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ABSTRACT. These are notes on co-categories which are (mostly) adapted from
Lurie’s digital text [15]. The main distinctions are the length of the document,
the order of presentation, and the use of selective omission. We also deviate
from [15] in that we focus on derived categories and dg categories as our
primary examples of interest. In comparing with [13], we completely avoid
the use of model structures, though this approach is already adopted in [15].
In a certain language, our presentation is fundamentally analytic rather than
synthetic.

We provide introductions to Kan complexes, oo-categories, functors be-
tween co-categories, functor categories, and other basic topics. The text ter-
minates with an extensive discussion of mapping spaces, with special attention
to the dg setting. We demonstrate the (well-established) fact that a functor
between oo-categories is an equivalence if and only if it is fully faithful and
essentially surjective, and we compute mapping spaces for the dg nerve of a
dg category via the Eilenbergh-MacLane spaces of its morphism complexes.

In the adjoining texts, Parts II and III, we cover cocartesian fibrations
and transport, limits and colimits in oco-categories, Yoneda embedding, and
presentable and stable co-categories.
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0.1. Claims to originality. As the title suggests, this document is essentially
a reorganization, and selective re-presentation, of materials from Lurie’s Kerodon
[15]-though all of the sinew materials are of my own creation. In normal human
terms, we’ve simply produced a remix of the text [15].
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To speak to some specifics, our discussion of the derived category deviates from
that of [14], and the materials of Section 13 were developed independently by my-
self. Outside of these particular instances, I make not claims to originality in this
work and have made copious references to the original text [15] throughout. Most
importantly, the vast majority of the arguments employed below are adapted from
[15]. The reader might therefore find, and reference, the original texts where ap-
propriate.

0.2. For algebraists. By “for algebraists” we mean two things:

(1) We focus on derived categories, or more generally co-categories constructed
from dg categories, as our motivating examples.
(2) We avoid all references to model structures.

An interesting point in this regard is that, while Higher Topos Theory [13] is lit-
tered with references to model structures, there is not a single reference to model
categories throughout the entirety of Kerodon [15].

Despite our algebraic inclinations however, we do not take the perspective that
vector spaces are somehow preferable to topological spaces (Kan complexes). Our
perspective is instead that one might think of co-categories as a reformulation of
the theory of dg categories where one replaces cochains and cohomology with spaces
and their homotopy groups.

0.3. Additional topics. We do not address (co)cartesian fibrations and transport,
limits and colimits in oo-categories, presentability, or stability. These topics do
appear in the sibling texts, Parts IT and III, however. Monoidal structures, operads,
FE,-algebras, derived schemes, and other “higher level” topics are not addressed at
all.

0.4. Why this document exists. These notes were, in essence, constructed for
my own purposes as an individual. I have edited them and made them public,
however, in the hopes that they can serve some purpose within the public domain.
In particular, it seems at the moment that there are not many resources on this
topic which are relatively short, do not rely on advanced topological notions, which
take an algebraic perspective, and which are rigorous in their treatment of the
topic. With that point in mind I hope that, for some select group of readers, this
document might be consumable in finite time and serve as a starting point for
further investigations into oo-categories and their applications.
To highlight a few other references which are both rigorous and readily consum-

able, let me bring the reader’s attention to three other fairly concise treatments:

e Land, Introduction to infinity-categories [11].

e Rezk, Introduction to quasicategories [17].

e Cisinki, Higher categories and homotopical algebra [3].

Of these three works, our perspective synergizes most closely with the presentation
of Land. Land also covers (co)cartesian fibrations and (co)limits in his work. We
strongly encourage the reader to consider the references above, as well as all other
works on the topic which they find compelling.

0.5. Historical comments. [Ishould add references to the appropriate documents
in order to construct an accurate picture of this history of this subject. Clearly some
of the topics here are more appropriately attributed to Joyal, rather than directly
to Lurie, e.g..]
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0.6. Structure of the text. In Section 1 we provide a soft introduction to oo-
categories. This includes the definition of an oco-category and the construction of
the homotopy category of an oco-category. Following this minimal introduction, we
discuss a number of basic examples of co-categories in Section 2. These include
examples produced from differential graded, and simplicial categories.

In Sections 3 and 4 we begin our investigations in earnest with a detailed study of
Kan complexes. Subsequently we discuss basics for co-categories in Section 5. This
includes constructions of functor categories, overcategories and undercategories,
and the associated Kan complex functor.

In Section 6 we discuss homotopy pullbacks for Kan complexes and oco-categories.
One might think of these operations as “derived pullbacks” in the co-categorical
setting.

In Sections 7 and 8 we define mapping spaces for oo-categories, and prove that a
functor between oco-categories is an equivalence if and only if it is fully faithful and
essentially surjective. Then in Section 9 we define composition functions for map-
ping spaces, which exist at the level of the homotopy category of Kan complexes.
We subsequently define the h J#an-enriched category associated to an co-categories.

Section 10 is dedicated to an analysis of pinched mapping spaces, which are simply
a homotopy equivalent alternative to the standard mapping spaces introduced in
Section 7.

In Sections 11 and 12 we describe mapping spaces for those oo-categories which
come from dg categories. We prove furthermore that a functor between dg cate-
gories is fully faithful (resp. an equivalence) if and only if the induced functor on
their co-categories is fully faithful (resp. an equivalence).

In Section 13 we prove that the derived oco-category of an abelian category with
enough injectives and projectives can be equivalently constructed from K-injective,
or K-projective complexes.

In Section 14 we introduce adjoint functors between oo-categories, and provide
examples from the dg and simplicial settings.

1. DEFINITIONS AND PRELIMINARY DISCUSSION FOR 00-CATEGORIES

Here we give a light introduction, and provide bare-bones definitions of simplicial
sets, Kan complexes, and oo-categories. In Section 2 we provide a number of basic
examples, and subsequently begin our discussions of these topics in earnest.

1.1. What is an oco-category, in principle. An co-category & is, in the barest
sense of things, a special type of simplicial set. We think about an oco-category
as a type of “category” by considering the 0-simplices in & as objects, and the
1-simplices as morphisms. The 2-simplices ¢ : A2 — &7 are choices of compositions
fog =¢ h, where we view ( itself as a type of homotopy between the raw composition
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and the map h,

¢: Z ~ _
o "
X Y

X—Y
h

We note that without ¢ this raw composition “f o ¢”, which is simply the choice
of two 1-simplices with a shared vertex, is unstructured information in <. So, the
composition does not have a meaning without (.

Note that, given our presentation above, we want &/ to admit compositions of
functions. Rather, for any two 1-simplices f,g : Al = {0,1} — & with matching
vertices g(1) = f(0) we require the existence of some filling ¢ : A? = {0,1,2} — o
with Cl0,13 = g and (|{1,2y = f. This choice of filling ¢ shouldn’t matter, up to
some 3-simplex v : A? — &7, and so on.... The notion of an co-category is some
completion of this thought.

In this section we recall the necessary (simplicial) set theoretic background, then
formally define the notions oco-categories and functors between such objects.

1.2. Preliminary words on sets and universes. We work with ZFCU. So, we
suppose that each set X lives in a (Grothendieck) universe math U. That is, for
each set X we assume the existence of an additional set of sets U in which X lives
as a member. This collection U is assumed to contain the first infinite ordinal w,
and to be closed under all basic operations in set theory, including the formations
of power sets. Colloquially, U provides a “universe” in which we can do set theory.
Given a Grothendieck universe U, we say a set X is U-small if X € U.

An important feature of the universe axiom is that each universe U is itself a set,
and hence lives in a (larger) universe. Furthermore, given a set Y, we can choose a
universe U’ with Y U U in U’. Hence for any given Y we can always enlarging our
universe in order to do mathematics with both Y and all members of our smaller
universe U. As long as our arguments are universe independent, this enlarging of
the universe will cause no problems.

We note that the existence of universes is not at all implied by the usual axioms of
ZFC, and requires the introduction of the new axiom “U”. This axiom is equivalent
to the existence of extremely large cardinals, called inaccessible cardinals, via the
von Neumann hierarchy.

Throughout this text we implicitly fix four universes, each of which is larger than
the last,

Usm g Umed g Ubig g Uhug'

The universe U™ specifies our class of “small” sets. Small sets can be thought of
as “indexing sets”. The universe U™ of “medium” sets is where we do category
theory. In particular, any discrete category or co-category is assumed to be of a
medium size, with the specific exceptions of categories of categories. Categories of
categories live in the universe U of “big” sets, and on the rare occasion that we
would like to speak of a theory of categories of categories we work in the universe
Uhue of “huge” sets.

1.3. Simplicial sets. Let A denote the category of linearly ordered, non-empty,
finite sets with weakly increasing functions. In A we have the objects [n] =
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{0,1,...,n}, with their natural ordering, which exhaust all objects up to isomor-
phism. A simplicial set is a functor S : A°? — Set valued in the category of
(medium sized) sets, and we have the category of simplicial sets

sSet = { functors A°? — Set, with natural transformations }.

Amongst simplicial sets one has the standard n-simplices, which are the repre-
sentable functors

A" := Homa (—, [n]).
A map f: A™ — S to some simplicial set S is then equivalent to choice of element
f(id) € S([n]), and we refer to these elements as the n-simplices in S. We let S[n]
denote the set of n-simplices in S, as a shorthand.

To make this more clear, any natural transformation f : A™ — S is just a
collection of compatible maps between sets f = f; : A"(J) — S(J), for all linearly
ordered sets J, and for any r € A"(J) = Homa(J, [n]) we have r = r*(id[,)) so
that

f(r) = f(r*(idpy)) = r*(f (idpy))-
Hence f is determined by the value f(idp,)) € S[n]. Conversely, any element 2 €
S[n] determines such a functor f : A™ — S, f;(¢) := (&(x). This is obviously some
kind of Yoneda tomfoolery, and Yoneda tells us directly that the map

A —sSet, J— A7,

is fully faithful.

Let us also define the boundary OA™ C A™ and the i-th horn A} C JA™. We
have, for each j < n, the j-th face map d; : [n — 1] — [n], which is the unique
increasing map with j not in its image. The boundary 0A™ in A™ is the simplicial
subset consisting of all maps r : J — [n] which factor though some face r = r'd;,
0 < j < n. The i-th horn A} in A" is the simplicial subset consists of all maps
r: J — [n] which factor through some face map r = r'd; with j not equal to i. So,
for example, the i-th face map itself d; : [n — 1] — [n] lies in the boundary 9A™,
but does not lie in the i-th horn A}.

The category of simplicial sets has products and coproducts, which are defined
in the naive ways

(K x S)(J) = K(J) x S(J) and (K II8)(J) = K(J) II S(J).

We similarly have fiber products and coproducts

K1 Xg KQHKQ S Kl
K, S Ky —— K g Ko,

whose values on any linearly ordered set J are the fiber product and coproduct of
the corresponding sets. Indeed, the category of simplicial sets is both complete and
cocomplete, with

(im K)(J) = Im K, (J) and (i K)() = lim K,(J),
i€l 1€l iel il
and any simplicial set K is reconstructible from the simplices A™ as the colimit
lim A" - K.
A —K
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Remark 1.1. This reconstruction of K from its simplices can be compared with
the reconstruction of a scheme X from the category of affine schemes over X,
Spec(R) — X, or from its Zariski site when X is separated.

Remark 1.2. We note that, for any linearly ordered set .J, there is a unique
isomorphism J 2 [|J|] in A. It follows that any simplicial set K : AP — Set
is determined up to unique isomorphism by its restriction to the full subcategory
Ay C A whose objects are the linearly ordered sets [n]. So we could define a
simplicial set simply as a functor K : A%’ — Set. At times, however, it is convenient
to employ the larger category A.

1.4. oo-categories. An oo-category is, at the base of it, a certain type of simplicial
set. We begin with a stronger notion.

Definition 1.3. A Kan complex % is a simplicial set such that, for each positive
integer n, index 7 € [n], and map of simplicial sets & : AT — £, there exists an
extension of & to an n-simplex o : A" — 2.

We will refer to such an extension o as a “filling” for the given map o : A} — 2.
We think of such 2" as a type of category, with objects given by the 0-simplices
Z[0] and morphisms given by the 1-simplices 2 [1]. Restricting along the inclusions
do,dy : [0] — [1] give the source and target objects for a given morphism f € 27[1].
Any map 5 : A — 2 is determined by the two 1-simplices g € 27[1] and f € 27[1]
which are the images of the two maps

d3
Al d:;* A2 —— 7.
0
The choice of a filling A? — 2 specifies a third morphism h € 27[1] which provides
the third face for the map A% — 2 and the complete filling A% — 2~ witnesses

an identification “f o g = h":
1
g !
o
xr9.

h

Lo

The higher filling axioms tell us that this filling procedure is more-or-less unique, in
a way which is not transparent but which we leave unarticulated for the moment.

The identity morphism from an object € £7[0] to itself is the image of z in
Z'[1] along the structural map id-, : 2 [0] — Z'[1] dual to the unique morphism
[1] — [0]. One similarly has higher identity morphisms at a given object x, which
are the images of = under the structural maps id} : 2°[0] — £ [n] which are again
determined by the unique morphism [n] — [0].

Now, a Kan complex has a much more rigid structure than one needs to form
such a “essentially-coherent” composition. Indeed, by considering maps AZ — 2
and A3 — 2, one sees that all morphisms in a Kan complex are in fact invertible.
We therefore arrive at the notion of an co-category.

