are two smooth homotopies h', h? : [0,1] x D —
> with the following properties:

e h} = and h? = at all times t € [0,1].

e Wl is constant fort < 1/3 and t > 2/3, and for t € [1/3,2/3] it simultane-
ously shrinks the image of ¢ by a precomposition factor ¢ Yidp : D — D,
for some ¢ > 1, and shifts the image of D linearly towards v/—1 € D’.

e The terminal maps hi, h? : D — ¥ have disjoint image.
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Furthermore, for n : D x {1,2} — X the resulting positively (resp. negatively)
marked surface with n|p, = hi, and M:. : ¥ — X, the resulting bordisms with
Me =% x10,1] and

7°: D x[0,1] = X x [0,1], (z,t) — (hi(2),1),
we have [M},] = [M?2] in the homotopy category hBord}[©].
Proof. The existence of such homotopies is clear. As for the latter claim, [M}] =
[M?2], it suffices to find a bordism N,, : ¥, — X¢ in Bord, which is a composition
of maps in O, and for which N, o MTI1 =N,o Mfz. Indeed, such N, : ¥, — 3¢
becomes a unit in the localized homotopy category and we therefore have
(ML) = [N o [NJ] o [MA] = [No] ™" o [N o [M2] = [M2).

In the case that 3¢ is positively marked, we can take N, to be a special merging
bordism. Explicitly, we can construct such N, via a sequence of smooth homotopies.
First take y° : [0,1] x D x {1,2} — D x {1,2} with y = id and which shrinks
each disk by a factor of 1/3, then shifts the first disk linearly towards v/—1 in the
ambient disk D, and shifts the second disk linearly towards —+/—1 in Dy. We then
have the homotopy y' : [0,1] x D x {1,2} — ¥ which applies h° on D, in reverse
time, and we take y : [0,1] x D x {1,2} — 3 to be the composite

. 0 1
0,1 x D x {1,2} & 0,12 x D x {1,2} ¥ [0,1] x D x {1,2} & .
For N =X x [0, 1] we then obtain w and the function w(z,t,7) = (y(¢, z,7), t).
Sno e Yoo

It is easy to see that N, : 3, — X satisfies N, o MTQ2 = idy,, so that N, is a
special merging bordism, and via a mild argument about bordisms obtained from
homotopies we find

N, oM} =ids, = N, o MZ.

This gives the claimed equality in the homotopy category.

In the case where 3. is negatively marked, we first apply a color change bordism
>, — X, to change both negative indices to positive, then apply a special merging
bordism constructed exactly as above. This gives a bordism N, : 3, — X, for
which

the unique color change bordism which
N, o MY = N, 0 M? = { exchanges the sole negative marking
on ¥ with a positive marking.

‘We also record a basic fact about localization.
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Lemma 17.7. For any oco-category € and class W in €[1] which contains all
identity maps, €' |W 1] is equivalent to its full subcategory which is spanned by all
objects which are in the image of the the localization functor loc : € — € [W 1.
Furthermore, any morphism £ : loc(x) — loc(y) in the localization is a composite

-1 -1 -1
&= aqwy aew, - oW, (56)
of morphisms a; in € and w; in W.

Proof. Consider ¢’ C ¢[W ~!] the subcategory spanned by those objects in the
image of the localization functor, and all morphisms which are expressible as a
composite as in (56). It suffices to show that the map on homotopy categories
h%’ — h€[W~1] is an equivalence.

By the universal property of localization, the identity on €' [W ~!] factors through
the inclusion ¢’ — €[W~!]. It follows that the inclusion is essentially surjective
and that the injection

mo Mapse. (z,y) — mo Mapsqy -11(z,y)
is bijective. Hence the inclusion h¢” — h ¢’ [W 1] is fully faithful as well. O

17.4. Unmarked bordisms from unit labeled bordisms. We have the sym-
metric monoidal forgetful functors Bord}“ — Bords to the usual 3-dimensional
(non-compact, anomalous) bordism category of unmarked surfaces and unmarked
bordisms. Since this map forgets all internal decorations, it localizes to a symmetric
monoidal functor Bord;“[©; '] — Bord3%. As the target of this localized functor
is discrete, we have the induced symmetric monoidal functor from the homotopy
truncation
forget : hBord“[©; '] — Bordss .

It is clear that this functor is essentially surjective. We are concerned with its
behavior on Hom sets.

Lemma 17.8. For positively marked surfaces ¢ and E/n’ the map
o Mapspgrane (3¢, 37y) — Homy, g gnero-1y(Ec, 27)
18 surjective.

Proof. By Lemmas 17.5 and 17.7 every map § : ¥¢ — X in h Bord}® [©:1] is of the
form

€: [M‘f']il[Nw] : ZC - Z;]’ - Z;]
where M. : Z% — E%, is a color change bordism. However, E% contains no negative
markings, by assumption, so that E%, = Z% necessarily and M, = id. Thus & =
[N,], and we see that all morphisms in the localized category lift to Bord}°. O

Theorem 17.9. The functor
forget : hBord?°[©; '] — Bord}5
is a symmetric monoidal equivalence.

Proof. Since we have inverted all color change bordisms and special merging bor-
disms we see that every object in Bord“[©;!] is isomorphic to a surface X, with
a single positive marking on each component. Hence each map on hom sets

forget : Homy, p,4neig-1) (¢, 7)) — Homporags, (X, %) (57)
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is bijective if and only if it is bijective whenever ¥, and E% carry a single positive
marking on each component. We fix two such surfaces.

Via our definition of non-compact bordisms, it is clear that the map (57) is
surjective. For injectivity, consider two morphisms &, &' : ¥ — X, with the same
image M : ¥ — ¥’ in Bords>. By Lemma 17.8 we have £ = [N,] and ' = [N./]
for bordisms N, N/, : ¥¢ — X}, and so can take N = N’ = M. Now we have two
embeddings

7,7 :Cyl - M
which agree in some collars around the boundary, and we want to show [M;] = [M,/]
in hBord}“[©1].

After applying homotopies in the interior of M, we can assume that 7 and 7/ have
disjoint image away from a collar around the incoming boundary ¥ x [0,d) — M.
By subsequently applying a homotopy in the collar we can assume further that M.
and M, decompose as composites

M, =M, oMY and M, = M, oM?%

where w consists of two embeddings w : Cyl x{1,2} — M with disjoint images, and
the MZ. are obtained, at each component of the incoming boundary, via homotopy
as in the statement of Lemma 17.6:

X X

M.

Since [M},] = [M?2] in hBord}“[©; ], by Lemma 17.6, it follows that
[0M;] = M) [MA] = [Mo] o [M2] = [My.].
This shows that the map (57) is injective, and hence bijective. So we see that the
functor
forget : hBord“[©;'] — Bords o

is both fully faithful and essentially surjective, and thus an equivalence. O

17.5. Unmarked TQFTs. We can now take the field theory ]Lg}ifn from Lemma
17.4 and apply homotopy truncation to obtain a symmetric monoidal functor from
the unlabeled bordism category

h]Lunﬂ.:
Lp,, :Bordly = hBord“[O;'] —5" hect.
" Thm 17.9
We recall that the homotopy category h ¥ect recovers the discrete derived category
of dg vector spaces h ¥ect = D(Vect), so that the target for this unmarked field

theory is completely familiar.
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Theorem 17.10. Consider a finite modular tensor category AY and take Dy =
Db(A}?m). Let C = Cyo be the canonical coend in AY. There is a symmetric
monoidal functor from the unmarked (anomalous) 3-dimensional bordism category

Lp,,, : Bord35 — D(Vect)

which takes the value Lp,,, (¥) = RHomyo(C®9,1) on any connected genus g
surface 3.

Remark 17.11. When A% is semisimple, the theory Lp in already takes values
in the full subcategory Vect C #ect. Furthermore .# (AY) = 2(A%) in this case,
so that derived LRT is obtained directly from discrete LRT via localization. From
this fact, and the fact that discrete LRT restricted to Bordfff;y_ recovers the theory

from [22], we see that Lp,,, is just the usual Reshetikhin-Turaev TQFT for A” in
the semisimple case.

We conjecture that the 1-categorical theory which we’ve constructed above is, in
fact, a truncation of an unmarked theory which exists at the co-categorical level.

Conjecture 17.12. The truncated theory Lp,, from Theorem 17.10 lifts to a
symmetric monoidal functor Lg,,, : Bord3$ — Yect.

We outline a proof which uses the hypothetical skein theoretic bordism category
from Section 2.

Idea of proof. In the (conjectural) skein theoretic realization of the bordism cate-
gory we'll have a field theory Lg,,, : SkBords —~— 7Vect, by a variant of The-
orem 15.1. We then restrict along the unit * — Zy;, to obtain a field theory
L, lunit : SkBord}“ — 7ect. But now, the forgetful functor SkBord;“ — Bord35
induces homotopy equivalences on mapping spaces since the oco-category x is (ob-
viously) contractible. Hence this forgetful functor is an equivalence, and we obtain
a unique symmetric monoidal functor Lg,,, : Bordsy — Pect which completes a
diagram

ne unit ne L9fin
SkBord,” —— SkBordy  =—— YVect

m M
nc
Bords

O

17.6. Mapping class group actions in dimension 2. If we consider any nonempty
surface X (with chosen Lagrangian), we have the non-anomalous bordism category
Botd3» in which the oriented diffeomorphisms of the surface generate a subgroup
in the automorphism group

MCG(X) € Autpen(X),
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by way of mapping cylinders. We take the pullback under the forgetful functor
from Bordz to obtain a subgroup of anomalous automorphisms

MCG(Z) — Autpora (Z)

l |

MCG(E) —> Autgoro (D).

The group MCG(X) is a central extension of MCG(X) by Z which we call the
projective mapping class group. The following is an immediate consequence of
Theorem 17.10.

Corollary 17.13. For each connected genus g surface ¥, the derived linear maps
RHom 4o (C®9,1) carry the natural structure of a representation for the projective
mapping class group,

¥ : MCG(Z) = Aut p(vecr) (RHom 40 (C®9,1)).

One can compute these mapping class group actions directly by taking resolu-
tions of the unit. The process is exactly as outlined in Section 19.5 below, where
we discuss similar calculations for 3-manifold invariants.

Remark 17.14. As relayed in the introduction, mapping class group actions on
cohomology were already observed in works of Lentner, Mierach, Schweigert, and
Sommerhauser [51], and Schweigert and Woike [71]. We have not checked, but
we fully expect that our mapping class group actions agree with those of [51, 71].
Let us also note that the mapping class group actions from [71] occur at the level
of the oo-category Yect, and so provide an advancement of the particular actions
obtained in Corollary 17.13. This Yect-level action also suggests the existence of a
lifted theory as in Conjecture 17.12.

18. CONJECTURES

This paper has focused exclusively on formalizations of TQFTs for derived cate-
gories of modular tensor (1-)categories. However, we are fundamentally interested
in a space of homotopically flavored TQFTs for “modular co-categories”. We ap-
proach this general topic through a series of conjectures.

In addition to our interest in homotopical Reshetikhin-Turaev type theories, we
have a special investment in couplings of topological field theories to moduli of local
systems. This kind of coupling is well-established in the physics literature, and we
discuss the topic in some detail in Sections 18.4 and 18.5 below.

18.1. 3-d TQFTs from modular co-categories.

Conjecture 18.1 (cf. Conjecture 17.12). For any modular oo-category <f , appro-
priately defined, there is an associated 3-dimensional TQFT

Lo : Bordl, — Yectpro-fin

whose state spaces, for any connected genus g surface ¥, admit a natural identifica-
tion Loy (X,) = Mapsd(C’@g, myx). Furthermore, this TQFT induces an unmarked
theory after labeling by the unit

L.z, : Bordy% — Vect.
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There are two main issues here. The first is in the definition of a modular co-
category. Again, we might say succinctly that such a category is a 2-dimensional
TQFT which satisfies certain non-degeneracy conditions [61, 72]. Examples should
include derived categories of finite modular tensor (1-)categories, and derived cat-
egories of sheaves on compact symplectic varieties, possibly quantized [67, Section
9.2].

Remark 18.2. Though the co-category of sheaves 2(X) on a projective symplectic
variety X has a strong t¢-structure, the R-matrix for the quantization [67] should
not respect the t-structure. So we do not think of 2(X) as admitting a t-structure
when considered as a modular co-category.

In the derived setting, we propose specifically that there is some way to construct
our theory Lg for 2 = 2(AY) in a manner which operates directly at the level of
oo-categories. As a related point, we conjecture that the derived theories Lo are
natural in functors between co-categories.

Conjecture 18.3. Consider finite modular tensor categories AV and B with re-
spective derived oo-categories 9 = P(A°) and 9" = 2(B). Any map of balanced
monoidal co-categories F : 9 — 9’ i.e. frEg-monoidal co-categories, induces a
symmetric monoidal transformation

Lp: Ly — Ly oBord}
which, at the level of state spaces, recovers the natural maps
®
Maps,, (C®9,myx) — Maps,_, (C",myF(x))

induced by the functor F and a natural map between canonical algebras C' — F(C).
In particular, the field theory Lo is a derived invariant.

For a functor F' which is not t-exact, establishing such naturality would pre-
sumably require an understanding of the theory L4 directly at the homotopical
level.

Remark 18.4. We expect such non-t-exact functors to arise from Kazhdan-Lusztig
type equivalences at bad levels. See for example [60, Theorem 7.13].

18.2. Extension down to S!. The TQFT Lg is paired with a “conjugate” theory

 + Bordy — Vect whose state spaces are given by the continuous duals

Ly(E.) = Maps@(C@g ®@my(z),1)*,

where the nc superscript in this case indicates a constraint on incomoing boundaries
and labels come from a frDisk-category associated to the continuous duality —* :
@(A;?m_fm)of’ 5 9(A"). (Compare with the original theory of [22], [50], and [20,
proof of Theorem 7.11].) Similarly, supposing that the theories L., from Conjecture
18.1 actually exist, we have the conjugate theory L', .

Conjecture 18.5. Let o/ be a modular co-category. The conjugate theory L', :
Bor g% — Yect extends down to a symmetric monoidal functor of (oo, 2)-categories

£ BordsS, — Py

which takes values in the (0o, 2)-category of presentable Yect-module categories, and

for which £ ,(S') = o .
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In the case of a derived co-category &7 = Z(A"), one can sketch the construction
of “most of” an extension for Li,-at least in principle-by following work of De
Renzi in the abelian setting [21] and applying various completion processes [56,
Proposition 5.5.8.22] [57, Corollary 1.4.4.5]. (See also [4, 50].) We omit further
details, for now.

In the case of a derived oo-category Z(A"), an obvious sub-conjecture here is

that 2(AY) appears as the circle value in a 2-dimensional TQFT.

Conjecture 18.6. Any finite modular co-category Z(A%) appears, along with its
Eo-structure, as the circle value in a 2-dimensional field theory

E/@ : BOI‘dQJ — %k'
We note that Conjecture 18.6 is not self-evident, though it may be accessible.

Remark 18.7. If we decide to conceptualize modular co-categories explicitly as
non-degenerate 2-dimensional field theories, then Conjectures 18.1 and 18.5 to-
gether assert that an extension up from dimension 2 to non-compact manifolds in
dimension 3 occurs if and only if the given 2-dimensional field theory satisfies a
finite number of checkable properties, and in particular that no additional struc-
tures are required. From the perspective of the cobordism hypothesis, say, such an
assertion seems immanently reasonable.

18.3. LRT bounding a 4-dimensional theory? In the semisimple setting we
have the 4-dimensional Crane-Yetter theory which is associated, modulo some de-
tails, to a given modular fusion category AY. This theory is invertible, and so
supports anomalous boundary theories [44]. It is shown in work of Haioun [39]-
following proposals of Walker, Freed and Teleman [76, 77, 29]-that one can ob-
tain the (semisimple) Reshetikhin-Turaev theory for a modular fusion category A%
as a boundary theory to 4-dimensional Crane-Yetter. One similarly obtains the
non-semisimple abelian theory L 49, 382 boundary to so-called non-semisimple
Crane-Yetter [7, 39].

In the derived setting, considering 2 = 2(A") for modular A, the situation is
rather unclear. We expect the 4-dimensional theory obtained from Z to be quite
a wild object, and in particular non-invertible. Specifically, the value on S? is
presumably identified with the Es-center for &, which should be exceedingly non-
trivial in general. For example, in the case of a quantum group AY = (Rep, G)smalls
all expectations are that the F3-center should be an intricate category of sheaves on
the cone N of nilpotent elements in the Lie algebra for the Langlands dual group.
So the non-semisimple (derived) and semisimple settings seem quite dissimilar,
and one should think about whether the semisimple boundary intuition is actually
applicable when one works homotopically.

Question 18.8. Is there an extended 4-dimensional theory Ty which recovers L,
or Ly, as a 3-dimensional boundary?

As a slightly different, but maybe more fundamental set of questions, we can
investigate the 4-dimensional theory for 2 outright.

Question 18.9. To what extent can we describe the 4-dimensional theory associated
to 9 = P(A), where we consider the derived co-category as an object in the (0o, 4)-
category of E5-monoidal co-categories and approach the issue—either philosophically
or materially—via the cobordism hypothesis [40, 44, 8, 7].
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In particular, does the fully local topological theory for 9 extend up to dimension
3 (cf. [7, Theorem 1.2])? Is it, furthermore, a non-compact 4-dimensional theory?
Are its values on certain 3-manifolds definitively non-invertible? Is there an explicit
skein theory which describes its values on 3-manifolds (cf. Section 2)? Can we
describe factorization homology for 9 via a skein theory? Etc.

18.4. Coupling to local systems. In addition to the points discussed above, the
other (from our perspective) tangible issue which one is required to think about is
the coupling of 3-dimensional field theories to local systems. The following conjec-
ture is, as far as we can tell, a “fact” in the physics literature. See for example
[58, 35].

Conjecture 18.10. Let &7 be a modular co-category, and suppose a connected alge-
braic group H acts rationally on </ via automorphisms which preserve the modular
structure. Suppose also that a certain extension problem for of has a solution (see
Conjecture 18.11). Then the unmarked TQFT Lo : Bord@ff2 — Yect deforms nat-
urally along H-local systems. In particular, the state spaces Lo/(X) appear as the
trivial fiber of a naturally occurring dg sheaf LH (3) over LocSysy ().

In the case of a derived co-category, the extent to which L., deforms as a fully
functional, mathematically formal, topological field theory is a bit subtle. So, our
main ambition here is to “look at” Conjecture 18.10 through the lense of some
examples, and to extract some more explicit claims.

Let us consider the case of quantum group representations. Here we can think
about the state spaces from the perspective of 2-dimensional conformal field theory,
via a bulk/boundary correspondence, at which point we conceptualize 2-d CFTs
through the theory of vertex tensor categories.

From the perspective of the “logarithmic KL conjecture” we anticipate an equiv-
alence of modular tensor categories (Repq @)small — Wi (G)-mod where W, (G) is
the logarithmic W-algebra associated to G at a prescribed level [52; 73, 53]. This
equivalence should be G-equivariant for the action of the Langlands dual group G
on W, (G)-mod induced by the natural action of G on W, (G) by VOA automor-
phisms. These W, (G) should furthermore be the associated boundary algebras for
a 3-dimensional physical theory associated to G [17, Section 6.2.2], and it is pro-
posed directly in [35, Section 2.1], for example, that this G-action is responsible for
the coupling of the topological theory Ly to local systems (see also [28]).

In categorical terms, one expects these kinds of deformed TQFT to be regulated
by an “H-crossed braided tensor co-category” 7y which extends o7, as in Turaev’s
HTQFTs [75].

Conjecture 18.11. Given an H-crossed braided extension <y of a modular ten-
sor oo-category <, the associated topological field theory Lo from Congjecture 18.1
deforms along local systems to produce a mathematically formal field theory LY,
which is coupled to local systems.

Returning to our particular logarithmic W-algebra, the G-extension of the cat-
egory of W, (G)-modules

W,.(G)-mod — W, (G)-modg’

should be provided by the category of G-twists modules for W(G). Working directly
through the representation theory of the small quantum group, rather than through
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a Kazhdan-Lusztig equivalence, we believe that the analogous G-crossed extension
(Rep, G)sman — DKq(G)

is realized by a variant of the De Concini-Kac module category. In this modified

De Concini-Kac category the Frobenius center in U(]IDK (g) is replaced by functons

on the Langlands-rather than Frobenius—dual group (cf. [17, 55]). We place special

emphasis on this case, as we expect the category DK, (G) to be of interest in both

quantum algebra and geometric representation theory.

Remark 18.12. If we are lucky, the desired category DK (G) can be constructed
by applying some act of tensor categorical hoodoo to the recent “corrected” De
Concini-Kac quantum enveloping algebra of Losev, Tsymbaliuk, and Vu [55]. (Com-
pare with the corrected versions of small quantum groups at even order parameters
[18, 62, 19, 63].) Already they have produced stability for the De Concini-Kac alge-
bra across all orders in the quantum parameter, and their G-integrable subalgebra
Ug i admits a central embedding 0(G) — U({ i from the algebra of functions on
the dual group. Hence the category of U({ n_modules is naturally a sheaf over G.
What we are missing is the appropriate crossed tensor structure, and the relation
to small quantum groups.

Remark 18.13. The LocSysz-coupled theory for derived quantum group repre-
sentations lies, from a certain physics perspective, on the spectral side of a physical
Langlands duality. The automorphic side of this duality is a corresponding theory
which couples to Bung. See [46, 34, 35].

Remark 18.14. We expect the theory from Conjecture 18.10 to accept certain
types of markings, though the inclusion of such markings complicates the story.

18.5. What is a topological theory coupled to local systems, really? While
we cannot make a definitive statement in this regard, let us say a few words towards
the precise nature of the theory £ from Conjecture 18.11.

In considering a TQFT “coupled” to flat connections L’g we anticipate the ex-
istence of a symmetric monoidal functor

L2 . H- Bords$ — Yect

from an H-bordism category consisting of surfaces ¥ equipped with a map of stacks
Az : ¥ — BH and bordisms M with A\yy : M — BH, as in [75]. Here the
classifying stack is the sheaf of spaces with sections (BH)(Y) = B(H(Y)), over
either an algebraic or analytic site, and each manifold is treated as the constant
sheaf. Equivalently, the objects and morphisms come equipped with a point on the
mapping stack Ax : Spec(k) — LocSys (X) = Maps(X, BH).

In top dimension the resulting functions LZ (M, \ a ball) : k — k C L(S?)
should vary smoothly over LocSysy; (M), and in dimension 2 the derived vector
spaces L7 (3,) should assemble into a dg sheaf L (X) over local systems. As for
the sheaf structure, for commutative algebras R in ¥ect we anticipate functorially
varying theories

LY (R) : H-Bordi%(R) — .#od(R)

for manifolds with specified R-families of local systems Ax : Spec(R) — LocSysy (X),
which collectively assemble into a “sheaf of field theories” L.
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To come back to the real world, we return the quantum group case AY =
(Repq Gsmall, Z = @(AO). If we restrict our attention only to the torus T C G
we obtain a theory with abelian connections

Lg : T-Bor 39 — Vect.

By all indications, this T-coupled theory is the derived (and sheafified) variant of
the CGP theory for the unrolled quantum group [6, 24]

We note also that deformed theories over local systems were produced in 4-
dimensions for non-semisimple (non-derived) Crane-Yetter theories in work of Kin-
near [47]. Here, for the quantum group, one considers the 5-dimensional theory
associated to Rep G and takes Rep, G as an invertible map in the 5-category of
FE3-monoidal 1-categories. This situation enriches the 4-dimensional theory for the
fiber Vect ®g,, # Rep, G = (Repq G)sman in sheaves over local systems.

It is possible that an analogous approach can be taken in dimension 3 as well,
though we don’t currently see a clear line of argumentation in this direction.

19. POST-CREDIT SCENES IN 3 DIMENSION

From the author’s perspective at least, this paper is done. We include here some
post-credit materials, where we discuss sporadic outputs of our theory in dimension
3.

At the most immediate level, we obtain diffeomorphism invariants of 3-manifolds.
However, as we explain below, these 3-manifold invariants collapse to invariants
which are already calculable at the abelian level. In order to see higher information
in dimension 3, one can performing higher genus operation to a closed 3-manifold.
For one example, we explain how Lp,, can be used to produce framed knot in-
variants by excising tori from a 3-sphere.

19.1. Invariants from bored 3-manifold. We fix a finite modular tensor cate-
gory AV with finite derived category D fin = D(Aj?m). We consider the unmarked
TQFT

Lpy,,, : Bord3s — D(Vect)

from Theorem 17.10, and fix a bordism 3 L(D — 2 in Bords » for a surface . So,
this is just a chosen “filling” of . Let X : ¥ — () denote the orientation reversal.
For any closed 3-manifold with a pair of oriented embeddings

> > (58)

- N

M

we remove the interiors, and adopt signature defect 0, to obtain a non-anomalous
bordism ¥ — ¥. By an abuse of notation we denote this bordism by M : ¥ — %
as well.