Definition 1.4. An oo-category is a simplicial set ¥ such that, for each positive
integer n, internal index 0 < ¢ < n, and & : A} — &, there exists an extension of
& to an n-simplex o : A" — €. A functor F' : € — & between oco-categories is
simply a map of simplicial sets.
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Note that we’ve now excluded the external horns Af and A} in our filling con-
dition. So in particular this condition is vacuous for 1-simplices. Note also that a
Kan complex is a specific type of co-category.

Remark 1.5. What we call an oo-category is also called an (0o, 1)-category, and /or
a weak Kan complex, and/or a quasi-category.

Remark 1.6. Note that a functor between oco-categories F' : ¥ — & needn’t be
“compatible” with “composition” of morphisms in ¢ and &, in whatever ways one
might make sense of such a statment (cf. A.-categories). Instead, F' specifies a
coherent rule which assigns to each composition “f og = z” which we witness in €
a corresponding composition “F(f) o F(g) = F(h)” which we witness in 2.

Example 1.7. The simplicial set A™ is an co-category. Indeed, any map A" — A"
from an inner horn is specified by a collection of maps A=} — A" ie. maps
rj : [m] —{j} — [n], which agree on their shared boundaries. Since the subsets
[m] — {j} cover [m], when m > 1, the r; glue to a unique map r : [m| — [n]. To
see that r is weakly increasing, note first that m > 2 in order for there to exist a
inner horns for A™ and take any ! € [m]. Then [ and [ + 1 are both in [m] — {0}
or [m] — {m}. Therefore the fact that the restrictions of r along the inclusions
[m] — {0} — [m] and [m] — {m} — [m] return weakly increasing maps to n, by
hypothesis, tells us that r is weakly increasing.

Now, the above argument does not work when we consider possible fillings for
the outer horns A3 — A™ or A3 — A" when n > 1. Indeed, consider the map
A% — A™ specified by the two functions r1 : {0,2} — [n], 71(0) = r1(2) = 0, and
ro : {0,1} — [n], r2(0) = 0 and 73(1) = 1. These r; extend to a unique set map
r: [2] = [n] given by r(0) = 0, (1) = 1, 7(2) = 0. This function is clearly not
weakly increasing. So we see that the positive dimensional standard simplices A™
are not Kan complexes.

Example 1.8. Let X be a topological space, and define the simplicial set Sing(X)
by taking
Sing(X)[n] := Hom,p (|A"], X),

where |A"™| is the standard topological n-simplex in R™. Since each inclusion of a
horn horn |A?| — |A™| admits a retract |A™| — |A?| one sees that these singularity
sets Sing(X) are Kan complexes.

Remark 1.9. Up to homotopy equivalence, all Kan complexes are of the form
Sing(X'). We elaborate on this point in Section 4.7.

1.5. The homotopy category of an co-category. We construct a discrete (aka
non-oo) category hé for any oo-category 4 whose morphisms are certain equiv-
alence classes of 1-simpleces A — %. The first lemma defines the appropriate
equivalence relation on maps in %.

Lemma 1.10. For any two 1-simplices o, : * — y in an oo-category &, the
following are equivalent:
(a) There exists a 2-simplex o : A?> — € with o|AOY} = o, ¢]A102 = o,
and o| AT12} = id,,.
(b) There ezists a 2-simplex o with o| A1OT = o/ | ¢|A102 = o, and 0| AT} =
idy.



10 CRIS NEGRON

(¢) There exists a 2-simplex o with o| A0 =id,, o|A102} = o/, and o|ATL2 =
o.
(d) There exists a 2-simplex o with o| A9 =id,, o|A102} = o, and o| ATV =
o.
Sketch proof. We prove the equivalence between (a) and (b), and (a) and (c). For
(a) = (b) consider the horn A3 — % which appears as

One of the sides is given by o, and the others are given by the identity 2-simplex on
y, and by expanding « along the surjective map r : [2] — [1] with r(1) = r(2) = 1.
We fill this horn to find the simplex required by (b). One finds (b) = (a) by
swapping the roles of a and o’ in the above argument.

For (a) = (c) consider the horn A3 — ¢ which appears as

with sides given by o from (a), and by expanding « along the two weakly increasing
surjections r : [2] — [1]. We fill the horn to provide the necessary 2-simplex for
(c). For the implication (c) = (a) one fills the horn A3 — % which appears as
above. (]

For two 1-simplices a,a’ : x — y let us write o ~ o’ if any of the equivalent
conditions of Lemma 1.10 are satisfied. After recalling that we can expand any
map «: x — y to a 2-simplex of the form

N

Ty,

by restricting along the corresponding surjection [2] — [1], we see that o ~ «. This
observation, along with the characterization of Lemma 1.10, assures that ~ defines
an equivalence relation on the set €[1] of edges in €.

Let us say that a 2-simplex s : A2 — % exhibits a morphism n : x — z as a
composite or morphisms « : x — y, and 3 :y — z, if

s|AOY = o s|ATLZE = 5 and s|A102 =,
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Lemma 1.11. Suppose we have two 1-simplices « : * — y and B : y — z in
an oo-category €, and 2-simplices s,s' : A2 — € which exhibits two 1-simplices
n,m 1 x — 2z as composites of o and § in €. Thenn and ' are equivalent.

Proof. The result follows by filling the inner horn A3 — % which appears as

7N

x

N

(]

Lemma 1.12. Consider equivalent morphisms o, o : x — y and 5,5 : y — z in
€. Then for a morphism n : x — z the following are equivalent:

(a) There exists a 2-simplex s : A®> — € exhibiting 1 as a composite of o with
3.

(b) There exists a 2-simplex exhibiting n as a composite of &' with (.

(¢) There exists a 2-simplex exhibiting n as a composite of o with 3.

(d) There exists a 2-simplex exhibiting 1) as a composite of o' with .

Sketch proof. For (a) < (b), and (a) < (c), one fills an inner horns A? — % of the
form

2N L AN
NZAEN

where i = 1 and 2. By replacing § with 8’ in the argument for (a) < (b) one finds
(c) & (d). O

By Lemma 1.12 we can take
Homy ¢ (2,y) :={a: A’ =€ :alp =z and a|; = y}/ ~
to obtain a well-defined composition operation
o : Homy, % (y, z) o Homy ¢ (2, y) — Homyp ¢ (z, 2). (1)

This composition explicitly sends a pair of classes [8] : y — z and [a] : 2 — y to
the class [f] o [a] = [n] of any composite of o with 3, i.e. the class of any morphism
1 : x — z which admits a 2-simplex exhibiting 7 as a composite of o with .

Lemma 1.13. The above composition operation (1) is associative.

Proof. Suppose we have a 2-simpleces realizing compositions n = foa and ( = yof.
Suppose we have a 2-simplex exhibiting 9 : * — a as a composite of « with { = Bo~y.
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Fill an the inner horn A% — % of the form
Y
9
x —a
LA
2 .

to find a 2-simplex exhibiting ¢ as a composite of v with n = 5o «.

(e lB)ele] =[CTela] =[] =[len] =[] (5ol

O

Lemmas 1.10-1.13 imply that we have a well-defined category whose objects are
the 0-simplices in ¥’ and whose morphisms are equivalence classes of 2-simplices in

%.

Definition 1.14. The homotopy category h % of an co-category % is the category
h@ whose objects are the 0-simplices €’[0] and whose morphisms Homy, % (z,y)
are equivalence classes of 1-simplices {a € €[1] : a|p = = and a|; = y}, under
the equivalence relation of Lemma 1.10. Composition is defined via fillings of 2-
simplices, as in (1).

Remark 1.15. In [13] the object h% denotes two significantly different objects.
One is a category enriched in the homotopy category of topological spaces, which
one might write as 7%, the other is the discrete category of Definition 1.14. We
have h € = 7o (7€), so that these two categories are explicitly related.

We avoid any substantive reference to the enriched category 7% until the final
section of the text.

1.6. Functor categories.

Definition 1.16. For simplicial sets K and S, we let Fun(K,S) denote the sim-
plicial set with simplices defined by maps of simplicial sets

Fun(K, S)[n] := Homgset (A" x K, S).
As for the structure maps, for any map a : [m] — [n] in A we have the induced

transformation a, : A™ — A" and we restrict along a, to obtain the required
structural morphisms

a” : Homgget (A™ x K, S) — Homgget (A™ X K, S), F— F

ay Xidg +

To unravel things slightly, one sees that 0-simplices in Fun(K, S) are maps of sim-
plicial sets, and any l-simplex F : Al x K — S restricts to provide two maps of
simplicial sets

f0:F|olKgKX{O}—>S, f1:F|1K—>K><{1}—)S
We therefore view F' as a homotopy, or a transformation, between these two maps
fi- Or rather, we define homotopies in this way, and higher simplices provide higher

homotopies between their faces.
The following results are fundamental, and will be proved (much) later.

Theorem 1.17 ([13, Proposition 1.2.7.3|[15, 00TN]). Let K be any simplicial set.
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(i) If € is an oo-category, then the functor category Fun(K,€) is an oo-
category.
(ii) If Z is a Kan complex, then Fun(K, Z") is a Kan complez.

These points are quite important, as they will be used to construct (arbitrary)
limits and colimits of diagrams of (small) spaces and co-categories. The first point
is proved at Corollary 5.8 and the second point is proved at Corollary 3.12 below.

1.7. The simplicial categories of categories. We note that the functor spaces
admit natural composition maps

o: Fun(K', K") x Fun(K, K') — Fun(K, K") (2)
which one defines in the obvious way. Namely, if we restrict to n-simplices we have
o, : Fun(K’, K”)[n] x Fun(K, K')[n] — Fun(K, K")[n],

Gn n fn = A" x K AR A x | A" x K' 38 K
where § : A™ — A™x A" is the diagonal map z — (z,z). One observes associativity
of this composition operation via coassociativity of the diagonal map 6.

The above composition maps, and functor spaces Fun, provide the category of
simplicial sets sSet with the structure of a simplicial category. (To be clear about
size constraints here, we obtain a simplicial category in our large universe whose
objects are simplicial categories in our universe of medium sized sets.) When we
restrict to the full subcategories of Kan complexes and oco-categories, this simplicial
enrichment restricts to provide simplicial structures on the discrete categories Kan
and Cate,.

Lemma 1.18. The simplicial sets Fun(K, K'), and composition (2), provide sSet,
Catoo, and Kan with natural simplicial structures.

Notation 1.19. We let
sSet, Cat.,, and Kan

denote the simplicial categories of (medium sized) simplicial sets, (medium sized)
oo-categories, and (medium sized) Kan complexes respectively.

Remark 1.20. For reasons which will become clear in short order, the simplicial
category Cat_, does not proceed a construction of an “co-category of co-categories”.
We introduce in Section 5.11 a refinement @j@ C Cat,, which serves the afore-
mentioned purpose.

2. BASIC EXAMPLES

Before beginning our study of co-categories in earnest let us record some basic
examples. Our main examples come from taking nerves of various enriched cate-
gories. In particular, we define the nerve of a plain category, a dg category, and a
simplicial category. In all cases our nerve operation extends to a functor

N¢ : {&-enriched categories} — Cato,

where Cato, denotes the plain (i.e. not simplicial) category of co-categories with
oo-functors.
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2.1. The nerve of a plain category.

Definition 2.1. Let A be a plain category. The nerve N(A) of A is the simplicial
set with n-simplices s : A™ — N(A) specified by a choice of objects X, ..., X,, and
an (%)-tuple of maps

s = {f’L] 2 Xy = X110 < 7, firfi; = fir whenever i < j < k}.

Equivalently, n-simplices are functors s : [n] — A. Restriction 7* : N(A)[n] —
N(A)[m] along maps r : [m] — [n] are given by restricting functors.

So the nerve N(A) is a certain simplicial set which one assigns to a plain category.
Now, an inner horn A? — N(A), for n > 2, is specified by a collection of maps
fab @ Xo — Xp for all a < b with fyefap = fae for all triples a < b < ¢. So,
such a horn extends uniquely to a simplex A™ — N(A). At n = 2 an inner horn
A% — N(A) is a choice of two maps fOl : Xo — X1 and f12 : X1 — XQ, which again
extends uniquely to a 2-simplex A2 — N(A). So the nerve of a plain category is an
oo-category.

In addition, for any functor F' : A — B we obtain a map between oo-categories
NF : N(A) — N(B), which is simply defined by composing functors [n] — A with
F'. These assignments

N: A~ N(A), F— N(F)
define a functors from the category of categories to the category of co-categories.

Proposition 2.2. The nerve of any plain category is an co-category. Furthermore,
any map between oo-categories f : N(A) — N(B) is of the form f = N(F) for a
unique functor F' : A — B. This is to say, the nerve operation defines a fully
faithful embedding N : Cat — Caty.

To see that the nerve of a generic category A is not a weak Kan complex, a
stronger notion of course, one need only consider the category [n|. Here we have
N([n]) = A™, and we have already seen in Example 1.7 that A™ is an oo-category
but not a weak Kan complex whenever n > 0.

We note that for any oco-category € we have an obvious map of simplicial sets

p: € —->NbLE), (s:A" 5 F)— ([s|latn] :0<i<j<mn),

which is then by definition an oo-functor between co-categories. One sees immedi-
ately that p is an isomorphism whenever ¥ = N(A) for some plain category A, and
we thus find that p is an isomorphism of co-categories exactly when % is isomorphic
to the nerve of some plain category.

The functor p is natural in %, and so provides a natural endomorphism on the
category of co-categories. Indeed, p provides the unit for an adjunction between
the homotopy category functor h : Cat,, — Cat and the nerve functor.

Lemma 2.3. For any oco-category we have a natural projection py : € — N(hE),
which is defined by taking an n-simplex s in € to the corresponding tuple of mor-
phisms ( [s|atiar] 0 0 < i < j < n) in the homotopy category. These projection
operators realize the nerve functor N : Cat — Cateo as right adjoint to the homo-
topy category functor h : Cato, — Cat.