We note that the bordism M : ¥ — ¥ associated to such a configuration (58) only
depends on the isotopy class of the embedding ZII3 — M, up to a diffeomorphism.
Hence this bordism, considered as a map in Bor QLCQ, is stable under isotopies for
the input data (58). This follows by the isotopy extension theorem [66, 54]. So, for
example, when M is connected and ¥ = S? the bordism M is in fact independent
of the choice of embeddings completely. We record this point.
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Lemma 19.1. Given a configuration as in (58), the resulting map M:¥ =Y in
Bordgf2 only depends on the isotopy class of the embedding X 11X — M.

Taking M as above, we have the induced morphism Lp;,, (M) : Lp;,, (%) —
Lp,,,(¥) and we take cohomology to get a graded endomorphism

H*Lp,,,(M): H*Lp,,,(X) = H*Lp,, (). (59)
In the event that X is connected and of genus g, this cohomology is identified with
extensions for AY, as in Theorem 17.10, and we equivalently obtain an endomor-
phism of cohomology

H*Lp,,,(M) : Ext}o(C®9,1) — Ext}o(C%9,1).

Now, if we recall how the theory Lp,,, is produced, we understand that it is
only determined up to a unique natural isomorphism. So we should only think of
the endomorphism (59) as determined up to conjugation. Hence we consider the
following.

Definition 19.2. Fix a finite modular tensor category A®. For any closed 3-
manifold with embeddings M : X 11 ¥ — M from fillings of a given surface ¥, we
define

Inv(AV|M) := i det (H"Lp,,, (M) — X -id) t" € O(AL)[H],

n=0
where O(A}) = k[X].
The following is apparent.

Proposition 19.3. For each excised 3-manifold M as above, the assignment
Inv(—|M) : { finite modular ®@-cats} — O(Ap)[t]

is stable on equivalence classes, and hence defines an invariant of finite modular
tensor categories.

Proof. If we have an equivalence of modular tensor categories AY = BY then we
obtain an equivalence between the discrete LRT theories, in particular we have a
diagram

La

BOI‘dZiC nj/ECtpro—fin

Bord

in S, and subsequent identification between the associated topological theories
Lp®)sin = LoB9) in- O

Of course, we conjecture that each operation Inv(—|M) is in fact a derived in-
variant for modular tensor categories. (See Conjecture 18.3.)

We claim that the operation Inv(AY|—) also serves as a topological invariant,
at least to some extent. Below we record some basic information concerning the
endomorphisms Lp,,, (M), discuss the behaviors of Inv(AY|—) in low genus, then
explain how one can directly calculate this invariant via injective resolutions.
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19.2. Power series invariants and Lp,,, (S?)-linearity. By basic topological
considerations we understand that the sphere value Lp fm(S2) is a commutative
algebra and that each state space Lp,,, (X) for a connected surface is a module
over Lp,, . (5?) in D(Vect). The multiplication on the sphere is obtained by boring
out the interiors of two small balls in a larger ball, and the action on Lp,, (X) is
obtained by boring out the interior of a ball within the bordism ¥ x [0, 1]. Under this
natural module structure, each bordism between connected surfaces N : ¥ — X/
evaluates to a map of Lp,,, (5%)-modules under the field theory Lp,,, .

Though we omit the details, we claim that under the identifications

Lp,,,(S%) 2 RHom4o(1,1) and Lp,,, (¥) = RHom,o (C®,1)

the natural algebra structure on Lp,, (S 2) agrees with the standard Yoneda prod-
uct on extensions, and the module structure agrees with the natural tensor action

of RHom 4o (1,1) on RHom 40 (C®9,1).

Now, it is a well-established conjecture that, for any finite tensor category, the
cohomology Ext’o(z,1) of an arbitrary rigid object z is a finite module over
Ext%o(1,1) [31, 27]. So, in any setting in which one can hope to compute anything,
each morphism

H*LDfm (M) : H*H‘Dfm (E) = H*LDfin (2)
for connected ¥ is completely determined by its values in low-degree. As a conse-
quence, we expect the low degree coefficients
Inv(AY|M) = co(X) + 1 (X)t + co( X))t 4 - -
to carry the most important information.

19.3. Manifold invariants in genus 0.

Lemma 19.4. For ¥ = S2, any choice of a connected closed 3-manifold M, and
arbitrary embedding M : B3 11 B3 — M, the polynomial

Inv (A% |M) := Inv(AY| M)
is a diffeomorphism invariant of M.

Proof. This follows from the fact that the resulting bordism M : S? — S2 only
depends on the isotopy class of the given embedding (Lemma 19.1). O

Though this invariant is a natural by-product of the unmarked field theory Lp,,,,,
and so is worth considering in the abstract, it does not actually carry any informa-
tion from the higher cohomologies H>Lp,, (S?).

Proposition 19.5. For ¥ = 52, the scalar term Ayy = Inv(AY|M)|x—i—o deter-
mines the entire invariant Inv(AY|M). In particular, we have

Inv(AY|M) =Y (A — X)*t"
n>0
where d,, = dim Ext’yo (1,1).
Proof. Since H*Lp,, (M) isa H*Lp,,, (5%)-module endomorphism of H*Lp,,, (5?)
in the category of graded vector spaces, it is determined by its restriction to degree

zZero

HLp,, (M) : HLp,, (5*) =k — HLp,,,(S?) = k.
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This restriction just returns a scalar A\js, and we have H*LLp,, (M) =Aym “idy(52)-
O

We note that the scalar A\js recovers the abelian (renormalized) Lyubashenko
invariant from [22]. In particular, we have

A =Lyo (M): Ly (8% =k — Lys (S%) = k.
See Lemma 19.10 and Section 19.6 below.

19.4. Framed knot invariants in genus 1. Take a knot in 3-space v : S — R3,
which we may consider as a knot in S? which avoids the point co. We suppose the
differential Ov is non-vanishing, and assume v comes equipped with an orthonormal
framing in which the first vector is the differential dv/9t. From this framing we
deduce an embedding from the solid torus v/ : T? — R? C S where the center
of T? traverses v. We take another embedding p : T2 — R3 C S3 which wraps
around the exterior of v/ at an arbitrary time ¢ € S'. In this way we obtain an
assignment v — S5 from a framed knot S? — R3 to a bordism $% : T? — T2,

Proposition 19.6. For any finite modular tensor category A, the assignment
Embed;, (', R?) — O(A})[t], v — Inv (AY]S3),

from the space of smooth framed embeddings is continuous. In particular, Inv (A®|S§)
is a framed knot invariant.

We can consider, as a fairly explicit example, the category AY = Rep(u,) of
small quantum group representations for SLo at an odd order root of unity. We
assume, for the sake of simplicity, that ord(q) = 3. Here the Hochschild cohomology
H*Lp,, (T?) = Ext,, (C,1) is generated over the extensions Ext;, (1,1) in degrees
0 and 1, and the self-extensions of the unit are identified with algebraic functions
Ext,, (1,1) = O(N) on the cone of nilpotent matrices in slo. We have, specifically,
four module generators for Ext;, (C,1) in degree 0 and four generators in degree 1.

Both cohomologies come equipped with natural PSLs-actions and, as a PSLo-
representation, we have

Exty, (C,1) = L(0) @ (C* @ C?) and Ext, (C,1) = (L(0) ® L(2)) ®c C* (60)

where PSLy acts on the left hand factors [49, Section 5]. We claim that the map
H*Lp,,,(S3) is PSLy-linear [69], so that H'Lp,,, (52) is specified by two 2 x 2
matrices Ag and A, with eigenvalues \g; and \o;. Hence we obtain
2
Inv(uq|SS) = CO(X) — H(X — Aoz)(X — )\21')3 -t 4 O(t2).
i=1

The coefficient ¢g(X) can be calculated via the abelian theory L A9, -

Remark 19.7. Obviously, the (unordered) pairs of scalars (Ao1, Ag2) and (Ao1, Ag2)
are themselves framed knot invariants.

Remark 19.8. The dependence of the invariant Inv(A¥|S3) on the framing is
precisely captured by the SLy(Z)-action on Hochschild cohomology. Namely, pre-
composing H'Lp,,, (53) with the action of the 7' matrix in SLy(Z) produces the
endomorphisms

Hl]LDfm (SS) oT" = HlLDfm (SSM)
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associated to the new framing on v obtained by introducing an n-th order twisting
around the image of v. So the framed knot produces a tuple of power series

v (AY)S3) = Inv(A®|SS‘_) 7 — O(AR)[t]

which is uniquely determined up to a translation in Z. In particular, any asymptotic
behaviors of this function produce unframed invariants.

Remark 19.9. The decomposition of (60) should be one of PSLy(C) x SLo(Z)-
representations, with PSLy acting on the left factor and SL2(Z) acting on the
right. The C? factor in the first Hochschild cohomology is a twist of the standard
representation for SLy(Z) by a nontrivial character, as is one of the C? summands
in degree 0. See [49].

Let us explain, finally, how one can calculate these invariants in practice.

19.5. Calculating Inv via resolutions. Though we won'’t calculate any of the
above invariants explicitly, let us at least explain how one can calculate them. The
process is rather simple. Let us fix modular AY and closed connected M with
embeddings ¥ — M « X.

Firt, take your favorite injective resolution 1 — @ of the unit in AY and endow
the surface 3 with a positive disk labeled by ). Then produce a bordism

Mtube : EQ — ZQ
in Bord’} by connecting the markings via a single tube which traverses the interior
of M arbitrarily. We then evaluate under discrete LRT to get an endomorphism of
cochains
La(Myype) : Hom* o (C®9, Q) — Hom’o (C®9, Q).
This endomorphism can be calculated, degree-by-degree, via the original abelian
LRT theory from [22]. Take cohomology to get an endomorphism

H*La(Myype) : Extlo (C®9,1) — Ext’o(C®9,1).
Lemma 19.10. The endomorphisms H* L s(Myype) and H*Lp,;,, (M) are conju-

gate. Hence the coefficient of t™ in Inv(A%|M) is calculated as the determinant of
the matriz H”LA(Mmb@) — X -4d.

For the proof of this result we provide a more leisurely explanation below.

19.6. Justification for Lemma 19.10. Let us explain why this claim holds. First
note that we have a diagram

hBordy’

hL@finunzt

h Bord}* D(Vect)

nc
Bords’

so that we can calculate Lp,,, (M) by lifting to a marked bordism M/, in Bord}
along the forgetful functor. This just involves introducing arbitrary markings on the

bounding surfaces, though they should be the same markings so that Mt’ube remains
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an endomorphism, and arbitrary cylinder embeddings connecting these markings
through M. To simplify the situation we should assume that intersecting with the
outgoing boundary reproduces the identity map aout(Mt/ube) =idz: DXZ — DxT
in frDisk.

As for the map Bord};“ — Bordg,,,, we have the diagram

nc
BordUl’litS(@fjn)

trivy/ \

nc nc
Bord} Bordg,

unit

so that, we can calculate unit(M/,, ) : A' — Bord,, up to isomorphism, by first
lifting along the forgetful functor from Bord{j;i(,,,) then projecting down to
Bor %Cf This can be done explicitly by marking both bounding surfaces by the
same choice of a unit object 19 in Zy;,, and all outgoing boundaries by the identity
morphism. This gives us a Zy;,-marked bordism M/, = unit(M], ). We note
that the particular choice of unit does not matter here, but the fact that all markings
are the same is important.
Now to calculate the value Lo,,, (M/.,,) we have the identification

L@fin (Mt/;be) = Lﬁ/( Vt/;be)
where R is the (restricted) right adjoint R : Bordy;,, — Bord’g. The bordism

vt’;be is determined, up to conjugation by an isomorphism, as the x-marked
bordism M, now labeled by an arbitrary injective resolution @ of the unit 1,
along with identity morphisms at the boundary. To calculate this morphism we
can lift finally along the map Bord’}® — Bord’; to get

L (RM/,.) = La(Mupe) up to conjugation,

ube

where M,y is obtained from Mt’ube by labeling by @ at each marking, and the
identity at the outgoing boundaries. In total we find

H*Lp,,,(M) = H*La(Myue) up to conjugation.

We can therefore calculate the proposed determinants in the definition of the in-
variant Inv(AY|M) via H*La(Myype)-

APPENDIX A. ABOUT frEs

We discuss equivalences between maps in frEs, while paying special attention
to issues of smoothness. We then prove Proposition 7.1, which claims that the
inclusion Lin frEo — frEs is an equivalence, and discuss related issues for bordism
categories. Finally, we provide the proofs of Lemmas 6.9 and 6.12 from the body
of the text. The reader might recall at this point our explicit construction of the
oo-operad frE5 from Section 5.3.

A.1. The homotopy category h frE,;. The following results are well-known to
experts. Corollary A.3, in particular, follow by an equivalence between the space of
smooth embeddings Embed(D x I, D) C Maps(D x I, D) and the space of framed
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1

configurations of points Conf}cr(D). We give some simple-minded proofs in any

case.

Lemma A.1. Any two oriented smooth embeddings fo, f1 : D — D are homotopic
via a homotopy h : |A'| x D — D whose evaluation hy at each time t € |Al] is a
smooth embedding. Furthermore, the homotopy h itself can be chosen to be smooth.

Proof. Consider an arbitrary smooth, oriented embedding f : D — D. Via the
homotopy f(137) : [0,1] x D — D we may assume that f has image in the interior
to D. By applying the diffeomorphism 1_Z|Z| : D° = R? we reduce to considering
embeddings f : D — R2. We claim that any such f is homotopic to the standard
inclusion, and in particular that all oriented embeddings are homotopic.

By translating we assume f(0) = 0, and consider the differential Ty f : R? — R2.
Since Tpf is a matrix with positive determinant, we can find a (smooth) path
A(t) : [0,1] — GLa(R) with A(0) = Iy and A(1) = (Tof)~!. Then by composing
A(t)f :[0,1] x D — R? we reduce to the case where Tpf = I>.

Now consider the open path

f=t2)
—1

h?:[-1,0) x D = D, hi(z)=
We have

t=0 = Tof(2) = I2(2) = =

Hence h°(t) extends continuously to a homotopy h : [—1,0]x D — D with hg = idp.
To see that h is smooth, we have the alternate expression

/ —uz) —l—ygf( uz)du

0
in <) = 2

of
= h(t,z) / —vtz) + vtz)dwv.
yay( )

We now have a sequence of composable smooth homotopies h°,... h™ : [0,1] x

D — D, for any choice of a smooth embedding f : D — D, with hY = f and

= f.. Here f. is fixed to be the preimage of the identity D — D C R?

under the diffeomorphism %M : D° — R2. After choosing a smooth weakly

increasing function b(¢) : [0, 1] — [0, 1] with b(¢) = 0 in a neighborhood around 0 and

b(t) = 1 in a neighborhood around 1, we obtain a sequence of smooth homotopies
H'(t,z) = h'(b(t), z) who compose to a smooth homotopy

Hy=H"o---oH’:[0,m+1]xD — D

between f and f.,. For an arbitrary pair of smooth embeddings fo,f1 : D —
D we now construct a smooth homotopy between fy, and f; via the compositie
H'oHy,. O

Proposition A.2. Suppose two maps fo, fi : D x Iy — D x J in frEy have the
same image f : T — J in Fin,. There is a smooth homotopy h : |AY| x D x T —
D x J with ho = fo and hy = f1, and for which the evaluation hy : DxXZy — Dx J
at each t € |Al| is a smooth embedding.

ISee for example this mathoverflow answer form Najib Idrissi.


https://mathoverflow.net/questions/490076/embedding-space-of-disjoint-disks-and-framed-configuration-spaces
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Proof. Tt suffices to prove the result when J is a singleton and f : Z — {£0} is
active, since we can independently resolve the problem for the preimages D x Z; of
the disks in the codomain one-by-one. Furthermore, after shrinking the images of
the disks, then translating if necessary, we may assume each of the images fo(D;)
and f1(D;/) are disjoint in D for each ¢ and ¢ in Zy. Then, by isolating each of the
pairs fo(D;) U f1(D;) in disjoint neighborhoods 7; : D — D we reduce to the case
where 7 is a singleton. This reduces us to the situation considered in Lemma A.1,
where the problem was already resolved. ([

Corollary A.3. The forgetful functor frEo — Fin, induces an equivalence from
the homotopy truncation h frE, = Fin,.

Proof. Morphisms in the homotopy category are given by the connected com-
ponents in the mapping space Maps;, g, (Z,J). We have the forgetful functor
Maps, g, (Z, J) — Hompin, (Z,J) which separates this mapping space into a dis-
joint union
MapSfTEQ (I7 j) = Hf Mapsf’r‘EQ (I7 j)f

over f in Hompin, (Z,J). So it suffices to show that each space Maps;,g,(Z,J)
is connected. As two maps in this space fo, fi : D x Zy —+ D x J are connected by
a path if and only if there is a homotopy h : |A'| x D x Ty — D x J with hg = fy
and hy = f1, the result follows by Proposition A.2. O

A.2. Linearly arrangements of disks.
Lemma A.4. The inclusion LinfrE,; — frEs is an equivalence.
Proof. The inclusion is essentially surjective, as LinfrEs contains all objects.

Given any pair of finite colored sets Z and J, we need only show that the inclusion
of mapping spaces

Mapsy,, trg,(Z, J) — Maps;,g, (Z, J)

is a homotopy equivalence. For this we can consider the corresponding simplicial
category LinfrE, in frE, and show that the inclusion

mLinfrEQ Z,7) — mfrEQ (Z,7)

is an equivalence (see [Ker, 02LN]). Since the subspace Hom;,, ;g (Z,J) is full
in Hom ¢, g (Z,J) we need only show that the inclusion is surjective on connected
components. However, this is a consequence of Proposition A.2, which shows that
there is only one map in Homyg, g, (Z,J), up to homotopy, over each map of finite
colored sets Z — J. O

We similarly have the subcategory LinfrDisk® in frDisk® which fits into a
pullback diagram

LinfrDisk® —— frDisk®

| i

LinfrE, frEs.

Since the disjoint union functor LinfrDisk® — frE; is an isofibration, the ex-
istence of such a pullback diagram tells us that the inclusion LinfrDisk® —
frDisk® is an equivalence.

Lemma A.5. The inclusion LinfrDisk® — frDisk® is an equivalence.


https://kerodon.net/tag/02LN
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A.3. Linear arrangements for bordisms.

Lemma A.6. Fiz two smooth oriented embeddings fo, f1 : D X T — D. There is a
smooth homotopy h : |A| x Cyl xZ — D, and subsequent homotopy

H:|A'| x Cyl xT — Cyl, H(s,z,t,4) — (h(s,2,t,1),t),

which satisfies the following:
e There exists € > 0 for which h(s,z,t,i) = h(s, z,t',i) whenever t and t' are
simultaneously in the neighborhood [0,¢€), or in (1 —e&,1].
o h(0,2,t,i) = h(s,z,0,i) = fo(z,4) for all s and t.
e h(l,z,1,4) = f1(z,1).

Proof. Take p1: |[A| x D xZ — D a smooth homotopy which has po = fo, 41 = f1,
and for which p; is a smooth embedding at all ¢ in |A'|. Such a homotopy p exists
by Proposition A.2. Let b: [0,1] — R be a smooth, weakly increasing function for
which b(¢) is of constant value 0 in a neighborhood of 0 and of constant value 1 in
a neighborhood of 1. Let ¢ : [0,1] — R be the identity ¢(s) = s. Take now

h:|A' x CylxZ — D and H :|A'| x Cyl xZ — Cyl
defined by h(s, z,t,7) = u(c(s)b(t), z,i) and H(s, z,t,1) = (u(c(s)b(t), z,i),t). O

Proposition A.7. Consider any x-marked surfaces ¥¢ and ¥, and bordism M; :
¥¢ — %, in Bord.. Let fo = Oput(My) : D XTI — D x J be the corresponding map
in frEq, and take t : T — J its image in Fin,. For any other map f1 : DXxZ — J
in frEy overt, there is an isomorphic bordism My = My in Mapsg,,.q_ (3¢, 5y)
with aout(Mf’) = fl-

Proof. Consider the case where ¥/ = X, n: D x J — ¥ are disk which collectively
contain the image of (: D X Z — 3, M =X x [0,1], and

f:CylxZT - M

is constant in the linear factor of Cyl = D x [0,1]. So, f is explicitly the map

fz,t,4) = fo(z,1).
For each j in J we have the corresponding embedded cylinder 7); : Cyl; = M,
n;(t,z) = (t,n(t, 2z)), and we intersect with this cylinder to obtain a map

FI: Oyl xZ; — Cyl;

which is constant in the linear factor, fj(z, t,1) = fo(z,1), where we now restrict to
zin D xT; C D xZ. By Lemma A.6 and Proposition A.7 we can find, for each j,
a smooth homotopy

HI ¢ |AY| x Cyl xZ; — Cyl; = M

whose terminal map H f : Cyl xZ; — M intersects with the outgoing boundary disk
to reproduce fi|pxz;, and which together provide an isomorphism

H:|A'| x CylxT — M
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between My and My in Mapsg,.q, (X¢,%,). (Here f* = H;.) This homotopy
provides, in particular, a diagram of the form

N

S¢———

which determines such an isomorphism in the mapping space.
In the case of a general bordism My : ¥¢ — ¥, we can cut My along its outgoing
collar to decompose it as a composite My = N, o M, where

N, :Tp - %

is of the type considered above. We then have an isomorphism H : N, = N, of
the prescribed form which composes to provide the desired isomorphism (M,)*H :
My = My O

Corollary A.8. For any frDisk-category &% — frDisk® the projection
LinfrDisk® X frDisk® Bord? — Bord?
is an equivalence of symmetric monoidal co-categories.

Proof. 1t suffices to show that the underlying map on co-categories is an equiva-
lence. Consider the case of the trivial famed pair

L’LnfTDiSk X frDisk BOI‘d* — BOI‘d,,< . (61)

The left-hand co-category is the subcategory in Bord, consisting of all marked
surfaces, and bordisms My : ¥ — X whose outgoing map Jput(My) lies in
LinfrDisk. Equivalently, the fiber product is the nerve of the simplicial sub-
category LinBord, in Bord, containing all objects, and whose mapping complexes

mLinM*(ZCvzn) - MM*(ZQEU)

are the full subspaces spanned by all bordisms M with 0oy (My) in LinfrE,. The
corresponding inclusions of mapping complexes are clearly fully faithful, and by
(the proof of) Proposition A.7 they are essentially surjective. Hence each inclusion
is a homotopy equivalence, and the corresponding functor on homotopy coherent
nerves is an equivalence [Ker, 01Q1].

For a general frDisk-category, we have a pullback diagram

Lin frDisk X ,pisk Bordge —— Bords

| l

Lin frDisk X f,pisk Bord, —— Bord.

in which the map Bordge — Bord, is a cocartesian fibration, and hence an isofi-
bration. Since the bottom projection is an equivalence, it follows that the top
projection is an equivalence as well. [


https://kerodon.net/tag/01Q1
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A.4. Proof of Lemma 6.12.

Proof of Lemma 6.12. By Theorem 6.8, we have an equivalence of frDisk-categories
&% 5 Env(&©) for some frEs-monoidal oo-category £©. So it suffices to prove
the result in the case of such an envelope &® = Env(&£©).

For 7 : frDisk® — frE, the disjoint union functor, and any map f :s — tin
frDisk® with image f = w(f) :Z — J, we have the diagram

&8 d &2

INVRR

B
inched

P |-

fi

&J

So it suffices to show that the transport functor f, along an arbitrary map f : Z — J
in frE, is expressible as a composite of projections onto select factors, transition
maps, products, and unit maps.

Write out f explicitly as a disk embedding f : D x Iy — D x J. We have
that f factors as an inert projection py : 7 — Ty composed with a coloring of
the identity fo : Zy — Iy, then composed with an active map f : Zop — J which
preserves colors. Transport along the inert projection simply recovers the projection
&T — &7, and transport along the colored identity just applies the transition
functor d : &~ — &7 in the relevant factors. So that we may assume f itself is
active and color preserving, i.e. is defined by a disk embedding f: DXxZ —- D x J
which sends positive disks to positive disks, and negative disks to negative disks.

Now, by Corollary A.3, f is isomotopic to a composite sequence f >~ vf, ... fo
where each f, : D x I" — D x I"%! is just the identity D — D on all disks save
for two components D;, II D;, and on these two components we apply the linear
disk embedding DIID — D, z — %z:l: % The map ¢ : D X I™ — D x J is defined
by an inclusion of colored sets Z" — J.

Composing ¢ with the inert projection p; : J — {0} onto an index j in the
complement J \ im(Z") recovers the zero map Z!n — () — {0}. From this one
sees that the transport functor ¢ : ET" 5 &I just inserts the unit * — & at all
excess factors. Transport along each f; applies the product &Z° — & on the
associated factors. Taking my = u(fn)1--- (fo)1, we obtain the desired diagram

|

Y —— N
my

A.5. Proof of Lemma 6.9.