KERODON REMIX I 15

2.2. Nerves of dg categories. Let A be a dg category. We define the dg nerve
N9 (A) to be the simplicial set with each n-simplex A" — N€(A) specified by a

choice of objects {xq,...,z,} in A and maps
fre Homyl‘”(fﬂmml,fmaxf)
for all subsets I C [n] of order |I| > 2 which satisfy
d(fr) = > (D= (fre, 0 fro, — fiogn)- (3)

tel—{min I,max I}
Here [ inherits its ordering from [n], so that Is; = {a € I : a >t} for example.'
For any weakly increasing map r : [m] — [n] the restriction
N (A)[n] = NE(A)m], {fr:1C ]} {frs:J Cm]}.

ooy if J = {4,5'} and
r(j) = r(j'), and f,.; = 0 otherwise. For example, pulling back s* : N (A)[1] —
N98(A)[2] along the weakly increasing surjection s : [2] — [1] with s(0) = s(1) =0
can be illustrated as

is defined by taking f,. ; = fr(s) if r|s is injective, f, ; = id

s*

— x
VN
0
f
AN

r————>1Y

Lemma 2.4. The tuple {f.;: J C [m]} is in fact an m-simplex in N%(A), and
for a sequence of maps ror1 : [I] = [m] — [n] the composite rirs equals (rory)*.
This is to say, N%8(A) is in fact a simplicial set.

Proof. The second point follows from the fact that the composite ro7; has injective
restriction to K C [I] if and only if r; has injective restriction fo K and 7o has
injective restriction to 7 (K).

For the first claim, fix 7 : [m] — [n] and take for any J C [m], f; = f.;. We
need only establish an equality

0= Z (—1)u>t‘(f./12t ofr<e = Ffi-y) (4)

teJ—{min J,max J}

when r|; is not injective. When r|; has more than two repeated values, then all
summands in the above expression are 0, so that the equality holds immediately.
So we may suppose that r|; has precisely two repeated values r(j) = r(j'), with j
and j' necessarily neighbors. If |J| = 2 then the right above summand is empty,
and thus necessarily 0 = d(id). So we suppose additionally that |J| > 2. We
therefore want to establish (4) when |J| > 2 and r|; has precisely two repeated
values 7(j) = r(j').

In the case where that j = minJ or j° = maxJ the above sum has only one
non-vanishing summand,

(D)=l fy_ oid — fr_gyy) = (1)l (fr, — fa,) =0

LOur particular expression of the dg nerve comes from [15], and not [13]. There is a slight difference
in signs between the two sources.
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or
(_1)‘I>j/ | (’Ld o fJZJ" - fJ*{j/}) = (_1)‘I>j|(f¢]2j/ - fJZj’) = 0)
so that the desired equation holds. When both j and j’ lie in the interior of J, the

sum has precisely two summands giving explicitly

£(frs; 00— fr—jy — 00 fugyr + fr-1) = 0.

We therefore establish (4), and see that 7* does map n-simplices to m-simplices. [

Remark 2.5. We note that there is a functor dg : A — dgCat so that n-simplices
in N9¢(A) are identified with dg functors Homggcat(dg[n], A). So the dg nerve can
be constructed in a manner similar to the nerve of a plain category. Furthermore,

if we view any additive category A as a dg category over Z, with all maps in degree
0, then N(A) = N98(A).

Now, suppose we have an inner horn a : A} — ng(A). Such a map of simplicial
sets is specified by a tuple of morphism (f; : I C [n], [n] —{i} € I) which solve the
equations (3), and an extension of such a to an n-simplex is an additional choice of
degree n—3 and n—2 maps fj,)—;} and f,) respectively which have the appropriate
derivatives.

Proposition 2.6 ([15, 00PW]). The dg nerve N'8(A) of any dg category A is an
oo-category. Specifically, for an inner horn & : A™ — ng(A) as above, the choices
f[n] =0 and

fi— iy = fi,..my © fip + Z (=D (fitomy © fig = frni—1e3)- (5

o<t<n, t#i

determine an extension o : A" — NU(A) of & to an n-simplex.
Proof. We take the differential to find
A fim—i1) = s (D" fpng—geay) + i (1" g _giay)
(i D™ fem—gay © f1) = (i D™ flem) © flg—1a3)

+ other terms

= Ztelf{minI,max[}(_1)|1>t|(ffzt 0 ffgt - flf{t})

+ other terms.

In the above expression I = [n] — {i} and [t,n] = {¢,...,n}, and the summands
which we’ve written explicitly come from differentiating the term

> )T fmy © fi = fmi—gey)

o<t<n, t#i

in (5). So, we want to show that these “other terms” vanish.
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We have

(=1)™*other terms =

(=1)""d( fin) fri) — Fomd(fra)

+2o0<i<men, Lmi (DT g gmy + (GO fnp - p1m)

= Zo<iemen, tmzi (DT fin—gmy fuy + (DT - gy

=Y o<iemen, 1mzi (D" T i) Fimi— gy + (D)7 fin ) Fim)— 1y

+ 2 i D) fpa Fra frg — GO i fi -

2t DT g fa frp — GO fraa— o fa-

= — [ d(f1)) + 2 ici V) frnafiea Sy — (GO fni fl— 16
(=D d(fiin) fi) + 2ice (DT flna frig frg — GO - 10 1

=0.
So we see that the other terms vanish, and hence that any inner horn A? — N9&(A)
admits the proposed extension to an n-simplex. (I

From a direct consideration of the equation (3) it is clear that any dg functor
1 : A — B defines an associated map of oco-categories
x— F(zx) for O-simplices

dg . Ndg dg
N®(n) : N(A) — N%(B), { (fr:ICn])— (n(fr):IC[n]) for n-simplices, n > 0.

Proposition 2.7. The dg nerve defines a functor N4 : dgCat — Cato.

rem:dg_v_infty‘ Remark 2.8. The dg nerve defines an equivalence from a homotopy category of

dg categories, over a given base k, to the homotopy category of (certain) linear oo-
categories [4, Corollary 5.5]. In this sense, dg categories are identified with linear
oo-categories via the dg nerve functor, in some appropriate sense.

Remark 2.9. In [14, Construction 1.3.1.13] one finds an alternate construction
of a “dg nerve” via Dold-Kan. This Dold-Kan approach yields a functor which is
isomorphic to the one given above. See [14, Proposition 1.3.1.17].

sect:dg_alg_ex

2.3. An integral dg example with one object. We provide a few silly examples
which illustrate some distinctions between dg categories, or A-categories, and oo-
categories. Of course, the popular adage here is that co-categories are somehow
more “flexible” than dg categories.

Let p be any positive integer and consider the dg category A, over Z with a
single object * and endomorphisms

Homy, (*,%) =0 = pZ — Z — 0,

where the differential pZ — Z is just the inclusion. So, A, is just a dg algebra
which we view as a dg category. We also have the dg algebra Z/pZ with a single
object and endomorphisms Z/pZ. Let <, and %, be the corresponding dg nerves
of these dg categories. We describe these co-categories explicitly, and show that the
dg algebra quasi-isomorphism A, — Z/pZ admits an section %, — 7, at the level
of co-categories, despite the fact that there are no A-algebra maps Z/pZ — A, at
all. where the differential pZ — Z is just the inclusion. So, A, is just a dg algebra
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which we view as a dg category. We also have the dg algebra Z/pZ with a single
object and endomorphisms Z/pZ. Let <, and %, be the corresponding dg nerves
of these dg categories. We describe these oo-categories explicitly, and show that the
dg algebra quasi-isomorphism A, — Z/pZ admits an section 2, — 47, at the level
of co-categories, despite the fact that there are no A, -algebra maps Z/pZ — A,
at all.

An n-simplex in a : A™ — %, is a tuple of numbers a = {a;; : ¢ < j € [n]} with
;a5 = a;p for all triples ¢ < j < k. (This is the same as the usual nerve of Z/pZ
as a plain category.) A l-simplex in 7, is a choice of element b € Z C A, and a 2-
simplex b : A% — 7, is a choice of a triple of a triple of elements {bo1, b12,bo2} C Z
and b1a3 € pZ such that

b123 = bo2 — bo1b12. (6)
In particular, b3 is specified uniquely by the boundary elements b;;, so that a
2-simplex is simply a triple of elements satisfying bp1b12 = bps mod p.

For degree reasons, if we have an n-simplex b : A" — o7, all functions b; € ALIFZ

indexed by subsets I C [n] of size > 3 vanish, and the equations

d(br) = +(br,bre, —br—(1}) (7)

are vacuous when |I| > 4, as both sides live in AL,IFB = 0. We have already
examined the above equation when |I| = 3, and the condition on |I| = 2 just says
that all by with |I| = 2 are degree 0 cocycles. So we need only investigate the case
|I| = 4. That is to say, in order to characterize 7, as an co-category we need only
classify its 3-simplices.

Consider a 3-simplex b: A% — 7,. Such an object is specified by a collection of
elements {by : I C [3]} with all b;j5 = bir, — b;;bjr and bp123 = 0 for degree reasons.
This first condition is equivalent to the equation (7) for I of size 3, and for the
unique subset of size 4 we need to check the equation

0 = d(bo123) = bo2z — bo1b123 — bo13 + bo12b23-
But we simply expand, and (only) employ the 2-simplex equation (6), to find

bo23 — bo1bi23 — bo13 + boi2bas
= b3 — bo2baz — bo1(biz — bi2bag) — boz + bo1bis + (bo2 — bo1b12)ba3
= bgz — bo2baz — bo1b13 + bo1b12b23 — boz + bo1b13 + bo2baz — bo1bi2bas
=0.

So we see that equation (7) at |I| = 4 is redundant, and thus observe a complete
description of the n-simplices in 27,

oyn| = {tuples (bij : 0 <i<j<n):bibjr =byr, mod p whenever i < j < k}

The map of co-categories 7 : &7, — 2, implied by the dg algebra quasi-isomorphism
A, — Z/pZ is defined as expected

iy — 2 (bij:0<i<ji<n)— (b :0<i<j<n).

For any class a € Z/pZ define a’ € Z to be the unique element in {0,...,p—1} C
Z such that a’ = a. We define a section 7" : 2, — <, on n-simplices

Ty s Zp[n] = Ap[n], (a0 <i<j<n)e(a;:0<i<j<n).
One sees immediately that the composite

%5 o, 5 %,
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is seen to be the identity. This point is remarkable, given that there aren’t even
any maps Z/pZ — A, of Z-modules, and highlights the content of the discussion
of Remark 2.8.

We claim furthermore that 7 : .o, — %, is an equivalence of co-categories with
weak inverse 7", whatever that means (see Section ?7?).

2.4. More examples with one object. We can similarly take a positive degree
polynomial ¢ € S = C[t] and consider the dg algebras A; =0 — ¢S — S — 0 and
S/qS. We have the associated co-categories o7, and .75, and the above presentation
applies verbatim to provide a complete description of the simplicial set .7,

.qu[n] = {(b” 0<i< < n) : bijbjk =br; mod q}.

We have the projection 7 : @7, — .#; implied by the dg algebra quasi-isomorphism
Ay — S/¢S and easily constructs an “inverse”

T Ly = Ay (a5 0<i<j<n)m (a;:0<i<j<n)

by taking a;; to be the unique lift of a;; € S/¢S to a degree < deg(g) element in S.

Now that we're over C however, there does exist an A, quasi-inverse ¢ : S/qS —
A,. The construction of ¢ requires a choice of C-linear section ¢ : S/¢S — A, and a
corresponding degree —1 solution ¢ : S/¢S ®c S/¢S — A, to a quadratic equation
d(X) = poly(co). This quadratic equation is essentially just the equation (6), which
we understand has unique solutions. So we see that in the A, -categorical setting
we must keep track of certain irrelevant information which the oco-categorical allows
us to ignore. We also note that the co-category map 7V can be defined by any choice
theoretic section 7y : S/qS = #[1] = A, = ,[1], and so disregards linearity as
well.

As a last toy example we consider the Chevalley-Eilenberg dg algebra

CE(g):0—>(C£>g*ig*/\g*—>---—>det(g*)—>0.

Here g is a Lie algebra and the differential is specified by the dual of the bracket
d* = [—,—]* : g* = g* A g*. The cohomology of this dg algebra is the algebra of
extensions of the trivial representation

H*(CE(g)) = Exty(y)(C, C),

calculated in the category of arbitrary U(g)-modules. We consider the associated
oo-category €&(g).

Here there are no non-zero negative degree elements in CE(g) to speak of, so
that the unit map C — CE(g) induces an isomorphism of co-categories

N(C) S ¢&(g).

This is despite the fact that the unit map is far from a quasi-isomorphism in general.

This example simply abuses the fact that the dg nerve functor cannot see in-
formation in a dg category A which is strictly contained in positive cohomological
degrees. We also note that this kind of tomfoolery will not occur if we restrict our
attention to dg categories with an appropriate shift operation (e.g. pre-triangulated
dg categories [4, Definition 2.16]).
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2.5. Derived categories for abelian categories. Let A be an abelian category.

Definition 2.10. A complex I over A is called K-injective if the Hom complex
functor

Hom; (—, I) : Ch(A)°® — Ch(Z)
preserves acyclic complexes.
Equivalently, I is K-injective if the Hom complex functor preserves quasi-isomorphisms.

Theorem 2.11 ([18, Theorem 3.13]). If A is a Grothendieck abelian category, then
every (possibly unbounded) complex M admits a quasi-isomorphism M — I to a
K -injective complex I.