Proof. We first show that the inherited map .Z® — Fin, is a cocartesian fibration.
Let z be an object in .£® with images t = (Z, p) and K in frDisk® and Fin,,
respectively. Consider a map f: K — L in Fin,. We claim, in particular, that any
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cocartesian lift a : z — 2’ of f to &% has 2’ in .Z®, and hence that « lines in Z®
as well. - ~

First, lift f to the cocartesian edge f : ¢t = (Z,u) — t' = (Zf, fu) in frDisk®.
Here Zy is the primage of the specified subset Ky along the map p:Z — K and f
is explicitly given by the diagram

DxIf—4~Dx1;

#Zfl lfﬂlzf

K; L.

For the separations ¢ = (Z,id;) and ' = (Zf, idr;), and any index i in Zg, we have
the diagram

7
°tx<—m
\%w

Here t; is just the singleton {£0} with color color(i) and p; is the inert projection.
These diagrams imply diagrams for the transport functors

f
&g —" g
éai

which, taken together, provide a diagram

—>g®
ﬁk e

(Here 7¢ is the projection &T — &%7)) From this we conclude that f, sends Z°
into ,,Sﬂti@. Evaluating at our original object z in .Z®, we observe a cocartesian edge
z — fi(2) in £® over f:t— t' in frDisk®, and hence over f: K — L as well.

We’ve now shown that the induced map .£® — Fin, is a cocartesian fibration
and that the inclusion .#® — &® is a map of cocartesian fibrations over Fin,. To
conclude symmetric monoidality, we need to show that that transport along the
inert projections py, : K — {0} provide an equivalence £ — f{fg}

Since £ and Z{Ig} are full in & and [],, &, {%}, this functor inherits fullness from

fullness of the corresponding functor for the ambient category £&%. So we need only
verify essential surjectivity. For this choose any tuple of objects (z; : k € K) in
,Z{Ig} and consider its image (¢ : k € K) in frDisk”.

Each ty is just a tuple of colored disks, and taking the disjoint union we obtain an
object t in the fiber frDisk$ with inert projections p; : t — t5. Writing t = (Z, ),
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we can argue as above to observe a diagram

E%@

[T, 2

jI

where the maps to XZ are both equivalences. Hence transport provides an equiv-
alence 2 5 ], 4 t , and there is an object z in .Z° which admits cocartesian
edges o : z — zx over the projections py : t — t;. Composing to Fin,, we have
cocartesian edges g over the inert projections pr : K — {0}. By uniqueness of
cocartesian edges it follows that the tuple (zj : k € K) is in the essential image of
the functor ff? — 1 ,,2”{%}, as required.

Finally, as for stability of .#® under isomorphism, choose an isomorphism « :
z = win &%, Let f:t = (T,pn) — s = (J,v) be the image of o in frDisk® and
note that f is an isomorphism as well. Hence f is defined by a collection of disk
embeddings D; — D;, each of which is homotopic to the identity (see Lemma A.1),
and we have a diagram

EL— = 87
where the bottom map sends the i-th factor in &7 identically to the my(f)(i)-th

factor in &7. Since « is a cocartesian lift of f, we have fi(t) 2 w in the fiber &%,
and from the above diagram it follows that z is in .2 if and only if w is in £®. O

APPENDIX B. FRAMED PAIRS FROM BALANCED CATEGORIES

We construct a canonical frE;-monoidal co-category q : E© — frE, associated
to a map of balanced monoidal categories d : E~ — ET. As a preliminary point,
we recall how one constructs an (uncolored) fr Es-monoidal co-category from any
balanced monoidal category. Pulling back along the disjoint union functor, we
obtain a corresponding frDisk-category E® = Env(E®) — frDisk®.

B.1. Framed Es-algebras from balanced categories. We consider the stan-
dard operad frEs of (uncolored) disk embeddings. This operad is defined via a
corresponding simplicial operad frE,, exactly as in Section 5.3, but without col-
ors. So, objects are finite sets, morphisms f : I — J are oriented disk embeddings
f:Dx1I; — D xJ, 2-simplices are generally non-commuting diagrams

N

I—>K

(62)

whose underlying maps of finite pointed sets commute gf = h, and which are
equipped with a homotopy o : [A| x D x I, — D x K between gf and h. As in
the colored setting, we have the non-full subcategory

LinfrEs — frEs



132 CRIS NEGRON

spanned by all objects and linear disk arrangements f : D x Iy — D x J. The same
arguments employed in the colored case tell us that this inclusion is an equivalence.

From any 2-simplex o : A? — LinfrEy as in (62) the underlying homotopy
traces out a framed braid [o] = (8,n) in Bry,.(¢gf) which transaltes between the
orderings on the subsets I, C I specified by the two maps gf and h. This framed
braid is defined exactly as in Section 7.1. The following is well-known, and can be
obtained from a calculation of the 2-categorical truncation m; LinfrEs; via framed
braids. See for example [70, Definition 7.1, Propositions 7.4 and 7.6] (cf. [30,
Proposition 6.2.2]).

Proposition B.1. Any balanced monoidal (1—)category B has an associated func-
tor Fg : Linfr Eg — %at with the following values:

Fp(I) = B'.

For f:1— J in LinfrEs, Fg(f)=my: Bl — B’.

For a 2-simplex o as in (62), with associated framed braid (8,n),

Fp(0) =Cgn:mgms X mgp — my,.

Here my : BT — B applies of the product functors B/ — B in each factor,
where each I; is ordered by the given map f as in (23), and (g, is defined via the
braid group action on the multiplication functors m; : BY — BX provided by the
braiding on B and the twist, as in Section 5.6,

Cgn =B omgs(0") oassoc.

We sketch a proof.

Sketch proof. We have the simplicial operad LinConf/” whose objects are finite
pointed sets, and maps are linear embeddings of disks f : D x Iy — D x J.
An n-simplex in the mapping complex Hom(7, J) consists of the choice of a map
f : I — Jin Fin,, choices of linear disk embeddings f, over f for each 0 < r < n,
and the choice of an n-simplex ¢ : A" — [, Conf{:(D) in the space of framed
embeddings of points I; — D for which &, = f.|{0}x1, at each index r. Composition
is defined as in frE,.

We apply the homotopy category functor on the mapping complexes to obtain
a strict 2-category hs LinConf’/". The objects in this 2-category are finite pointed
sets, maps are linear disk embeddings as above, and 2-morphisms (3,n) : f — f
are choices of framed braids which translate between the orderings on the preimages
I; — {j} provided by the initial disk embedding f : D x Iy — D x J and the target
embedding f': D x Iy — D x J.

Remembering only the centers of disks and their inherited framings gives a for-
getful functor LinfrE, — LinConf’" and taking the homotopy truncation provides
a map of simplicial operads Lin frE, — hs LinConf/". We apply the nerve to ob-
tain a map of co-operads Linfr Ey — hy Lin Conf!", where the latter simplicial set
is described entirely by is 0, 1 and 2-simplices as in Lemma 3.24.

We have the well defined assignment of 0, 1 and 2-simplices Fg[d] : hy Lin Conf’"[d] —
%at[d] as prescribed in the statement, and it is a practical matter to check that these
assignments define a map of simplicial sets Fi, via Lemma 3.24. We compose with
the projection from Linfr Es to obtain the promised map Fg. [
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We note that the functor Fp extends uniquely to a functor from the ambient
category frEs.

Lemma B.2. For any balanced monoidal category B, there is a unique functor
Fy : frEq — %at which completes a strictly commuting diagram

LinfrEs s

\ L

frEsg

Cat

Proof. Since the map LinfrEq — frEy is an injective equivalence the restriction
functor

Fun(frEq, ¢ats) — Fun(Linfr Eq, at)

is a equivalence which is also an isofibration [Ker, 01F3]. It follows that the pro-
jection from the fiber

{FB} xFun(Linfr Es,%at) Fun(fr EQa Cgat) — X

is also an equivalence. In particular the above fiber, which classifies such completing
functors, is a contractible Kan complex. ([l

Definition B.3. For any balanced monoidal category we let
B® = / Fp — frE;
frEz

denote the cocartesian fibration determined by the functor Fy : frEs — %at C
%ats, from Proposition B.1 and Lemma B.2.

Explicitly, B® is defined by pulling back the universal fibration Z6at ., — Gats
along the map Fj. In particular, from the diagram in Lemma B.2, the pullback
along the inclusion Linfr Eo — fr Es recovers the fibration

B®|Lingre, = BY X grm, LinfrEs =/ Fp.
Linfr Es
Also the transport functors along maps f : I — J in Linfr E; recover the product
functors my : B — BY. It is therefore clear that the given fibration realizes B® as
a fr Eo-monoidal co-category [57, Definition 2.1.2.13]. We describe B® explicitly
in Section B.2 below.

B.2. Describing the fibration B® — frE,. Consider a balanced monoidal cat-
egory B and let B® — fr Ey be the associated fibration from Definition B.3. By
definition, B® is the pullback of the universal fibration &%6at., — %at. along the
composite of F'j; with the inclusion ¢at — Gats,. Taking P6at = Gat X g1, Pbat
we now obtain B® as the pullback

B® = frEy Xgu Pbat — FP6at

| |

frEs %at.

So, to describe B® it suffices to describe the co-category Z%at.
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Explicitly, we have the homotopy coherent nerve N(Cat) and the undercategory
N(Cat),, — N(Cat). (The simplicial set N(Cat) is an (oo, 2)-category, not an
oo-category, though the point is irrelevant for us.) The co-category H6at can be
identified with the fiber product

Péat = Gat XN(%) N(%)*/

[Ker, 0213].

Now, since the simplicial category Cat is a strict 2-category, its homotopy co-
herent nerve can be described explicitly in accordance with Lemma 3.24. This
explicit description yields an explicit description of the simplices of the slice cate-
gory N(Cat),,, and hence of Z¢at.

Precisely, objects in &6at are categories equipped with a chosen object = : x —
C. Morphisms are functors F : C — C’ equipped with a map between the chosen
objects a : F'(z) — 2/, and 2-simplices are triples of functors F;; : C; — C; with a
choice of natural isomorphism & : F5Fy; — Fpe which produces a diagram

Fioa
Fi2Fo1 (o) E— Fiz(21) (63)
gi lalz
Foo (o) o T2

for the chosen objects x; and morphisms a;;. A general n-simplex consists of a
choice of pointed categories z; : * — Cj, functors F;; : C; — C;, morphisms
a;; ¢+ Fij(z;) — x;, and natural isomorphisms &, : FjpF;; — Fy for all 0 < <
j < k < n which complete diagrams (63) at all such triples, and which also satisfy
the compatibility

Eiridry, 0 &ijr) = &iji(§m 0 idr,;) + Pl iy — Fy

at all quadruples 0 < i < j < k <l < n. The cocartesian edges in Héat,
along the universal fibration £?%at — %at, are precisely those pairings of a functor
F : ¢ — ¢’ with an isomorphism « : F(z) = 2’ between the chosen objects.

Pulling back along the functor Fp : Linfr Ey — %at, which is precisely the
portion of the functor Fj; which we understand, we obtain an explicit description of
the restriction B®|Lipn frE,. Objects in B®|Li,f,E, are choices of a finite colored set
I and an objects x in the exponent B!, and morphisms «a : {z,I} — {y, J} consist
of the choice of a map f: I — J in Linfr Eg and a map o : my(z) — y in B7. A
general n-simplex o : A™ — B®|mer E, consists of an n-simplex 7 : A™ — fr Eo,
which specifies a linear disk arrangement f;; : D x I}i]_ — D x I’ and homotopies
Gijk © fikfij = fik, and a choice of the following data:

e An object x; in B!" for each index 0 < <n.
e A choice of morphism «;; : ; — x; for each i < j.

These data are required to produce a diagram
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whenever ¢ < j < k and to produce equalities
Cint (idmy,; © Cijk) = Ciji(Cirt © idim,;) = Mprmjrms; — my

whenever i < j < k < I, where m;; = my,, and (i @ mjgmi; — Mg is the
transformation specified by the framed braid extracted from the homotopy ;.

It is a general fact that the transport functors for the cocartesian fibration
|y F — A associated to a functor F' : ¢ — @ats, recover the functors F(f) :
F(s) — F(t) determined by F [Ker, 027]. In particular, the product functors
my B' — B are recovered as transport for the fibration B® — fr E,, along any
map in Linfr E,. Taking p; : I — {0} the inert maps in fr Es, i.e. the tautological
identifications p; : D x {i} — D, we have that the transport functor along p; is sim-
ply the projection m,, = p; : B! — B. Hence transport along the inert projections
recovers the identity map p; : B? = B' — B!. We therefore see that B® — frE,
is in fact a fr Eo-monoidal co-category.

Proposition B.4. For any balanced monoidal category B, the cocartesian fibration
B® — frE, from Definition B.3 is a fr Ey-monoidal co-category. Furthermore,
for each map f : I — J in LinfrEs, the transport functor along f recovers the
associated product functor my : B! - BY.

B.3. frEs-monoidal co-categories from balanced functors. Given a balanced
monoidal functor d : E- — E* we have the associated fibration p : Fg — Al
obtained from the weighted nerve of d. Specifically, E, is the (1-)category whose
fibers over 0 and 1 are E~ and E respectively, and whose maps from the negative
to positive fiber are

Hompg,(x,y) = Hompg+ (d(z), y).
Note that there are no maps from the positive to negative fiber.

The balanced structure on d endows E; with the unique structure of a balanced
monoidal category so that the two inclusions E* — E4 are maps of (non-unital)
balanced monoidal categories, with trivial tensor compatibility, and with the prod-
uct between the fibers given by

zRy=d(z)®y and y®z =y ®d(x) whenever z is over 0 and y is over 1.
The unit for this category is 1 = 1g-, and the associator between the fibers is

provided by the monoidal structure on d.

Remark B.5. The inclusion E~ — Ej is unital while the inclusion from ET is
non-unital. Indeed, the unit for ET is sent to the object 15+ in (Ea){1y, and this
object admits a distinguished p-cocartesian morphism 1 — 1g+ provided by the
unit structure d(15-) = 1+ on d.

We have the associated fibration g4 : E(? — frEs from Definition B.3 which
admits two apparent maps of operads

(E7)° By (ET)®
q e q

We pull back along the forgetful functor frEs — fr Eg to get a cocartesian fibration
fTEQ X frEs E? — fT'EQ.
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Definition B.6. Given a map d : E~ — ET between balanced monoidal (1-
)eategories and associated fibration g : Ef? — frEs, we take

E® C frEs X5, EY

the full subcategory whose fibers are the colored exponents EIQ =ET C EL We
consider E® along with the inner fibration q : E® — frE, given by restricting the
cocartesian fibration frEs X ¢, g, E(? — frEs to E°.

We note that E® is stable under isomorphism in frEq X 7,5, E?, so that the
map ¢ : E©® — frE, is in fact an isofibration.

Recall that each f : Z — J in Lin frEs determines an associated colored product
my : BT — EY | and the corresponding map f : I — J in Linfr Eo determines an
uncolored product mjy : El — EJ. Given such f in LinfrEs and x in the fiber
E? = EZ, we define the map 1; : * — my(z) in E® over f which we recall is
defined by an underlying map 15 : my(x) — my(z) in E7 as follows:

e For each negatively colored index j € J, we have that the j-th components
agree mg(x); = my(z); and we take (17); : ms(z); — my(x); to be the
identity (1f)j = idmf(m)j.

e For each positively colored index j € J whose preimage 7; also contains a
positive index, we again have ms(z); = my(x); and take (17); = idy,; (o), -
e For each positively colored index j € J whose preimage Z; contains no
positive indices, we have m(z); = my(d'iz);, where d'i applies d at each
index in I; C I, and we let (17); : mg(x); — mys(x); be the map in Eqy
given by the natural isomorphism d(m(z);) = mg(d"z); = my(x) given
by the monoidal structure on d.

Proposition B.7. For any balanced monoidal functord : E= — E™, the associated
isofibration q : E© — frEs from Definition B.3 is a cocartesian fibration which
gives E© the structure of a frEs-monoidal co-category. Furthermore, for each
f:ZT— J in LinfrEy and x in E®, the map 15 : & — my(z) is a g-cocartesian
edge over f.

Proof. Call a map f : Z — J in frE, consistently colored if the preimage Z; of
each positive index j in J is nonempty and contains a positive index 4. Since this
property is determined by the underlying morphism of finite pointed colored sets,
we see that such consistency is stable under isomorphisms of maps in frE,.

For consistently colored f : Z — J in LinfrEs we note that the uncolored
product my : Eé — E('i] for E; sends E7 into EY, and in fact recovers the colored
product my : ET — EYJ under restriction. Hence for any = in EZ C Eé the
distinguished cocartesian lift 15 :  — mys(x) in E(? provided by the identity on
my(z) is already in E®. For general consistently colored f' : Z — J in frE,
we have my = my for some consistently colored f in LinfrEs, so that again the
cocartesian lift z — my (x) in ES lies in E©, by fullness of E® and stability under
isomorphism.

Now, by a color change map in frE; we mean a map w : Z — 7’ in frE,
which maps to idy : I — I' = I in fr Ey. We note that every map f’ in frEs is
a composite f' = fwu of consistently colored maps f and u, and a color change
map w. Here u is just an inclusion D x Z° — D x Z' induced by an inclusion of
sets Z° — Z' in which all added indices in Z' are negatively colored. So, via the
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2-of-3 property for cocartesian edges [Ker, 01TS], it suffices to show that each color
change map admits a g-cocartesian lift.

For a color change map w : Z — Z' let d,, : EX — EZ’ be the functor which is
the identity at each index ¢ with color(i) = color(wi), and which applies d at each
index i with color(i) = — color(wi). (This map d,, is equal to the colored product
my, over w.) For z in ET take 1, : z — d,,(z) the map over w in E which is just
the identity on each factor. We claim that 1, is g-cocartesian.

Consider an n-simplex 7 : A" — frE,, with specified objects Z”, maps f/, :
I" — 7°, and homotopies 7.5 : fL,fl. — fl;. Suppose f{; is a color change map
fiy = w :I° — T', so that each f{, admits a strict factorization f}, = fosw for a
uniquely specified map fys. In fact, taking f.s = f/, when 7 > 0, the n-simplex o
specifies a corresponding n-simplex v with maps f,s and the same higher data, as
this higher data is purely topological, i.e. has nothing to do with colorings.

For 7 as above we consider a lifting problem

AP —2 > E© (64)
|
A" *T> frEs

in which G|a1013 = 1o @ ®g — dw(xg) = x1. The horn & is specified by maps
s mlg(z,) = x5 which complete diagrams

m/ s
mlmi g (w,) —————m;(z,)

Crst i iO‘St

my (wr) o Ty

where m;, = my _and (s is the transformation specified by the framed braid
(Brst, nrst) associated to the homotopy 7,5¢. Each my, factors as mqsd,, for mgs =
my,., and taking m,; = m/.; for r > s we obtain a corresponding horn fi : A} — E©
specified by the objects y, with yo = d,(x9) = x1 and y, = x, for all r > 0, the
same maps o5, and the same natural transformations (,s;. Note that a1 = idy,
here.

The horn f fits into a lifting problem

Ap—" o po

7

A" — > frEy

and since idy, is g-cocartesian we can solve this lifting problem to produce an n-
simplex p : A™ — E®. The two layers of data, and third order compatibilities
which specify this n-simplex specify an n-simplex o : A™ — E® which solves the
original lifting problem (64). The generic existence of such solutions verifies that
1., is g-cocartesian.

As for the claim that 1 : £ — my(x) is always a cocartesian lift of f in Lin frEo,
this is validated immediately in the case where f is consistently colored. For f’ :
7' — J not consistently colored we have a factoring f’ = fwu where u is induced
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by an inclusion Z' — 7 in which all added indices are negative, w is a color change
map, and f is consistently colored. We can specifically take

I" ={j € J : j positive with empty preimage in Z'},

recolor this set negatively —Z"” and take Z = Z' IT —Z"". We then have the cocarte-
sian lift of f’ given as the composite map

lolyoly:x—2z—dy(z) = mpdy(2)

where z in EZ is obtained from z in EZ’ by inserting a copy of 15— at each index
in —Z". The object myd, (=) differs from m (z) only at the indices in 7" C 7,
and we have the isomorphism & : myd,(z) = my (z) in B which just applies the
isomorphism d(1z-) = 1g+ at all such indices. The isomorphism £ is a cocartesian
lift of its image ids in frEs so that we obtain the new cocartesian lift

lpp=E¢olpol,oly, i — my(x)
of f" along ¢, as desired. O

Proposition B.8. Letd: E~ — ET be a balanced monoidal functor. For any map
f:Z — J in LinfrEy the associated colored product functor

my: BT — EY
is the transport functor for ¢ : E© — frEq along f.

Proof. When f is consistently colored, in the sense that Z; contains a positive index
whenever j is positive in J, then the colored product is obtained by restricting the
corresponding uncolored product on E,. Since the uncolored product is reproduced
via transport along f for Eg) — frEs, it follows that the colored product is also
recovered via transport along f. (Here we are using the fact that the map 15 : 2 —
my(x) is a cocartesian lift of f in both E® and ES.)

For a color change map w : Z — 7', i.e. a map over the identity in fr Es, recall
that m,, : ET — EY just applies d at all indices where the color changes from
negative to positive. We have the uniquely specified cocartesian transformation

T, : A' x ET — E©
with Ty, |0y = id, Tul{1y = My, Tw(0 < Lotz — y) = my(a) : 2 — my,(y). Note
that for each x in EZ this transformation has Tolarx{ay : Al = E© equal to the
g-cocartesian edge 1,,. Hence, restricting along {1} — Al we see that m,, provides
the transport functor for E© along w.

For general [’ : Zo — J which is not consistently colored we have a factorization
f" = fwu for color change w, f consistently colored, and u induced by an inclusion
Ty — I,. Here we can take Z; obtained from Z; by adding in those indices in J
which are positively colored but have vanishing preimage, and negating the colors
on these indices. Note that w is consistently colored. Since composites of transport
functors are transport functors, we find that the composite mmy,m,, : ET - EJ
is a transport functor along f’.

The functor mjsm,m, inserts a copy of d(1lg-) at each index j in Z, and
the structural isomorphism d(1p-) = 1g+ induces a natural isomorphism ¢ :
MMMy Sm ¢ which composes with the cocartesian transformations to produce
a cocartesian lift

€oTyoT,0T, : A' x ET — E®
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of the map A! x ET — Al ER frEs. This transformation realizes my as another
transport functor along f’ in E®. O

Proposition B.8 tells us, in particular, that transport along the inert projections
pi : T — {£0} recovers the identity map on the colored exponent p; = id : E%) =
ET — ET.

Corollary B.9. For any balanced monoidal functor d : E~ — ET, the associated
cocartesian fibration q : E© — frEy gives E© the structure of a frEo-monoidal
oco-category.

We now record the proof of Proposition 7.1, for the sake of completeness.

Proof of Proposition 7.1. Define the frDisk-monoidal co-category E® — frDisk®
as the envelope of the frEs-monoidal co-category E© — frEs constructed above.
|

APPENDIX C. MODULE CATEGORIES AND INNER-HOMS

We cover basics information regarding module categories over symmetric monoidal
oo-categories. As a primary point of interest, we calculate inner-Homs for the action
of Yectpro-fin ON Dpro-fin- For this section one does need to have some familiarity
with oo-operads, and we refer the reader to [57, Sections 2.1.1 and 2.1.2] for the
details.

C.1. co-Categories of cocartesian fibrations. For any oo-category .7 and co-
cartesian fibrations ¢; : 4; — 7 we have the complexes

Fun 7 (%0, 1) = {90} Xrun(%,,7) Fun(o, 1)

of functors over .7, and consider the full subcategory Fun (%y,%1) spanned by
those maps which preserve cocartesian edges. Since the map (q1)« : Fun(%p, %1) —
Fun(%y,7) is an inner fibration [Ker, 01BV], the fiber Fung (%, %1) is an oo-
category, as is the full subcategory Fun% (%5, €1).

The composition operations on the ambient complexes Fun(x, ) restrict to pro-
vide composition operations for Fun%, so that we obtain a simplicial category
Cocart(.7) which is enriched in co-categories. Applying the associated Kan com-
plex functor on mapping complexes, then applying the homotopy coherent nerve,
we obtain an oco-category %ocart(.7) = N(Cocart(7)™").

We note that pulling back along any map w : . — 7 provides a functor
Cocart(.7) — Cocart(.¥) between Cat.-enriched categories, so that we obtain a
pullback functor

w* : Gocart(T) — Gocart(S).

Definition C.1. Given an ooc-operad ¢® — Fin,, the oo-category %onf;® is
the full subcategory in Gocart(€®) spanned by &-monoidal co-categories. In the
particular case 0® = Fin, we take

Sl e = MonE™+.
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C.2. Module categories over symmetric monoidal co-categories.