Examples of Grothendieck abelian categories include categories of arbitrary R-
modules Mod(R), for an arbitrary ring R, categories of quasi-coherent sheaves
QCoh(X) on an arbitrary scheme or algebraic stack X [6] [16, 0781], categories of
representations Rep(G) for an algebraic group G, and categories of cohomodules
Comod(C) for a coalgebra C. So, basically all reasonable abelian categories which
arise in algebra and representation theory are Grothendieck abelian, provided they
are cocomplete.

Now, for a general abelian (or even additive) category, we can form the dg nerve

ng(Ch( )) of the dg category of cochains. Here we find
e N(Ch(A))[0] = {the collection of complexes over A}.
e N(Ch(A))[1] = {maps f: M — N of cochains}.
o N*%(Ch(a))[2] =

quadruples f: L - M, g: M - N, h: L —+ N, z:L— N
such that f, g, and h are degree 0 cocyles, i.e. maps of cochains
and h = fg — d(z).

From this description of 0, 1, and 2-simplices one observes a calculation of the
homotopy category.

Proposition 2.12. Let A be an additive category. The homotopy category of the
dg nerve for Ch(A) is the usual homotopy category of dg modules for A, i.e. the
category of dg modules with homotopy classes of maps

hN9(Ch(A)) = K(A).
We refer to the dg nerve ng(Ch(A)) the homotopy oco-category for A,
A (A) :=NI(Ch(A)).

We consider inside the dg category of cochains the full subcategory of K-injective
complexes

Ch(A)Inj = { The full dg Subcategory of }

K-injective complexes in Ch(A)

Definition 2.13. For a Grothendieck abelian category A, the derived co-category
is the dg nerve

P(A) := NU(Ch(A)1y).
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From Proposition 2.12 we have

>~ D(A),

h 2(A) = { The homotopy cat of K- }

injective complexes over A
so that Z(A) provides an oco-categorical lift of the usual derived category.

Remark 2.14. In ring theoretic situations one also has enough K-projectives. As
one expects, these are cochains P for which the functor

Hom? (P,—) : Ch(A) — Ch(Z)

preserves acyclicity. One can consider the dg category Ch(A)p,.; of K-projective
complexes in Ch(A) and, when Ch(A) has enough K-projectives, one can show
that there is an equivalence of co-categories

P(A) = N (Ch(A)m;) = N(Ch(A)py0;)

which is uniquely determined via some constraints. Hence one can employ either
an “injective model” or a “projective model” when working with the derived oo-
category, as is traditional. We discuss this injective-projective comparison in detail
in Section 13 below.

Remark 2.15. The derived oo-category Z(A) can be identified via a universal
property as the localization # (A)[Qiso '] at the co-level, or alternatively as the lo-
calization of the plain category of cochains Ch(A)[Qiso '] [15, Propositions 1.3.4.5,
1.3.5.15] [14, Proposition 1.3.4.5]. As far as the author’s understanding of mathe-
matics is concerned, the latter expression is not predictable, or predictable, from
any phenomena in the theory of discrete, dg, or A..-categories.

Given some finiteness condition IF for objects in A we take

D(A) = The full co-subcategory of objects in
F=1 2 (A) whose cohomology have property F

For example we can consider the derived categories
2 (Rep(G)) fin and 2(QCoh(X))con

of dg G-representations with finite-dimensional cohomology and of quasi-coherent
dg sheaves with coherent cohomology. We define the bounded, bounded above, and
bounded below derived categories

7°(A), 27(h), 7 (A)
similarly.

Remark 2.16. It is shown in work of Antieau [1, Corollaries 2, 5] that the plain
derived category D(A) admits a unique enhancement. This is to say, there is a
unique (stable) co-category 2, up to equivalence, whose homotopy category recov-
ers D(A) (as a triangulated category). So, from a high level perspective, it does
not matter what oo-categorical construction one employs in their production of a
derived oco-category as long as the homotopy category is as prescribed.
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2.6. Derived categories for dg modules. Consider a dg algebra R and the
category Mod(R) of arbitrary dg R-modules. In this instance Mod(R) still admits
enough K-injectives and K-projectives [10]. So we define the derived oo-category
again as the dg nerve of the dg category of K-injectives

2(R) := N8(Mod(R)1y;).
We again have a unique identification
2(R) = N%(Mod(R)1;) = N%(Mod(R)pyo;)-

See Section 13.

2.7. Nerves of simplicial categories. Before providing the appropriate nerve in
this setting let us first we construct a simplicial category for the simplices A™ [13,
Definition 1.1.5.1]. We take Path A™ to be the simplicial category with objects
obj(Path A™) = [n] and m-simplices

length m + 1 sequences of subsets
L€ C I C [n]
with ¢ = min I; and b = max I;
forall0<j<m

Homx . (a,b)[m] = Homp,, an(a,b)[m] =

We note that each inclusion I C I; may be an equality in the above presentation,
that these simplicial Hom sets vanishes if and only if @ > b, and that all simplices
of size > n are degenerate. For any weakly increasing function r : [[] — [m] the
corresponding structure map is as expected,

r* : Homan (a,b)[m] — Homan(a,b)[l], {Im---CIo} = {Lq) - € L)}
and composition is given by taking unions
{L - Sy o{Im- - C I} = {(Im U I},) -+ S (0 UIH)}.

Remark 2.17. For fixed 0 < a,b < n we have the partially ordered set Subsets,
of subsets S in [n] which contain a as their minimal element and b as their max-
imal element, ordered with respect to inclusion. We may consider Subsets, ; as a
category, and obtain an identification with the nerve of the opposite category

Hom . (a,b) = N(Subsets,",).

For any weakly increasing function f : [k] — [I] in A we obtain a simplicial
functor f, : Path A¥ — Path A! which is defined as f on objects, and on morphisms

f{Im - C Io}) = {f(Im)--- € f(lo)}
So this path operation defines a functor Path : A — sCat.

Definition 2.18. For a simplicial category A we define the homotopy coherent
nerve N"(A) to be the simplicial set with simplices

Nhe (A)[n] = Fungcat (Path A™, A)

and restriction maps f* := Fungcat(fs,.A), for each weakly increasing map f :
[m] — [n].
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We recall that all simplices in Homu. (a,b) of degrees > n are degenerate, so
that any simplicial functor Path A™ — A is determined by its values on objects
and on the m-simplices Homa » (a, b)[m] for m < n. We have directly

N"(A)[0] = obj(A)
N(A)[1] = {pairs of objects with a specified map f : z — y}.

Lemma 2.19. For any simplicial category A, a 2-simplex in the homotopy coherent
nerve o : A2 — NhC(A) is determined by the following data: a triple of objects
(@0, x1,x2), choices of maps between these objects f;; : x; — x; for alli < j, and a
1-simplez h : A' — Hom 4 (z0, x2) which satisfies

hlioy = fizfor, hlpy = foo

Proof. Such an 2-simplex o is, by definition, a simplicial functor o : Path A? — A.
The f;; are the images of the unique O-simplices Iy C [2] in Homx-(%,7) with
|Io| = 2. The other O-simplex in Homyo (0, 2) is sent to fi2fo1 via compatibility of
o with composition. The 1-simplex h is the image of the unique non-degenerate
1-simplex I; = {0,2} C Iy = {0,1,2} C [2] in Homa2(0,2).

Note that A® =2 Hom - (7,4 + 1) and that the unique 1-simplex in Hom - (0, 2)
provides an isomorphism A! = Homa:(0,2). Hence the functor o is determined
precisely by the data {z; : 0 <i <1}, fi;, h. O

We have the following fundamental result from [13], or [15].

Proposition 2.20 ([15, 00LJ]). If A is a simplicial category in which all of the
morphism complezes Hom 4(x,y) are Kan complex, then the homotopy coherent
nerve N™(A) is an oo-category.

The proof requires an analysis of lifting properties for maps into Kan complexes
which we won’t recall. Our main examples of interest come from the simplicial
categories of Kan complexes and oco-categories, though we must to develop more
background in order to deal with these examples in detail. (See Sections 3.6 and
5.11 below.)

We note that the characterization of 2-simplices in N"¢(A), from Lemma 2.19,
provides an explicit description of the homotopy category

The plain category with objects obj(.A)

and morphisms given by equiv. classes of 0-simplices
fixz —yin Hom 4(x,y), where f ~ f’ if there
exists a 1-simplex h with hlgy = f and hlgy = f.

hN"(A) = (®)

3. THE CATEGORY OF KAN COMPLEXES

In order to study dg categories effectively one must, of course, have some ba-
sic understanding of the underlying category of cochains. In this setting there is
(arguably) not much to do here; one understands the definition, understands the
construction of cohomology, and understands the subsequent notions of acyclicity,
contractibility, and quasi-isomorphisms.

In comparing with the role of cochains for dg categories, the category of “spaces”,
i.e. Kan complexes, serves a similar purpose for co-categories. For objects = and
y in an oo-category %, we will have a mapping space Mape (x,y). This space has
homotopy groups, a homotopy class, components, etc. The homotopy groups in

eq:hc_htop
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particular, can be thought of as a direct analog of cohomology groups for a complex.
Indeed, one might think of an co-category as a type of non-linear dg category which
is enhanced in “spaces” which we view as a type of de-linearization of cochains (cf.
Theorem 11.12 below). So, we study Kan complexes as a prerequisite to our study
of co-categories.

In the following two sections we provide a baseline analysis of Kan complexes are
their interpretations as spaces. Here we focus on first-order issues, i.e. definitions
and basic properties, then in Section 4 we approach the category of Kan complexes
through a more detailed and explicitly topological lense.

3.1. Some language for simplicial sets. A simplex s: A" — K in a simplicial
set K is said to be non-degenerate if s admits no factorization though a simplex
A™ — K of lower dimension, i.e. with m < n. We see that K is constructed as the
colimit

K= hgq A", (9)

(A/K)non-deg

where (A/K)non-deg 18 full subcategory in sSet /K whose objects are simplices o :
A"™ — K which satisfy one of the following: (a) o is non-degenerate, or (b) o

factors as o = 0’0’ : A" — A" — K with both ¢’ and ¢” non-degenerate. So, the
category (A/K)non-deg locally looks like

(A/K)non-deg : A"

AN
a fac/ \ non-degen
: N

NN
AP — > A" - — > K

7
) 7/
maybe not a face . p /non-degen

Al

Let us say that a subcomplex K’ — K is obtained from K by deleting a given
simplex s : A" — K if the simplices in K’, A™ — K’ are precisely all of those
simplices in K through which s admits no factorization A™ — A™ — K’. Note
that if K’ is obtained by deleting a non-degenerate n-simplex s, then K., = K,,,
since by definition s admits no factorizations through lower dimensional simplices.

Below, by a lifting problem between maps of simplicial sets i : A — B and
f: K — S we mean any diagram of the form

A——sK

It

B——=2G.

A solution to a lifting problem is a choice of map ( : A — K which produces a
diagram
oK

C/
/

— 5.

f

<0
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In order to distinguish, semantically, between a lifting problem and a generic com-
mutative square, we generally present a lifting problem as follows:

A——K

B——=&.
Now, if we go back in time, we see that a Kan complex is a simplicial set 2~ such
that all lifting problems of the form

A — &

A —— > x,

admit a solution. Similarly oo-categories are characterized by the existence of
solutions to certain lifting problems.

Throughout the text monomorphisms between simplicial sets play an important
role. Such morphisms admit the expected description.

Lemma 3.1. A map between simplicial sets t : A — B is a monomorphism, in the
categoricial sense of the term, if and only if at each index n > 0 the map of sets
t[n] : A[n] — Bln] is injective.

Proof. The latter property says that for each pair of simplices 0,0’ : A" — A,
we have to = to’ if and only if 0 = ¢’. Clearly this is necessary and sufficient to
distinguish p as a monomorphism in sSet. [

3.2. Kan complexes, Kan fibrations, and anodyne maps. Let’s consider a
class of maps Class, in sSet with a prescribed property p. (For example, we
can consider the class of horn maps, or inner horn maps A? — A™.) Then this
class generates a larger class Class, by closing the initial collection Class, under a
number of operations.

We say a class of maps Class, is saturated [8] if it satisfies the following:

(a) Class, contains all isomorphisms.
(b) Class,, is closed under small coproducts.
(c) Class,, is closed under pushouts: If L — K is a map in Class, and

L—M
| )
K—N

is a pushout diagram, then f: M — N is in Class,.
(d) Classy, is closed under retracts: If we have a diagram

L—M——1L
LT
K——N—K

where the horizontal composites are the identity, and f is in Class,, when
f’ is in Class,.
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(e) Class,, is closed under countable composites: If
Koy —> Ky —> Ky — ...

is a N-indexes sequence of morphisms in Class,, then the structure map
Ky — h_n>1n K, is in Class,,.
The minimal saturated class Class, containing some specified collection of mor-

phisms Class,, is called the saturated class generated by Class,. Note that condi-
tion (e) says that any saturated class of morphisms is closed under composition.

Definition 3.2. The class of anodyne morphisms in sSet is the saturated class of
maps generated by the inclusions

{A} - A" : n>1,i€[n]}

We note that the class of monomorphisms is itself saturated, so that anodyne
maps are in particular injective.

Lemma 3.3. A simplicial set 2" is a Kan complez if and only if each lifting prob-
lem

A——s X

B ——x,
in which the constituent map i : A — B is anodyne, admits a solution.

Proof. Since the class of anodyne maps includes arbitrary horns A} — A", any
simplicial set with the left lifting property against anodyne maps is a Kan complex.
For the converse, it suffices to show that the class LL Pk, of mapsi: A — B having
the left lifting property to a Kan complex 2 is saturated. All of the conditions
(a)—(e) are clear, save for possibly (e). Take a sequence of maps

AogAlgAgﬁ
is LLPga, and consider the structure map

l'ngom(An, ) = Hom(ligAn, Z) — Hom(Ag, Z7). (10)

We want to say that this map is surjective.

By the left lifting property, we understand that each map i} : Hom(A4;, ") —
Hom(A;41, 2") in the sequence defining the limit in (10) is surjective. We also
understand that each of the map ¢, : Hom(A;, Z7) — Hom(Ap, Z) defining the
morphism (10) is surjective, where ig; = i;...4;. One applies Zorn’s lemma to see
that the corresponding map from the limit (10) is in fact surjective. So the set
LLPxg., is in fact saturated, and since

{A} > A" : n>1,i€[n]} C LLPkan

we see that anodyne maps have the left lifting property relative to maps into Kan
complexes. O

We also have a relative notion of Kan complexes.
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Definition 3.4. A morphism f : 2" — S is called a Kan fibration if any lifting
problem
A—>
|l
B——=3S

in which A — B is anodyne admits a solution.

A simplicial set 2 is a Kan complex if and only if the terminal map 2 — x is
a Kan fibration. Just as in the case S = *, one can test Kan-ness of a morphism
Z — S by examining the lifting property relative to the horn inclusions A" — A™.
By the universal property of pullback, one sees that the class of Kan fibrations is
closed under pullback.

Lemma 3.5. Suppose that f: 2 — S is a Kan fibration, and that
X —Z
f’l lf
S — 5
18 a pullback diagram. Then [’ is a Kan fibration.

By the above lemma one can view a Kan fibration as a family of Kan com-
plexes parametrized by the base S. One can compare, for example, with notions of
smoothness for varieties, and smooth morphisms. We have now defined Kan fibra-
tions relative to anodyne maps. We have the following “inverse” characterization
of anodyne maps which we’ll never use.

Proposition 3.6 ([9, Corollary 1.4.1]). A map i : A — B is anodyne if and only
if any lifting problem

A——Z
J{ 4
B%S

in which Z — S is a Kan fibration admits a solution.
The following lemma will be of use momentarily.

Lemma 3.7. Consider two monomorphisms of simplicial sets i : A — B and
j: K — L. If either of i or j is an anodyne morphism, then the induced map from
the pushout
(AxL) J] (BxK)— (BxL)
(AXK)

is anodyne as well.

The proof is somewhat technical and can be found in [15, 014D], or [8, Corollary
4.6].
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3.3. Trivial Kan fibrations.

Definition 3.8. A morphism f : 2" — S is called a trivial Kan fibration if any
lifting problem of the form
A—— X (11)

B—=3,
in which A — B is a monomorphism, admits a solution. A simplicial set Z is
called contractible if the terminal map 2~ — x* is a trivial Kan fibration.

Clearly any trivial Kan fibration is a Kan fibrations.

Proposition 3.9. A map f: Z — S is a trivial Kan fibration if and only if all
lifting problems of the form
OA" ——

7
i“dl lf

A" — S|
forn € Z>g, admit a solution.
Sketch proof. The point is that the saturated class of morphisms generated by the

boundary inclusions {0A™ — A™ : n > 0} is the class of all monomorphisms [9,
Section 1.4] [15, 0077] O

3.4. Exponents for Kan complexes. For simplicial sets K and S we have the
mapping complex Fun(K, S) defined in Section 1.6. We also have the evaluation
map

ev:Fun(K,S) x K — S (12)
which is defined on simplices by

Homgget (A" x K, S) x K[n] — S[n|, (f,z)~— f(idy,),x).

The fact that f is a map of simplicial sets, in the above expression, implies that
evaluation, defined as above, is also a map of simplicial sets.

Lemma 3.10 ([8, Proposition 5.1]). The evaluation morphism (12) defines an
isomorphism of sets

o~

Homgget (L, Fun(K, S)) — Homgget (L X K, S)
1= ev(n X idg)

which is natural in L, K, and S.

Proof. Take 1 := ev(n x idg). The inverse to the map 7 + 7' is given by sending
a function g : L x K — S to the maps

g : L—Fun(K,S), y— [A"xX K =S, (t,z) — g(t'y,z) ].
Indeed, we have explicitly
() : L = Fun(K, S), y = {(2,8) = 0 (,ty) = ev(t*n(y), )}
and ev(t*n(y), z) = t*n(y)(idjm), ©) = n(y)(t,z). So (n'); = n. One checks also
(9) :Lx K =8, (z,y) ~ ev(g x id) = [ (y,2) = 91(y)(idpn), 2) |

eq:eval
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and gi(y)(id}n), 2) = g(y, 2), so that (¢)' = g. Naturality can be verified directly.
([

The above lemma says that the functor complexes Fun(—, —) provide inner-Homs
for the monoidal category of simplicial sets, with the symmetric monoidal structure
provided by the product.

Proposition 3.11 ([8, Proposition 5.2]). Suppose that f : Z — S is a Kan fi-

bration and that i : K — L is a monomorphism between arbitrary simplicial sets.
Then the map

Fun(L, ') — Fun(K, Z°) Xpun(k,s) Fun(L, S) (13)

associated to the diagram

Fun(L, Z°) s Fun(K, Z°)

r| |

Fun(L,S) —— Fun(K, 5)
is a Kan fibration. When i : K — L is furthermore anodyne, or f : Z — S is a
trivial fibration, the map (13) is a trivial Kan fibration.

Proof. First, let A — B be an anodyne map. The existence of a splitting for a
given diagram

A Fun(L, Z°)

B 5 Fun(K, Z7) Xpun(k,s) Fun(L, S)

is equivalent to the existence of a splitting for the corresponding diagram
(Ax L) axg) (B x K) - 2 (14)

(B x L) S,

which one obtains via adjunction for inner Homs. By Lemma 3.7 the left hand
vertical map in (14) is anodyne, and the map f : 2" — S is a Kan fibration by
hypothesis, so that such a splitting is seen to exist. It follows that the map (13) is
a Kan fibration. When the map i : K — L is furthermore anodyne, or f: 2 — S
is trivial, the above argument can be carried out for any monomorphism A — B,
from which one concludes that (13) is a trivial Kan fibration in this case. (]

We find a number of interesting corollaries.

Corollary 3.12. (1) For any simplicial set L, and Kan fibration f: 2" — S,

the induced map
f« 1 Fun(L, &) — Fun(L, S)

is a Kan fibration.
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(2) For any monomorphism i : K — L, and Kan complex Z , the induced map
i* : Fun(L, 2") = Fun(K, Z)

is a Kan fibration.
(3) For any anodyne morphism i : K — L, and Kan complex 2, the induced
map
i* :Fun(L, 27) — Fun(K, Z°)
s a trivial Kan fibration.
(4) For any simplicial set L, and Kan complex 2, the simplicial set of functors
Fun(L, Z) is a Kan complex.

Proof. Follow by considering the cases K = () and S = x, independently then
together. ([l

3.5. Why maps from simplicial sets? In the previous subsection we have em-
phasized maps Fun(K, .2") from some simplicial set K into a given Kan complex.
Of course, a simplicial set is, in general, neither a Kan complex nor an oo-category.
So, one might ask: Why consider simplicial sets at all here?

The reason is rather simple. We view a map p: K — 2" from a simplicial set as
a “diagram” in Z". Then to consider the dynamics of the category Fun(K, Z) is to
consider the dynamics of K-shaped diagrams in %2 . This will be important in both
the Kan and co-context when we want to speak, for example, of limits and colimits
of diagrams in a given Kan complex or oo-category (see Section II-13). So it’s
actually quite important that we develop a relatively sophisticated understanding
of diagrams in a generic Kan complex, or co-category.

3.6. The oco-category of spaces. As observed in Corollary 3.12 above, the func-
tor complexes Fun(Z", %) between Kan complexes are themselves Kan complexes.
Hence the simplicial category Kan from Section 1.6 is enriched in Kan complexes.
We therefore apply Proposition 2.20 to obtain the following.

Theorem 3.13. The homotopy coherent nerve of the simplicial category of (medium
sized) Kan complezes N™(Kan) is a (large sized) oo-category.

Definition 3.14. We take
Han = N"(Kan),

and call Zan the oco-category of Kan complexes.

Let us describe this oo-category in low dimensions. The objects in Jan are
Kan complexes, and 1-simplices are arbitrary maps of Kan complexes f : 2" — #.
According to Lemma 2.19, a 2-simplex in JZan is a not-necessarily-commuting
diagram

Z;

1
> N
2
fo2 !

in Kan, along with a map of simplicial sets h : Al x 25 — %7 which satisfies
h\{o} = f12f01 and h|{1} = fo2. Here one should think of h as a homotopy between
the strict composite f12 fo1 and fo2 which establishes fy2 as a “homotopy composite”
of the two maps.

Let us record a small piece of notation.

2o
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Definition 3.15. For points in a Kan complex z,y : * — 27, write x ~ y if there
exists a map of simplicial sets ¢ : Al — 2~ with Clgoy = * and (|13 = y. We take

mo(Z) = Z7[0]/ ~= Homp sgn(*, Z°).

Remark 3.16. The fact that 2" is a Kan complex assures us that the path relation
~ employed above is in fact an equivalence relation on the set of vertices Z7[0].

By the above information we can now describe the homotopy category of Kan
complexes h Zan as the plain category whose objects are Kan complexes, and
whose morphisms are homotopy classes of maps

Homy, san (2, %) = mo(Fun(2,%)).
We now have the obvious notion of homotopy equivalence.
Definition 3.17. A map between Kan complexes f : 2" — % is called a homotopy

equivalence, or simply an equivalence, if f induces an isomorphism 2 = % in the
homotopy category h Zan.

Explicitly, f : 2~ — % is a homotopy equivalence if there is a map ' : % — 2,
and appropriate homotopies, which establish 2-simplices

and Z

s
N Z\
VA : z

idag

v v

iday
in the oo-category of Kan complexes.

3.7. Equivalences and functor spaces. Our main goal of the subsection is to
prove the following.

Proposition 3.18. For a map [ : 2 — % between Kan complexes, the following
are equivalent:

(a) f is an equivalence.
(b) For any simplicial set K, the induced map

fe : Fun(K, 2) — Fun(K, %)
18 an equivalence of Kan complexes.
(¢) For any Kan complex W', the induced map
fo :Fun(#, Z) - Fun(#, %)
s an equivalence.
(d) For any Kan complex W , the induced map
[ Fun(¥, W) — Fun(Z, %)
s an equivalence.

We first record some lemmas, which will prove useful in any case. The following
establishes the implication from (a) to (b).

Lemma 3.19. Suppose that f : & — % is an equivalence between Kan complexes.
Then, for any simplicial set K, the induced map f. : Fun(K, Z") — Fun(K, %) is
an equivalence as well.
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Proof. Let g : % — Z be a homotopy inverse to f. By considering the composites
fg and gf, it suffices to show that for any endomorphism F' : 2" — 2 which is
homotopic to the identity idg the induced map F : Fun(K, 2") — Fun(K, Z") is
homotopic to the identity. By the natural isomorphism
Homgser (A x Fun(K, 27), Fun(K 27)) = Homgses (Fun(K, 27), Fun(A' x K, Z))
provided by adjunction, it suffices to produce a map
O :Fun(K, 2") — Fun(A' x K, 2)

whose restrictions along the two

_|{O}><Ka _|{1}><K : Fun(Al x K, 2) = Fun(K, Z")

recover the identity idp,, and F, respectively.

If welet 0 : A x 27 — 2 be a homotopy between idg and F, then we may
define © on n-simplices by taking a function « : A” x K — 2 to the composite
fo (Al x a). Such a formula determines © as a map of simplicial sets and, by direct
inspection, the two composites

Fun(K, Z7) N Fun(A' x K, ') = Fun(K, Z)

recover idp,, and F,. Rather, © exhibits a homotopy between the identity and F},
as required. (Il

Lemma 3.20. If f: 2" — % is an equivalence, then the induced map on connected
components mo(f) : mo(Z) = mo(¥) is an isomorphism.

Proof. We have a natural isomorphism
m0(Z") = mo(Fun(x, 7)) = Homy, san (%, Z7)
under which 7 (f) is identified with procomposition
[f]« : Homy, pan (%, Z7) — Homy, san(*, %).
Since f : 2 — % is an isomorphism in h.#an, the corresponding map f, is an
isomorphism. (Il

We can now prove our proposition.

Proof of Proposition 3.18. The implication (a) = (b) is covered by Lemma 3.19,
and the implication (b) = (c) is immediate, since (c) is just some restriction of (b).
Now, we claim that (c) implies (a). Suppose that (c) holds. By Lemma 3.20, the
map
wo(fi) : mo(Fun(#, 27)) — mo(Fun(#, %))

is an isomorphism. But these sets, by definition, are just Homy, yun(#, 2) and
Homy, yan (W, Z°), and mo(fs) is composition [f]. with the homotopy class of f.
So we conclude that

[f]« : Homy, spon (W, Z7) — Homy, s (¥, %)
is an isomorphism at all # in h Zan. Rather, we have a natural isomorphism
[f]* : Homh%’an(_7 %) i Homhji’an(_a @)

of Set valued functors. It follows by Yoneda that the map [f] is an isomorphism
in h Zan, and hence that the original map f: Z° — % is an equivalence. So we
establish (a).
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One similarly argues that (d) implies (a), and so we need only establish the
implication (a) = (d). However, one can argue as in the proof of Lemma 3.19 to
see directly that f* : Fun(#,%#) — Fun(Z2',#) is an equivalence whenever f is
an equivalence. We are done. [

4. KAN COMPLEXES AS SPACES

We define and analyze the homotopy groups 7,(%2",z) of a Kan complex and
recall a simplicial version of Whitehead’s theorem. This theorem says that a map
between Kan complexes [ : 2" — % is a homotopy equivalence (Definition 3.17)
if and only if the induced map on connected components 7o (f) : mo(Z) — 7o(¥)
is a bijection, and the induced maps on homotopy groups m,(f) : m (2 ,2) —
(%, fz) are isomorphisms at all « and all positive integers n.