Definition C.2. Let Mod denote the subcategory of Fin, (see Section 5.1) con-
sisting of all finite colored sets Z and all morphisms f : Z — J which satisfy the
following:
(a) Every positively colored index in the specified subset Z; C 7 is sent to a
positively colored index in 7.
(b) For each positively colored j in 7, the preimage Z; = f~!(j) is nonempty
and contains precisely one positively colored index.
We consider Mod as a category over Fin, via the forgetful functor Mod — Fin,.

Remark C.3. Condition (a) in Definition C.2 is redundant, in the sense that it is
already included in the notion of morphisms for Fin,.

Lemma C.4. The forgetful functor Mod — Fin, gives Mod the structure of an
oco-operad.

Proof. Any inert map p : I — J in Fin, specifies a bijection from the specified
subset I' = I; = J. For any coloring Z of I we have the corresponding colored
subset Z' and coloring 7 of J induced by the given bijection. We thus obtain the
colored lift p* : T — J of p which is observed directly to be cocartesian over p. As
the coloring of J is canonically determined by the coloring of Z and the map p in
Fin,, we have the associated transport functor

pr s Mod; — Mod;, ZT— J,

with cocartesian transformation 75 : Al x Mod; — Mod provided by the p%.
The remaining requirements from [57, Definition 2.1.1.10]l are now also observed
directly. O

We note that there is a unique section ¢ : Fin, — Mod of the forgetful func-
tor which sends each finite pointed set I to I along with its complete negative
coloring. This section is a map of oco-operads, in the sense that it preserves inert
edges. In particular, any Mod-monoidal co-category pulls back along ¢ to produce
a symmetric monoidal co-category.

Definition C.5. Let #® — Fin, be a symmetric monoidal co-category. A module
category over % is a Mod-monoidal co-category .#® — Mod which is equipped
with an equivalence of symmetric monoidal co-categories

Fin, Xnoq-#

\/

Fin,

The underlying oo- category for an % -module category is the fiber over the positive
singleton .Z = ///{H)}’ and a map of .#-module categories ' : .A#® — 4% is a
map of Mod-monoidal categories equipped with a choice of a diagram

F|Fin,
Fin, Xyeq#® ——————— Fin, Xnmoq N ®

A
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in M.

Remark C.6. We are abusing notation, as we should really be speaking of .%®-
module categories, or even g-module categories for the given fibration ¢ : F© —
Fin,.

For any .%-module co-category .#, we have the action functor
acty : F X M — M

which is produced via transport along the unique active map {—1,+0} — {+0} in
Mod.

Remark C.7. Any equivalence of symmetric monoidal co-categories . #® = Fin, X o 4%
realizes the fiber product as an initial object in the undercategory (4 ) 7« [Ker,

02J2]. For (S )'5s , the full subcategory spanned by initial objects, we can de-

fine the oco-category of .#-module categories formally as the fiber product

FO-mod = (SM) 3 ) X s, ModL.

Since the subcategory of initial objects is contractible [Ker, 02HM] and since the
forgetful functor (S ) 7o, — S M is a left fibration [45] [Ker, 018F], the above

fiber product is equivalent to the homotopy fiber product {#®} X;f/;; ModNLed.

C.3. Module oo-categories from discrete module categories. Let S be a
discrete symmetric monoidal category and M be a discrete module category over
S, in the usual 1-categorical sense of the term. (See for example [26, Definition
7.1.1].) We construct the corresponding cocartesian fibration M® — Mod whose
objects consist of a choice of finite colored set Z, a linear ordering on the negatively
colored indices in Z, and a choice of an object = in M% = Geolor™ (=) 5 ppeolor™! (+)
Morphisms « :  — x’ consist of a map f :Z — J in Mod and, for each j in 7, a
choice of map xz, — =’ in S or M where

rI; = ® Li-

i€T;
Here the product is ordered via the chosen ordering on Z; when j is negative, and
otherwise is taken in the unique ordering which extends the given ordering on the
negative indices and takes the positive index in Z; to be maximal. In this way
any module category in the 1-categorical sense becomes a module category in the
oo-categorical sense.

Definition C.8. By a finitely generated linear abelian category AY we mean a
presentable, compactly generated, abelian category whose compact objects are pre-
cisely the finite length objects, and for which

dim Hom 4 (z,y) < oo whenever z and y are compact.

We note that any finitely generated linear abelian category is a module category
over Vect. Indeed, we might take this as our definition of linearity. For our purposes,
however, we want to consider actions of the pro-finite category Vectpro-fin-

The linear action on AY completes to an action of Vecty,o-fin on A;?TO_ Fin which
is defined by the expected formula

0 @ 20 :1-3_@3 Rk T,
A
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(See Sections 7.3 and 7.4 for basic information on pro-finite completion.) The
action of Vectpro-fin ON Agm_ Fin, DOW extends to an action of unbounded cochains

Ch(Vectpro fin) = Ch(Vect)pro-fin o0 Apro-fin = Ch(ACQ)pm_fm7 which is again
given by the expected formula
v ® ¢ = the complex with degree n subobject H "™ ® "2,
ni+nz2=n
Hence we obtain a Ch(Vect)pro. fin-module category of unbounded cochains over
V]

pro-fin"

Proposition C.9. For any finitely generated linear abelian category A%, the cor-
responding category Apro-fin 0f pro-finite cochains admits the natural structure of

a module co-category kAf?ro-fin — Mod over the symmetric monoidal co-category
Ch(Vect)® — Fin,.

pro-fin

C.4. Inner-Homs. For symmetric % and an .%-module category .#® — Mod
we have the action map acty : F x .# — .#. Hence, for any Hom-functor
H y: MP X M — Han we have the corresponding sequence

FP X MP X} M— MP X M — Fan
given by composing the action with H_4. Via adjunction this specifies a map
act” : AP x M — Fun(FP, Han), (m,m')— {x— Hz(x@m,m')}.

Remark C.10. Recall that a Hom functor H 4 is simply a “bi-functorialization”
of the mapping spaces

Maps 4 (z,2') = {z,2'} Xpun(aar,.a) Fun(A', 4).

Such bifunctors are obtained by straightening the twisted arrow fibration TW(.#) —
MP x M. See [Ker, 03K1, 03K6].

Recall the Yoneda embedding &% — Fun(Z°P, #an), which is an equivalence
onto the full subcategory spanned by representable functors [Ker, 03NF, 03M5].

Definition C.11. An .#-module category .# is said to admit inner-Homs if there
is a bifunctor Maps : AP x .# — % which completes a diagram

F

MOP X M Fun(#°P, #an)

act
in Gats.

Clearly inner-Homs exist if and only if each functor act” (z,z') = H 4(— @z, 1)
is representable. Furthermore, in this case the representing functor Maps is uniquely
determined up to a contractible space of choices. For us, existence of inner-Homs
over all of .# is a bit too much to ask for. So we consider the following.

Definition C.12. An #-module category .# is said to admit restrictive inner-
Homs, relative to a specified full subcategory .#y, in .#, if there is a bifunctor
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Maps : .}, x .# — F which completes a diagram
F

M ) M Fun(.Z°P, #an)

act
|/ﬂ}’fn X M
in at .

We note that the full subcategory .#}, is not assumed to be an .#-module
subcategory, so that the restriction of actV is obtained from the sequence

TP X M, % M OB o " Aan.

Lemma C.13. For any finitely generated linear abelian category A%, the Ch(Vect)pro-fin-
module category Apro-fin admits restrictive inner-Homs, relative to the subcategory

Agin of finite length bounded cochains. Furthermore, these inner-Homs are given

by the standard cochain Homs

Maps(z, y) = Hom} (z,y).

In the above expression x is finite and bounded, and y is expressed as a limit
Yy = ima Yo of finite y,. Hence the Homs are naturally topologized via the limit
expression
Hom’ (¢, y) = lim Hom'y (2, y).

(o3

Proof. All categories under consideration are discrete, so that the standard set-
valued Hom functors provide co-categorical Hom functors. Also, for « in Ay, the
topological product v ® z = v®,x agrees with the usual product v ® z. Hence the
result follows by the standard adjunction

Homa,,, ;... (v @ z,y) = Homen(vect), ..., (v, Hom’a (2, )

[ v flv,-).
O

C.5. Localizations of module oco-categories. One should recall at this point
the general theory of vertical localization outlined in Section 12.1.

Proposition C.14. Let .#® — Mod be an .F-module category and W~ C F,
W+ C M, be classes of maps which are stable under isomorphism and which are
preserved by the monoidal product and action functors

FXF —>F and F X M— M.
For each finite colored set I, let W7 be the preimage of the product class || Ty color(i)

under the transport equivalence

€L

o ME S (65)
and take W = UzW1 C ///®[1]. The collection W forms a vertical class over Mod
and, for Wein, the class in F© generated by W, the localization .4 ©[W 1] —

Mod is a module category over the symmetric monoidal co-category 9®[WF_1111*] —
Fin,.
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Before offering a proof, let us try to make sense of the statement. We have the
structural equivalence of symmetric monoidal co-categories .Z® = Fin, X yjodq.#®
so that, in particular, we have an equivalence .# = # {®_ 0} Hence the colored
exponents admit uniquely determined equivalences

MES T M,
where I are the subsets of +-colored indices in Z, and trasport therefore specifies
an equivalence

ME S TF = ™.
So our definitions of W7 and W make sense.

Now, supposing that W is in fact vertical over Mod, in particular that the fibers
Wt are stable under transport, we have the pullback class Wiy, in the fiber product
Fin, Xnoq-#® which pulls back to a class of maps in .#® along the structural
equivalence

y(@ :> Fm* XMod%(@-
We also call this class Wryy, , by an abuse of notation.

By Proposition 12.7, the localization .# ®[W§illl*] — Fin, is in fact symmetric

monoidal and hence we obtain an equivalence of symmetric monoidal co-categories

FOWen 15 (Finy Xnoa ) [Wise 1 = Fing xnpoa (2 E W),

where the second equivalence follows by Proposition 12.3. So we observe that
A®W~1 is in fact a module category over & ®[Wl§ir11*]7 provided W is vertical
over Mod.

Proof of Proposition C.1/. One sees directly that all maps in Mod are obtained as
(products of ) composites of inert maps and the generating active maps {—1, -0} —
{=0} and {—1,40} — {0}. Hence stability of all Wz under transport follows by
stability of W~ under the product on .% and stability of W~ x W under the action
functor for .#. According to the requirements of Definition 12.2—or more directly
the hypotheses of Proposition 12.1-we have that W is vertical along the fibration
M — Mod. The fact that the fibers (.#®[W ~1])z are identified with the colored
products (///[W{ilo}])z via transport, and hence that .#Z®[W 1] is realized as a
Mod-monoidal category, follows by the fiber calculation of Proposition 12.1 (iv).
There is a structural equivalence

Ew - ﬁ(@[WF_nl;*] 5 Fin, XMod(j/(g [W_l})

induced by the analogous equivalence for .#Z®, which we obtained precisely as out-
lined above. So we see that the localization .#®[W ~!] carries the natural structure
of an f[ngrll*]—module category in this setting. O
Lemma C.15. Let AV be a finitely generated linear abelian category and Apro-fin
be the category of pro-finite cochains. The product and action functors,

Ch(Vect)pro-fin X Ch(Vect)pro-rin — Ch(Vect)pro-fin
and
Ch(veCt)pTo—fin X Apro—fin — Apro—finy

preserve both homotopy equivalences and quasi-isomorphisms, in each factor. Fur-
thermore, the classes of homotopy equivalences and quasi-isomorphisms agree in

Ch(Vect) pro-fin-
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Proof. We can proceed abstractly, but let us make things very concrete. We
can identify AY with the category Corep(A) of comodules over a coalgebra A
[74, Theorem 5.1]. For A’ the co-opposite coalgebra, we have the equivalence
—* 1 Corep(A)°P = Corep(A)pro fin provided by linear duality, which then ex-
tends to a duality equivalence at the level of cochains

Ch(A/)OP = Ch(A)pro-fin7 (66)

just as in Sections 7.3 and 7.4. The inverse is provided by the continuous dual.
This equivalence intertwines the Ch(Vect) action on the left with the Ch(Vect)ro- fin
action on the right, in the sense that we have a diagram

Ch(Vect)?? x Ch(A’)? —=> Ch(Vect)pro-fin X Ch(A)pro-fin

l |

Ch(A)°r = Ch(A)pro-fin-

As with any equivalence of abelian categories, duality is additive and exact, and
in particular commutes with cohomology. Hence the equivalence (66) identifies
homotopy equivalence in the source category with homotopy equivalence in the
target category, and similarly preserves quasi-isomorphisms. So, the fact that the
usual action

Ch(Vect) x Ch(A’) — Ch(A')

preserves homotopy equivalence and quasi-isomorphisms implies that the pro-finite
action also preserves homotopy equivalence and quasi-isomorphisms (see also Propo-
sition 7.10). Considering the case A = k, we see that the product on Ch(Vect)pro-fin
similarly preserves these classes of maps, and that homotopy equivalence agrees with
quasi-isomorphisms in Ch(Vect),o. fin since they agree in Ch(Vect). ]

Corollary C.16. Let AV be a finitely generated linear abelian category. The pro-
finite homotopy and derived co-categories Hpro-fin = %(A;?m_fm) and Dpro-fin =
@(A;?m fm) are naturally module categories over Vectpro-fin. Furthermore, the
action maps for Kpro-fin 0nd Dpro-pin fit into commuting diagrams

Ch(veCt)pro-fin X Apro-fin

7/eCtp'ro fin X %m fin p'ro fin 7/eCtp'ro fin X -@mo fin
Z”"O fin pro -fin
mn Gats
Proof. Immediate from Proposition C.14 and Lemma C.15. O
We let kjifm fin Mod and 2% oro-fin Mod denote the fibrations for the

Vectpro- fm—module categories Hpro-fin and Dpro-fin, respectively. By the universal
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property of (vertical) localization we have a diagram

k pro—f?n

N

pro-fin pro fin

p HE
in .#0dX°d. This diagram pulls back to a diagram

Vect pm Fin

/\

Fin, XMOdk‘%/pro—fzn Fin, XModk@

pro-fin

in S, which then localizes to a diagram
Aj/eCtpro fin

FHL,< X Modkji/ Fm* X Modk @

pro-fin pro-fin*

This is all to say, the localization functor #,ro-fin — Zpro-fin 18 Yectpro- fin-linear.
C.6. Calculating inner-Homs under advantageous localization.