At the conclusion we prove that equivalences can be checked over the fibers of a
Kan fibration, and recall an equivalence between the homotopy categories of Kan
complexes and sufficiently small topological spaces.

4.1. Homotopy groups for Kan complexes. For any n > 0 we define the sim-
plicial n-sphere as
Sn = A" HaAn *.

The object S™ is a simplicial set which is a quotient of the standard n-simplex. To
distinguish between the simplicial and topological spheres we denote the topological
n-sphere by S™. We have that |S™| = S™, but we note that the simplicial sphere is
not itself a Kan complex, and so not a “space”. However, the failure of S™ to be a
Kan complex is, for some specific reasons [15, 00VT], not important.

Definition 4.1. A pointed simplicial set (K, z) is a simplicial set K with a fixed
map z : x — K. A map between pointed simplicial sets f : (K,z) = (L,y) is a
map of simplicial sets which fits into a diagram

7N

f

K

A pointed Kan complex is a Kan complex which is pointed as a simplicial set.

We consider the simplicial sphere S™ as a pointed simplicial set (S™,*) with
distinguished point given by the unique 0-simplex * — S™. So, given a pointed
simplicial set (K,x), a map of pointed simplicial sets S™ — (K,z) is a map of
simplicial sets such that the unique composite * — S™ — K recovers x. For
pointed simplicial sets (K, z) and (L, y) we let

Fun(K, L), C Fun(K, L)
denote the simplicial subset which is given by the pullback of the diagram

Fun(K, L), —— Fun(K, L)
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So amap f: A" x K — L is an n-simplex in the pointed functor complex provided
the restriction A x * -+ A x K — L along the map z : *x — K is of constant value

Y.

Lemma 4.2. If (2, x) is a pointed Kan complex, and (K, z) is an arbitrary pointed
set, then the pointed mapping complex Fun(K, 2, is a Kan complex.

Proof. By Corollary 3.12 the map z* : Fun(K, £2") — Fun(x, 2") is a Kan fibration,
and Kan fibrations are closed under pullback by Lemma 3.5. Hence the pointed
mapping complex is a Kan complex. O

Definition 4.3. Let (27, x) be a pointed Kan complex. The n-th homotopy group
(2, z) is the set of homotopy classes of pointed maps

(2, x) := mo (Fun(S™, Z7))

For n > 0 there is a group structure on 7, (£, ) which defined as follows: for
two pointed maps a,b : S™ — (27, z) which represent classes &, € m,(Z",x), we
consider the horn w : A7 — 27 with restrictions

W|A+1-{0) = Ay W|A@mt+1-{2) =, W|am+1-riy =2 when i > 2. (15)
We fill this horn to get a map W : A"*! — 2, and take
a*ﬁ:: [W|A[n+1]—{1}} Eﬂn(%,m).

Theorem 4.4 ([8, Lemma 7.1, Theorem 7.2]). Fiz n > 0. For any classes a, 5 €
(2, x) the element o x B constructed above does not depend on the choice of
representatives a,b : S™ — 2", nor does it depend on the choice of filling for the
horn (15). We thus obtain a well-defined binary operation

—x — (2, 2) X T (X, x) = 7o (2, 2). (16)

The binary operation (16) provides w, (X, x) with a group structure for which
the class of the constant map x : S™ — X~ serves as the identity. Furthermore, this
group is abelian when n > 2.

This construction may seem mysterious, however the group structure on 7, (2", )
is uniquely determined by a small number of intuitive constraints. Namely, this is
the unique group structure for which the constant map at x provides the unit and
for which an (n + 1)-fold product 5 71 .. .%(;11)" is the identity in 7,(2",x) if
and only if the corresponding boundary map 7, : A" — 27 admits a filling [15,
00VU]J.

We note that the assignment (27, z) — m,(Z2, x) is also functorial. Namely, if
we have a map of pointed Kan complexes f : (27,2) — (#,y) then we have an
induced map of Kan complexes

fe : Fun(S™, Z7). — Fun(S™, %).

and thus an induced map on connected components m, (f) : m,(Z, ) = T, (¥, y).
Since horn fillings are sent to horn fillings under f, this map on homotopy groups
is in fact a map of groups. We record this observation.

Lemma 4.5. The homotopy group constructions provides a Z~qg-indezxed collection
of functors

7Tn(—) : { Pointed Kan complexes with pointed maps } — Groups.
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4.2. Homotopy groups and trivial Kan fibrations.

Proposition 4.6. If 2 is a contractible Kan complex (Definition 3.8), then wo(Z")
has a single element and all of the homotopy groups 7, (X, z) are trivial.

Proof. To see that mo(.2") is a singleton one simply notes that any map 0A* — 2
extends to a path Al — 27 via the lifting property for trivial Kan fibrations.
Suppose now that n > 0. Consider the pushout K™ of the diagram

OAT ——= OA x §”

I
l ‘
Y
Al = — — = K",

The two maps A x §* — Al x ™ and Al — Al x S™ induce an embedding
K™ — Al x S™. Now, for any two pointed maps a,b : S™ — %2 there is a unique
morphism [a,b] : K™ — 2 for which [a, b]|ga1xs» = allb and [a, b]|a1 = 2. By the
lifting property there exists an extension of [a,b] to a map h : Al x S* — 2°. The
map h provides a homotopy between a and b in Fun(S™, 2)., and hence equates
the classes [a] = [b] € 7m,(Z",x). This shows that 7, (2", x) is trivial for all n > 0
as well. (]

A relative version of the above proposition holds as well.

Proposition 4.7. Suppose that f : & — .7 is a trivial Kan fibration, and that %
is a Kan complex. Then the map on connected components o f : mo(2) — mo(L)
is a bijection and, for each point x : x — Z and n > 0, the map 7, f : 7o (2, x) —
(S, fx) is an isomorphism of groups.

We first note that compositions of Kan fibrations are Kan fibrations, so that 2~
itself if a Kan complex in this case

Proof. The lifting property for trivial Kan complexes implies directly that 27[0] —
S10] is surjective and that paths in . lift to paths in 2". So the induced map on
connected components is an isomorphism. Fix now n > 1 and take, for arbitrary
x € Z'00], y = f(z). By applying the lifting property along the inclusion * — S™
we see that the map

f* : HomsSet(Sn7 %)* — HomsSet(Snay)*

is surjective, and hence that the induced map on connected components 7, (f) =
[f«] is surjective.
For injectivity, take K™ to be the pushout

OAT ——= OA x "

L

Al K"

and consider the inclusion K™ — A' x S". Let n : A' x S — . be a pointed
homotopy between two pointed maps «, o’ : S™ — (., y), and consider two pointed
maps 3, : S™ — (£, x) which lift @ and o’ respectively. Then 8 and 8’ determine
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a map K™ — 2 which fits into a diagram

K'— %

N

Alxsnﬁy.

We choose a solution h : Al x §" — 2 to the corresponding lifting problem to see
that 8 and 8’ define the same class in m, (2", ). This shows that the map

o f 7T-n(‘g’/ax) - 7T-n(;ﬂvy)
is bijective. O
4.3. Trivial Kan fibrations and equivalences. One can use Proposition 4.7 in

place of Lemma 3.20 to see that any trivial Kan fibration is in fact an equivalence.

Proposition 4.8. Suppose that f : 2 — % is a trivial Kan fibration between Kan
complexes. Then f is an equivalence.

Proof. In this case we have that, for any Kan complex #, the induced map
fe :Fun(#, Z) - Fun (¥, Z)

is a trivial Kan fibration, by Proposition 3.11. Then by Lemma 3.20 the induced
map on connected components is an isomorphism

mo(fs) : mo(Fun(#, Z7)) — mo(Fun(#', Z7)).
Equivalently, for each # the class of f induces isomorphisms
[f]* : Homh%an(wa %-) — HOth{an(Wy vaf/r)

at the level of the homotopy category. It follows by Yoneda that [f] is an isomor-
phism in h Zan, and hence that f is an equivalence by definition. O

Proposition 4.8 admits a conditional converse.

Proposition 4.9. A map of Kan complexes f : X — & is a trivial Kan fibration
if and only if it is a Kan fibration and an equivalence.

Proof. If f is a trivial Kan fibration then it is an equivalence, by Proposition 4.8.
Suppose conversely that f is both an equivalence and a Kan fibration, and consider
a lifting problem

A—Ts g

B —O_> 54
where A — B is an inclusion of simplicial sets.

Since the map f. : Fun(B,Z) — Fun(B,.¥) is an equivalence as well, by
Proposition 3.18, we can lift 0 to a map ¢’ : B — 2 for which we have an isomor-
phism ¢ : f.0' — o in Fun(B,.#). This isomorphism restricts to an isomorpihsm
Cla : f+0'|a — o|a. Since the map f, : Fun(A, 27) — Fun(A4,.¥) is a Kan fibration
in this case, by Proposition 3.11, we can lift f,o'|4 to amap ¢’ : A — £ and (|a
to an isomorphism £ : ¢/ — 7.
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Again by Proposition 3.11, the map
Fun(B, 27) — Fun(A, 27) Xpun(a,.») Fun(B,.7)
is a Kan fibration and we can lift the 1-simplex
(6.0): (&, £.5) = (3,0)

toamap o: B — %2 and an isomorphism 7 : ¢ — ¢’. The map 7 : B — 2 solves
our original lifting problem. [l

The following corollaries are immediate.

Corollary 4.10. For a given Kan complex 2, the following are equivalent:

(a) Z is contractible.
(b) The terminal map & — * is a trivial Kan fibration.
(¢) The terminal map & — x is an equivalence.

Corollary 4.11. If f : & — % is an homotopy equivalence between Kan complezes
then 2 is contractible if and only if % is contractible.

Remark 4.12. Note that the assumption in Proposition 4.9 that f : 2" — %
is a Kan fibration is necessary. Consider for example any point = : * — 2 in a
contractible complex 2~ which has more than one 0-simplex. (For example, take
Z the singular complex of an n-ball.) For any point y in 2 which is distinct from
x, the map y : * — £ does not lift along z, so that x is an equivalence which is
not a trivial Kan fibration.

4.4. Whitehead’s theorem.

Lemma 4.13 ([15, 00WW]). Consider two maps f, f' : K — 2" from a simplicial
set K to a Kan complex 2", and suppose that for some choice of points z € K|[0]
and x € Z'[0] we have f(z) = f'(2) = x. Then f and f' are homotopic if and
only if they are pointed homotopic. This is to say, the classes of f and f’ agree in
mo(Fun(K, Z7)) if and only if they agree in mo(Fun(K, Z).).

The proof uses Kan replacements [15, 00UW] to reduce to the case where K is a
Kan complex, then employs some technology with fundamental group(oid)s which
we won’t covered here. We refer the reader to [15] for the details. The implications
of this result are clear however.

Proposition 4.14. If f : & — % is an equivalence between Kan complezes,
x:x — X is an arbitrary point and y = fx, then the induced map on connected
components wo(f) : L — ¥ is a bijection and the maps on all higher homotopy
groups

7Tn(f) : Wn(%vm) — Wn(@vy)
are isomorphisms.

An amazing fact is that the converse to Proposition 4.14 holds.

Theorem 4.15 (Simplicial Whitehead theorem). A map f : Z — % between
Kan complezes is an equivalence if and only if the induced map on connected com-
ponents mo(f) : mo(Z7) = mo(¥) is a bijection and, at any given point © : x* — 2,
with image y = fx in &, the induced maps on homotopy groups

7Tn(f) : Wn(%-ax) — 71—n(@/y)

are all isomorphisms.
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One find a complete accounting in [15, 00WU] or [8, Theorem 1.10]. From this
point on we simply take this beautiful result for granted.

Remark 4.16. If we compare with the category of cochains over a ring k, then
Whitehead’s theorem says something like any “quasi-isomorphism” between Kan
complexes is in fact a homotopy equivalence. Though this statement is obviously
false for cochains at generic k, we see from the example of Section 2.3, for example,
that the analogy might actually be apt, and that Whitehead’s theorem really might
be as fantastic as such a comparison suggests.

4.5. Long exact sequences for homotopy groups. Consider a Kan fibration
f:+Z — % between Kan complexes. Furthermore, let’s choose a point « : ¥ — 27,
and s = for:*x — %, in order to get our homotopy group machine started. We
then have a pullback square

2 —— X (17)

| b

k———> <,
and a sequence of maps of homotopy groups

Tu(Zy@) = T2, 2) T (7, 5) (18)
with im 7, (25, z) C ker 7w, (f). In the case n = 0, we take specifically ker(mgf) :=

(mnf) = ([5])-

Very coarsely, we might view a pullback diagram (17) as analogous to an exact
sequence of cochain complexes. In continued analogy with the abelian setting, a
diagram as in (17) in fact produces a long ezact sequence of homotopy groups

e 1 (F8) T (2, 1) = (X 2) = (L 8) D e (X, ) —

B (2 w) = (X, 7) = (S 8). (19)
which extends the sequence (18).