Proposition C.17. Suppose that an F-module oco-category M admits restrictive
inner-Homs, relative to a full subcategory M i, C M. Let W~ and W be classes
of maps in F and M, respectively, which satisfy the hypotheses of Proposition
C.14, and suppose that for each x in My, the functor

Maps (z,—): M — F

sends maps in W+ to maps in W= Then the localized module category .4 [(W+)71]
admits restrictive inner-Homs over F[(W™)71], relative to the full subcategory
spanned by the tmage of Myin under localization, and the inner-Hom functors
are calculated via localization. More precisely, for each x in My the functors
Maps//[[(wﬂfl](loc(x), —) is the unique one which completes a diagram

AW~

loc \Maips(ljc(w),)

M F.

Maps(z,—)

Proof. Take S = W~ and T = W. The action maps for .# and its localization
fit into a diagram

locxloc

F

V4 F(S~Y x AT ]

| |

M AT
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so that, for any x in ., the localization of the action map
loco(—®x)[S7Y: Z[S™Y — [T "]

is isomorphic to the action — ® loc(x). Hence, to say that we have restrictive inner-
Homs relative to the full subcategory .# [T '], spanned by the image of .#};,, is
to say that, for each  in .#};y, the localization of the functor —® x : &% — A
admits a right adjoint. (See [Ker, 045S].)

For x in A}y, the functor — ® x specifies a cocartesian fibration

q: Z — Al

with fibers 2y = % and 27 = .# and transport recovering —®x. The specification
of M%(x, —) as right adjoint to —®u tells us that the fibration ¢ is also cartesian
with cotransport recovering Maps (z,—). (The fibration ¢ : 2 — A' can be
explicitly constructed by the weighted nerve [Ker, 025X, 02FN].)

Take U C Z[1] the union of the collections Uy = S and U; = T and consider
the weighted nerve ¢/ : 2’ — A! of the localized action functor. Since U is vertical
for q, considered both as a cocartesian fibration and a cartesian fibration, we have
the vertical localization 2’ [U '] — A! and the diagram

(67)

Al

in which ¢’ is an equivalence of cocartesian fibrations, by Proposition 12.1 (iv) and
[Ker, 028B].

By Proposition 12.1, the cocartesian, or dually cartesian localization promised
in Proposition 12.1 is obtained by taking any localization F : 2° — 2°[U '] which
is equipped with an isofibration to A' which fits into a strictly commuting diagram

In particular, the vertical localization 2 [U~1] — A is simultaneously cartesian
and cocartesian. From the equivalence i’ : Z[U~!] — 27 in (67) we therefore
deduce that ¢’ : 27 — A' is both cocartesian and cartesian as well, and that the
map 2 — 2 induced by the diagram

—Qz

F M
locl lloc
F57] AT
—Q®loc(z)

in %ats, is a map of both cocartesian and cartesian fibrations. It follows that the
functor — ®loc(x) admits a right adjoint M ¢®) and that the right adjoint fits into
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a diagram
Maps(z,—)
M F (68)
loci iloc
-1 —1
M ———n P[5

[Ker, 02FN]. Thus M'*“(®) is obtained from the functor Maps(z, —) via localization.

We now have that the functor — ® loc(z) admits a right adjoint whenever x is in
Mtin, and we conclude that the functor —@ 2’ : F[S™! — #[T '] admits a right
adjoint whenever z’ is in the full subcategory .# [T~ t;, spanned by the image of
Myin. So the functor

///[Tfl];’i’n x M(T™] = Fun(F[S™°P, #an)
(@, 2"y = {2 Hy(zoa2, 2"}

has image in the full subcategory of representable functors, and so the .#[S~1]-
module category .#[T~1] admits restrictive inner-Homs.
For o’ = loc(z) in [T~ fin, the inner-Homs

(loc(x), =) : AT~ — F[S7Y

Maps 1

are right adjoint to the action functor — ® loc(z). We therefore find

Maps (loc(m), —) = M@ =

the functor obtained from
———A[T~]

Maps  (z,—) via localization,
by a consideration of the diagram (68). O

Corollary C.18. For any finitely generated linear abelian category AY, the cate-
gory Hpro-fin = %(Azro_fm) admits restrictive inner-Homs, relative to the subcat-
egory K of finite length bounded complexes. Furthermore, for each finite complex
x, the inner-Homs

Maps 3

pro-fin

(x, =) : H = Vectpro-fin
are obtained from Hom-complexes Hom’ (x, —) via localization.

C.7. Inner-Homs in the derived setting. Our aim in this subsection is to prove
the following.

Proposition C.19. For a finitely generated linear abelian category AV which has
enough compact injectives, the Vectyy,o-fin-module co-category Dpro-fin = @(AZ,O_JCM)
admits restrictive inner-Homs, relative to the subcategory Pt of complexes with

finite length, bounded cohomology.

Zro_ fin) is called K-injective if the

Hom-complex Hom} . (—,) preserves quasi-isomorphisms. One similarly de-
fines K-projective complexes. Note that K-injectives and K-projectives are stable
under homotopy equivalence.

Recall that a complex z in Ap4in = Ch(A

Lemma C.20. The full subcategory Inj #pro-fin of K-injectives in Hpro-fin 15
stable under the action of Veclyro-fin, and hence forms a Vectpro-fin-module sub-
category in Hpro-fin -


https://kerodon.net/tag/02FN

TQFTS FROM DERIVED QUANTUM GROUP REPRESENTATIONS 149

Proof. Via duality and localization, it suffices to show that the subcategory Proj B
of K-projectives in B = Ch(BY) is stable under the action of Ch(Vect), for any
finitely generated abelian category B with enough compact projectives. However,
this is clear as any linear cochain complex v is homotopy equivalent to its cohomol-
ogy H*(v). Hence the product with a K-projective v ® P is homotopy equivalent
to a possibly-infinite sum of shifts of P. Since the class of K-projectives is stable
under arbitrary sums and shifting, we have that v ® P is in fact K-projective.

‘We consider the fibration . f?m_ fin — Mod and the full subcategory ; Inj % ffm_ Fin
in k‘%/;?ro—fin spanned by those objects in the fibers (k‘%/?ro—fin)z which map to
objects in Yect!~ x Inj.# I+ under the transport equivalence

(% )2 = (5K pro-fin)” = Vect!- x

pro-fin pro-fin pro-fin®
Stability of Inj %, o.fin under the action of Yect,,o fin tells us that the fibers
(kInj# ., in)z ave stable under transport, and hence that the sequence x Inj £ 5., 1,
4 ff’m_ #in — Mod is a cocartesian fibration which gives j, Inj %" ?m_ fin the structure
of a Mod-monoidal co-category. Furthermore we have the equivalence

Yect® 5 Fin, Xpod(rx Inj #% ) = Fin, Xnod(x# S ),

%

pro-fin pro-fin pro-fin
so that the inclusion g Inj ¢ ?ro-fin — f’m_ fin 18 an inclusion of Yectpro-fin-
module oco-categories. (I

Lemma C.21. If AY has enough compact injectives, then the category Apro-fin =
Ch(Ao)pm_fm has enough K -injectives.

Of course, by enough K-injectives we mean that every object x admits a quasi-
isomorphism = — I(z) into a K-injective complex.

Proof. As in the proof of Lemma C.15, we can find a finitely generated linear abelian
category B with (BY)oP = A;?T'o—fin and B? = A, tin, for B = Ch(B"). By our
hypotheses BY has enough compact projectives, and therefore enough projectives.
It follows that B has enough K-projectives (cf. [25, Lemma 13.3]), and by duality

Apro-fin has enough K-injectives. O

Existence of enough K-injectives tells us that the full subcategory Inj . #p,o-fin
spanned by K-injectives in J#q.in is a reflective [Ker, 02F5]. We therefore ap-
ply standard results for reflective subcategories—as in Section 14.3—to see that the
derived oo-category Zpro-tin is identified with the subcategory of K-injective com-
plexes in 0. fin, and that the localization functor o fin — Zpro-fin is defined
via an application of functorial K-injective resolutions.

Corollary C.22. Suppose A” has enough compact injectives. The inclusion Inj Hpro-fin —
Hpro-tin admits a left adjoint L : Hpro-fin — Inj Hpro-pin which realizes Inj Hpro-in

as a localization of Hpro-pin along the class of quasi-isomorphisms. In particular,

the composite functor

%ro-fin

ke ~
// ~

— A

Inj jg/pro—fin -@pro—fin

is an equivalence, and the localization functor Hpro-fin — Ppro-fin admits a fully
faithful right adjoint R : Dpro-fin — Hpro-fin Which is an equivalence onto the full
subcategory of K -injectives.
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Proof. This is a special case of [Ker, 02FD, 02FE, 04JL]. O

Remark C.23. In general, the category Ap,o-rin Will have enough K-projectives,
and one can construct the derived co-category Zpro. fin via K-projective resolutions.
For us the injective setting is more relevant.

We can now prove our main result.

Proof of Proposition C.19. We have the linear functor .2 —1,9% which

pro-fin pro-fin
® ® :
pro-fin — kD pro-pin, Whose fibers are equivalence,

and hence which is an equivalence of Yectpro. rin-module categories [Ker, 028C]. So
it suffices to show that Inj .%o fin admits restrictive inner-Homs relative to the
subcategory of complexes with finite cohomology.

Any complex z with finite cohomology admits a pair of quasi-isomorphisms
x — ' + 2 in which 2" is a bounded complex of finite length objects. (To
see this one can check the analogous claim in the dual category Ch(B?) for BY =
(A}?TO_ £in)Fs where the result is standard.) Since Hom-complexes with K-injective
target preserve quasi-isomorphisms, and since the action of ¥ect s, preserves quasi-
isomorphisms by Lemma C.15, we have a natural isomorphisms of functors

restricts to a linear functor 4 Inj J#

Htryrogin (= @2,Y) = Hotryp g1 (= @ a”,y) Vectpro-fin — Han

whenever y is in Inj #po-pin. (Here Hy, ... is a Hom functor for the homotopy
oo-category.) By Corollary C.18 the functor Hy,, ;.. (— ® 2", y) is representable,

and hence Hy,, ... (— ® z,y) is representable. Thus Inj.#" admits the proposed
inner-Homs. O

From the proof we also deduce a formula for the inner-Homs.

Proposition C.24. Suppose AV admits enough compact injectives, and let R :
Dpro-tin. — Hpro-fin be Tight adjoint to the localization functor loc : Hpro-fin —
Dpro-fin- The Vectpro.-pin-module category Dpro-in admits restrictive inner-Homs,
relative to the full subcategory D spanned by the image of 't under localization,
and for any x in Ky, there is a natural isomorphism

(loc(x), ~) = Maps , (a,R-)

pro-fin

Maps 2

pro-fin

in Fun(Yectpro-fin, Han).
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