Remark 4.17. At n = 0 we consider m(.Z, z) as a pointed set, with distinguished
point 0 : x — 7y(Z, z) given by the component of z. Exactness at such an index
says that the preimage of 0 in 7y(Z, z) is the image of the preceding map.

Theorem 4.18 ([15, 00WM]). Given a Kan fibration f : (Z,z) — (,s) and
corresponding pullback diagram as in (17), there is a connecting morphism

8n : 7Tn(y7s) — ﬂ-n—l(%a'r)

which extends the sequence (18) to a long exact sequence of homotopy groups. This
connecting morphism is a morphism of groups whenever n > 1.

In the case where f : 2 — . is a trivial Kan fibration, so that the fiber
Zs is contractible, the proposed long exact sequence of Theorem 4.18 recovers
Proposition 4.7. Note that this theorem implicitly claims that the short sequence
(18) is in fact exact [15, 00WN]. In this subsection we won’t argue the exactness of
the above sequence—for those details the reader should see [15]-but instead focus
on the construction of the connecting morphism 9,, and its “naturality”.

For the remainder of the section we fix pointed spaces (Z',z) and (<, s), a
Kan fibration f : 2~ — % between these pointed spaces, and the corresponding
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pullback diagram (17). The connecting map is specified precisely by the following
information.

Proposition 4.19 ([15, 00WG]). There is a unique map of sets Op : (L, s) —
Tn-1(Zs, ) for which m,([7]) = [y] precisely when the representing morphisms
v A" = L and ¥ AU = 2, admit a third map ¥ : A" — X with the
following properties:

(a) fo=~:A" = .7;

(b) mA{l,...7n} _ ’7/;

(c) YAy = .
Furthermore, 0, is a group map whenever n > 1.

As a sanity check, so to speak, let’s think about conditions (a) and (b). Condi-
tion (a) requires ¥(A") € f~1(s) = 2, so that the (n — 1)-simplex J|ALL-n}
necessarily has image in 2;. We require that this (n — 1)-simplex agrees with +'.
Now, (c) says we simply crush the remainder of the boundary at . So, topologi-
cally, Proposition 4.19 says 9([y]) = [y'] if there is an map |[J] : D* — |Z"| which
lifts || : S™ — || and has prescribed boundary |J||gn-1 = |7/ : S~ — |25

The explicit description of the connecting morphism provided by Proposition

4.19 allows us to observe naturality for the long exact sequence of homotopy groups
(19).

Proposition 4.20. Suppose we have a diagram of pointed Kan complexes
7Lt
o
Y
wm which both f and f' are Kan fibrations. Then the induced maps on homotopy
groups
o () T (2, ) = mo (2,2, mu(p) : mo (2, 2) = (27, 27),
(V) 1 T (S, 8) = mp (S, 8)
fit into a map between the corresponding long exact sequences

-~*>7Tn+1(,5”7s)i>7rn(,%”s,m)Hﬂn(%7$)*>ﬂn(«7,s)a*>--~

s wnﬂ(iy,s) L ﬂn(gblrs,x) Hwn(ffl&”,x) — Wn(L,s) o

4.6. Equivalences over a base. The following is deduced as an application of
Whiteheads theorem, in conjunction with the long exact sequence for homotopy
groups.

Proposition 4.21. Suppose we have a diagram of Kan complezes

-t

L

7 —1s T
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in which the vertical maps are Kan fibrations, and q : ¥ — 7 is an equivalence.
Then the following are equivalent:

(a) The map f: X — % is an equivalence of Kan complezes.
(b) For any choice of point s : x — ., and t = qs : x — 7, the induced map
on the fibers fs : Zs — %, is an equivalence.

Proof. (a) = (b) By Whitehead’s theorem it suffices to show that, for each choice of
point in the fiber x : x — 25 and y = fx, all of the maps on connected components
and homotopy groups 7, fs : 7 (Zs, x) = (%}, y) are all isomorphisms.

To begin, we know that the induced maps =, f : 7,(Z,z) — 7, (¥ ,y) and
g : (7, 8) = 7, (T, t) are isomorphisms. So the five lemma and naturality of
the long exact sequence on homotopy groups can be employed to see that m, fs is
an isomorphism whenever n > 1. When n = 1 a version of the five lemma for not-
necessarily-abelian groups still holds, so that 1 f; is also seen to be an isomorphism.
So we need only show that g fs is a bijection.

Note that the map mq fs does not depend on the choice of base point = : x — 25,
but the long exact sequence on homotopy groups does. Suppose we have a point
[2] € m0(#;) and note that the image of [z] under the composite

W(](g/t) — W()(@) — W(](g,t)

is trivial, i.e. is equal to [t] € mo(T, ).
We consider the image of [z] in (%), which we also denote [z] by abuse of
notation, and take the unique lift of [z] to an element [z] € 7o(Z") along the

isomorphism 7o (%2") 5 m0(#). We via the diagram

mo(2s) —— mo(27) ——m0(, 5) (20)

Tk

m0(#) —— mo(¥) —— 7o (T, 1)

we see that [z] maps to [s] € m(.7,s) so that, by exactness of the rows in the
above diagram we see that [z] lifts to an element in mo(%s). Rather, we see that
[z] € mo(Z) is represented by a point in 2, so that we may assume that x itself
is a point in % and write simply [z] € mo(Z5) by an abuse of notation. Now, we
claim that mofs([z]) = [2] € 7o(#). To see this we fix  : + — Z; as our base
point, y = fsx : x — %;, and consider the map between long exact sequences

(2, 7) —= (S, 8) —L> 10Xy, 7) — 70( X, 1) —>70(F,s)  (21)

R

(X y) — (T ) —2 10( %, y) — 70(Z,y) —> 70( T, 1)

Via the above diagram, and the fact that [x] — [z] under the map 7o(2") — m (%),
we see that [z] — [y] under the map mo(%,y) — m0(%,y). This is to say, [z] is in
the kernel of mo(%;,y) — mo(%,y). Via exactness [z] € mo(#,y) lifts to an element
[€] € m1(Z,t), which then lifts uniquely to some element [¢/] € m(,s). The
above diagram then says 9[¢’] € mo(Zs,x) provides a lift of [2] € mo(%;,y) along
mofs. So we see that mo fs : mo(Zs) — m0(%) is in fact surjective.

As for injectivity, we suppose o fs : mo(Zs) — m0(%;) sends two points [z], [z'] €
mo(Zs) to the same element [y] € mo(%;), then fix z : * — 2 as our base point. Via
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the diagram (21) we see that [z] is in the kernel of the map 7o( 25, x) — mo(Z, s)
and hence has a preimage in [y] € m1 (%, s). The image [y'] = m1g[v] € m4(7,¢) isin
the kernel of the connecting morphism, and so lifts to an element '] € 71 (%, y).
This element has a unique preimage [y] € 71 (2, 2) which necessarily maps to
[v] € m1(F, s), via the above diagram. So

(V] € ker(mi (7, s) = mo(Z5, 2)),

mo(Zs, ). But we chose [v] as a lift of [2'] € 7o(Zs, x)!

and hence has image [z] €
= [2/], and conclude that mfs is injective. This establishes

We therefore have [x]
bijectivity of mq fs,

mofs s o(2s) = m0(%h),

completing our proof.
(b) = (a) This follows by a similar analysis of the long exact sequence(s) for
homotopy groups, as in (21), and an application of Whitehead’s theorem. g

4.7. Kan complexes as spaces. Let us conclude the section with a justification
for the claim that Kan complexes “are” spaces.

We consider the category Top = Top,,,, of compactly generated weak Hausdorff
spaces. This is a certain full subcategory in the ambient category of all topological
spaces which includes all locally compact Hausdorff spaces and all CW-complexes
and is closed under taking limits [19, Proposition 2.30].% In particular, the geometric
realization functor can be considered as a functor to the category of compactly
generated weak Hausdorff spaces

| — | : sSet — Top.

Now, the category Top admits a model structure for which the weak equivalences
are those maps f : X — Y which induce isomorphisms on connected components
and on all higher homotopy groups, 7, f : m,(X,z) = 7,(Y,y). Under this model
structure CW complexes are both fibrant and cofibrant, and the unit of the geo-
metric realization/singular complex adjunction provides a weak equivalence

| Sing(X)| =% X.

In particular, when X is (homotopy equivalent to) a CW complex the above map
is a homotopy equivalence. This is the original version of Whitehead’s theorem.

Similarly, there is a model structure on the category of simplicial sets for which
the Kan complexes are the fibrant and cofibrant objects. The weak equivalences
here are those maps which become weak equivalences in Top under geometric re-
alization. When we restrict to Kan complexes, weak equivalences are simply ho-
motopy equivalences, and the counit of the geometric realization/singular complex
adjunction provides homotopy equivalences

2 = Sing(|27))
whenever 2 is a Kan complex [9, Proposition 4.6.2]. So we observe the following.
Theorem 4.22. Geometric realization induces an equivalence on the level of ho-

motopy categories | — | : h #an = hTop.

2This category is cocomplete, i.e. has all small colimits, but the colimit in Top does not agree
with the one in the ambient category of arbitrary topological spaces in general [19].
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In a more sophisticated statement of things, one considers the obvious simplicial
structure Top on the category Top [15, 00JV], and geometric realization extends
to a simplicial functor | — [$™P : Kan — Top. This functor has image in the full
simplicial subcategory @CW of spaces which are homotopic to a CW complex. If
we take 7 opey to be the homotopy coherent nerve of the simplicial category @CW
then we obtain an induced map of co-categories

| — b Han — T opey . (22)

This map of oo-categories is in fact an equivalence (once we decide what this even
means) which lifts the equivalence of homotopy categories presented above [15,
01Z4].

5. BASICS FOR 0o-CATEGORIES

We cover basic constructions for co-categories, including functor categories, over-
categories and undercategories, and the associated Kan complex functor. We con-
struct the oco-category of oco-categories and obtain the corresponding notion of an
equivalence of co-categories.

5.1. Inner fibrations and inner anodyne maps. One should recall the notion
of a saturated class of morphisms from Section 3.2.

Definition 5.1. A map of simplicial sets ¢ : A — B is called inner anodyne if it
belongs to the saturated class (see Section 3.2) generated by the inclusions of inner
horns {A? — A" :n > 0and 0 < ¢ < n}. A map of simplicial sets f : € — S is
called an inner fibration if any lifting problem

A——=¢%F

iﬁﬂif

in which ¢ is inner anodyne admits a solution.

As in the proof of Lemma 3.3, one sees that a map ¥ — S is an inner fibration
if and only if one can lift simplicies A™ — S along any inclusion of an inner horn
AT — A™. Note also that € is an oco-category if and only if the map € — = is
an inner fibration. Of course, the term “inner fibration” suggests an augmentation
of the notion of a Kan fibration, where one replaces the role of arbitrary horn
inclusions A} — A™ with inner horns.

The following lemma is straightforward.

Lemma 5.2. Suppose that we have a pullback diagram
¢ ——€
f'i if
S ——5
i which f: % — S is an inner fibration. Then [’ is an inner fibration as well.

Since a simplicial set is an co-category if and only if the terminal map & — * is
an inner fibration, we see from Lemma 5.2 that the fibers €5 of any inner fibration
% — S over the base are all co-categories.
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Let us say that an co-category 2 admits unique horn fillings if, for any inner
horn 5 : A} — 9, there is a unique n-simplex s : A" — & with s[p» = 5. An
oo-category 2 admits unique horn fillings if and only if & is isomorphic to the
nerve of a plain category [13, Proposition 1.1.2.2].

Lemma 5.3. Suppose that € and 2 are oco-categories, and that f : € — 2 is a
map of simplicial sets. If P admits unique horn fillings, then f is an inner fibration.

Proof. Consider a diagram

AP %
b
A" s g
\ *
and any lift s : A™ — @ of m. Then fs: A" — @ is a map to Z with fs|Al =
fs =t|A?. Since 2 admits unique horn fillings, we have fs = 3. O

As a corollary one sees that, for any oco-category %, the truncation p : € —
N(h %) is an inner fibration. One also sees that, for any co-category 2 with unique
horn fillings, and any map f : ¥ — Z from an arbitrary simplicial set €, we have
that € is an oo-category if and only if f is an inner fibration.

We have the following technical lemma, which is an inner variant of Lemma 3.7.

Lemma 5.4 ([15, 00JB]). Consider two monomorphisms of simplicial setsi : A —
Bandj: K — L. If either of i or j is an inner anodyne morphism, then the induced
map

(Ax L)Haxky (Bx K)— (B xL)

is inner anodyne as well.

5.2. Full subcategories. Throughout the text we use the term oco-subcategory
loosely. At a base level, by an co-subcategory we mean a simplicial subset 4’ C €
in an co-category € which is itself an co-category. By a full co-subcategory however,
we do mean something precise.

Definition 5.5. A full co-subcategory in an oco-category &, or simply a full sub-
category, is a simplicial subset ¢’ C ¢ which satisfies the following: An n-simplex
s : A™ — % has image in % if and only if, at each index 0 < i < n, the restriction
s|atiy 1 AY — € is an object in €.

Given an oco-category %, we note that any full subcategory in € is itself an oco-
category, and that any full subcategory ¥’ C ¥ is determined by its collection of
objects. Indeed, for any choice of objects X C %[0] there is a uniquely associated
full subcategory €x in € with X = €x[0]. We refer to the subcategory €x as the
full subcategory spanned by the objects X in €.

Remark 5.6. In the text [15] a subcategory in an co-category € is defined to be a
simplicial subset ¢’ C % for which the inclusion ¥’ — % is an inner fibration. Our
use of the term is likely consistent with this definition, though we make no attempt
to verify this condition in practice.
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5.3. Exponentials of co-categories.

Proposition 5.7. Suppose that i : K — L is a monomorphism of simplicial sets,
and that f : € — S is an inner fibration. Then the induced map on functor
complezes

Fun(L,¢) — Fun(K, €¢) Xpun(k,s) Fun(L, S) (23)
is an inner fibrations. Furthermore, if i : K — L is inner anodyne, then the map
(23) is a trivial Kan fibration.

Proof. One replaces Lemma 3.7 with Lemma 5.4 and proceeds exactly as in the
proof of Proposition 3.11. O

If one considers the inclusion ) — K and, when % is an oco-category, the inner
fibration ¥ — *, then one arrives at the following.

Corollary 5.8. (1) For any simplicial set K, and co-category €, the simplicial
set Fun(K, %) is an oo-category.

(2) For any simplicial set K, and inner fibration f : € — S, the morphism
fro : Fun(K, %) — Fun(K, S) is an inner fibration.

(3) For any monomorphism i : K — L, and oco-category €, the map of co-
categories i* : Fun(L,€¢) — Fun(K, €) is an inner fibration.

(4) For any inner anodyne morphism i : K — L, and co-category €, the map
of co-categories i* : Fun(L,¥) — Fun(K,€) is a trivial Kan fibration.

5.4. Opposite categories. For any linearly ordered set J define J™V to be the
set J with the reversed ordering,

J<i & e
Note that for any linearly ordered sets I and J, and set map r : I — J, we have
that r is weakly increasing as a function from I to J if and only if r is weakly

increasing when considered as a function from 1™V to J*V. Hence the reversing
operation defines an autoequivalence

Indeed, —"¢V is an involution on A.

We define the opposite K°P of a given simplicial set K to be the simplicial set

K := K o (—"%).

One sees that the n-simplices K°P[n] in K°P are in canonical bijection with the n-
simplices K[n] in K, via the unique identification A™ 2 (A™)™V at each n. However,
under this bijection the structure maps for K°P are “reversed” relative to those of
K.

We note that the assignment K — K°P extends to an involution (—)°P : sSet —
sSet. If we recall the formal definition sSet = Fun(A°P, Set), this involution can be
identified clearly as the induced map

(=)°P = ((—)™")* : Fun(A°P, Set) — Fun(A°P, Set).
Example 5.9. For a plain category A we have N(A)°P = N(A°P).

Lemma 5.10. The opposite Z°P of a Kan complex Z is another Kan complez.
The opposite €°P of an co-category is another co-category.
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Proof. This follows from the fact that the opposite of a horn inclusion j : A} — A"
is identified with the horn inclusion A}'_, — A", so that a lifting problem

A} —— E°P

YA\ L
admits a solution if and only if the corresponding lifting problem on opposite cat-
egories
A >
A" .*> *
admits a solution. ]

5.5. Isomorphisms in an co-category.

Definition 5.11. A morphism f :x — y in an oo-category € is called an isomor-
phism if there exists another morphism g : y — x for which one has (not necessarily
unique) 2-simplices

y and T
/ X / \
- > _ >
r idy r y idg Y

Equivalently, f is an isomorphism in € if its class f in the homotopy category
h % is an isomorphism.

in%.

Remark 5.12. In [13], such a map f is simply referred to as an equivalence, while
in [15] the term isomorphism is explicitly used. In familiar settings, one might
use the term isomorphism to refer to a map in some category A which is literally
invertible, while referring to some weaker relations as equivalences. However, one
should note that in the generic oo-categorical setting there is not stronger notion of
equivalence than the one given above. This is because all 2-simplices are formally
indistinguishable in A. This is to say, there is no preferred method for “inverting” a
given map f. Also, a map in the nerve N(A) of a plain category is an isomorphism
if and only if the corresponding map in A is an isomorphism.

Example 5.13. A morphism « : x — y in the homotopy co-category J£ (A) of dg
modules, over some dg algebra A, is an isomorphism if and only if « is a homotopy
equivalence.

Definition 5.14. Let € be an oo-category. The Kan complex associated to € is
the simplicial subset €% whose n-simplices A™ — €1 consist of all n-simplices
in ¢, s: A" — ¢, which restrict to an isomorphism s|a1 : Al — % along each
monomorphism Al — A”,

Since there are no monomorphisms from A' into A°, €X2" has the same objects
as ¢, and the morphisms in X" are precisely the isomorphisms in %. Clearly
@K is the largest simplicial subset in 4 with this property.
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Lemma 5.15. For any oo-category €, the associated Kan complex €%* is an
oo-category, and the inclusion €X* — € is an inner fibration.

Proof. Tt suffices to prove that the inclusion i : €% — ¥ is an inner fibration.
Consider a lifting problem

A;z S chan

7
Am 3
with 0 < i < n. When n = 2, we simply note that isomorphisms in the homotopy
category h% have the 2-of-3 property. So if s : A2 — € is a 2-simplex whose
restriction to a horn A? — A% — € factors A? — €K — @ then s itself
factors through %", For all higher simplices, n > 2, we note that all 1-simplices
A' — A™ factor uniquely through the horn A? — A™ to see that the simplex s is

actually a simplex in €%, We therefore have a unique solution to the given lifting
problem. ([

S

One of the aims of this section is to prove that %" is not only an co-category,
but a Kan complex. In order to prove this result we need to develop a number of
notions which are quite important in their own right. We discuss overcategories,
undercategories, and isofibrations then return to the topic of the associated Kan
complex in Section 5.10.

Remark 5.16. Lurie refers to the subcategory €% as the core of €, and denotes
this subcategory €~ .

5.6. Joins of simplicial sets. For a linearly ordered set I let us take Py (I) to
be the collection of all partitions I = I_ II I} such that ¢ < j for each i € I_ and
j € I.. Note that Py (I) is identified with the collection of weakly increasing maps
I — [1], P+(I) = Homa (I, [1]).

Definition 5.17. Let A and B be simplicial sets. The join of A and B, denoted
A * B, is the simplicial set with I-simplices

(AxB)(I):= ][I AU xB(1),
(I-I11)eP+(I)

where one takes formally A()) = B()) = *. Given any weakly increasing map of
linearly ordered sets r : I — J, restriction

r*: (AxB)(J) = (AxB)(I)
sends a pair (s,t) € A(J_) x B(J1) to (r*s,r*t) € A(r—*J_) x B(r=1J,).
One should note that we have canonical inclusions A -+ Ax B and B — A% B.
We also note that the join forms a bifunctor
* : sSet x sSet — sSet .

Specifically, given two maps f: A — A’ and g : B — B’ the join fxg: AxB —
A’ x B’ sends each pair of simplices (s,t) in A% B to the corresponding pair (fs, gt)
in A’ x B’. In terms of bifunctoriality, the two inclusions of the original simplicial
sets into A x B are deduced as the composites

A2 Ax)—-AxB and B2()xB — Ax B,
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where the maps ) x B — Ax B and Ax 0 — A x B are the joins of the unique
morphisms from the empty set.

Example 5.18. There are isomorphisms A% « A™ 2 A1 and A™ x A0 = AP+
In the first case we take a pair of maps s_ : I — {0} and sy : I+ — [n] to the
unique map s : I — [n+ 1] with s|/_ = s_ and s(i) = s (i — 1) for all i € I.. The
second isomorphism is defined similarly. Indeed, we can argue as above to obtain
an isomorphism
AT % AT 5 AL

at all m and n. We note that, since A™*"*+1 admits no nontrivial automorphism,
the above isomorphism is unique.

If we take A~! = () we can describe n-simplices in the join s : A — Ax B
as a choice of pair of integers m,m’ > —1 such that m +m’ = n — 1, and a
choice of simplices s_ : A™ — A and s; : A™ — B. We reconstruct the original
simplex as the composite of the unique isomorphism A™ = A™ x A™ with the join
S_,sp A" xA™ 5 Ax B,

s= (A" AT X A™ "5 A B).
One finds s_ and s by restricting to the maximal subcomplexes in A™ which have
images in the subcomplexes A C Ax B and B C A x B respectively. Alternatively,

s_ and s; are obtained by taking the fiber product of s along the two inclusions
A — Ax B and B — A x B respectively.

Proposition 5.19. Suppose that f : € — S and g : 2 — T are inner fibrations.
Then the join
fxg: €xD — ST

is an inner fibration.

Proof. The important point to keep in mind here is that an I-simplex ¢t : Al — €x 2

has image in % if and only if its composite A — ST along f * g has image in S.

Similarly, ¢ has image in 2 if and only if its composite along f x g has image in 7.
Consider a lifting problem

AP —>C %D

A" ——> S%T.

where A7 — A" is an inner horn. As was discussed above, we can decompose
s uniquely into the join of simplices s_ : A™ — S and sy : A™ T, where
m,m' > —1and m+m' =n—1. If m or m’ is less that 0, then s factors through S
and s factors through %, or s factors through T and s factors through &. In either
case, one can resolve this lifting problem. So let us suppose m,m’ > 0.

We have the faces A™ — A™ % A™ and A™ — A™x A™ and, by the fact that
our horn is inner, both of these faces factor through the horn

AT AT 5 AT AT R AT

We therefore have unique lifts s’ : A™ — €'« Z and s, : A™ - € x 9. Since the
images of s’ and s in S« T lie in the simplicial subsets S and T' respectively, we
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see that s” and s, themselves factor uniquely through ¢ and 2 respectively. So
we consider the n-simplex

=5 xs A" 5 ECxD.
We have (f x g)s’ = (fs_) x (g9s'.) = s— xs; = s. We claim that s'[y» = 5, and
hence that s’ solves our lifting problem.

To establish the equality s’ Az = 5 it suffices to establish equalities s |an-1 =

5|an-1 for all of the (n—1)-faces A" =1 — A”. But here we can factor each composite
s|an1 t AL €% D as

n—1 l Uik m m’ S,—*Si*'
A =A"%xA" — ATxA =" EC*x9,
. . ’ / . . .
where i : Al — A™ and i/ : A¥ — A™ are face inclusions. By construction
. ’ .
s'|a1 = 5|ar and 8’|y = 5| - So 5 maps Al into ¢, and maps Al into 2, and we
therefore conclude

Slan-1 = (5lat) * (5]a1r) = (sL|a) * (sl [ar) = 8" an-1,
as required. So we see §'| Ar = 5, and hence that the original lifting problem admits
a solution. [

Corollary 5.20. If € and 2 are oo-categories, then the join € * 2 is an oo-
category.

Proof. The map € x 2 — A® x A = Al is an inner fibration by Proposition
5.19. Since A! = N({0 < 1}) is an oo-category, this implies that € x Z is an
oo-category. (Il

5.7. Overcategories and undercategories. Let p : K — % be a map from a
simplicial set K to another simplicial set 4. We will generally refer to p as a
“diagram” in €. (The case where ¥ is an oco-category is most important for us,
but it well be helpful to just consider simplicial sets for now.)

We define the overcategory ¢, to be the simplicial set with n-simplices

C)pln] = Homgget (A" % K, C),,

where the subscript p indicates that we consider maps of simplicial sets p’ : A™
K — ¢ for which p’|k = p. Restriction in 4, along a weakly increasing function
r : [m] — [n] is defined by restricting along the corresponding map of simplicial
sets rxidy : A™x K — A" x K. We similarly define the undercategory %), as the
simplicial set with simplices

Gpy[n] = Homgger (K x A", F),,.
By construction there are identifications
HomsSct(Ana Cg/p) E) HomsSct(An * Ka Cg)pv f = f(Zd[n]) (24)
and N
Homgget (A", 6,/) = Homgget (K * A", ), g — g(idpy,)). (25)
Since the join functor is seen to commute with colimits the above isomorphism
extend to adjunctions which are natural in all factors.

Lemma 5.21 ([15, 017Z]). For any diagram p : K — €, which we also considered
as a diagram to the opposite category p : K°P — €°P, there is an identification of
simplicial sets (€,)° = (€°P),,.
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Proof. Follows from the identification (A™ x K)°P = K°P x (A™)°P. O

Lemma 5.22 ([15, 0189]). Consider an arbitrary diagram p: K — %€ in a simpli-
cial set €. For any simplicial set L, there are unique isomorphisms

Homgset (L, G)p) — Homgser(L x K, %), (26)

and
Homgget (L, 6y ) 5 Homsget (KxL,%),

which are natural in L and recover the isomorphisms (24, 25) when L = A™.

Construction. We construct the isomorphism for 47,. The construction for ), is
similar, or can be recovered by replacing ¥ with its opposite category. First we
consider the map

ev:CpxK =%, (s: A5G, t: A™ = K) — so (ida *t).

(Here we’ve abused notation to identify the function s : A" — %, with its value
at idy), which is a map A! x K — €.) Then the isomorphism (26) sends a function
[ L = %), to the composite evo (fxidx). The inverse takes a map n: Lx K — €
with appropriate restriction to the map

n:L—%, (s:A"—=L)—mno(sxidg).
(I

We note that the overcategory/undercategory construction does enjoy some func-
toriality. For example, if we have a map of simplicial sets i : A — K and an arbitrary
diagram p : K — ¥, then restricting along 7 defines maps

iner : cg/p — Cf/pi and ilﬁnder : cgp/ — Cgpl/

Similarly, if we have a map of simplicial sets f : ¥ — Z then composing with f
defines a maps

f €y — Py, and fumder Cp) = Dipy-

If we consider such induced morphisms, the isomorphism of Lemma 5.22 is natural
in the K and ¥ variables as well.

5.8. Directional fibrations and under/overcategories of co-categories.

Definition 5.23. The class of left (resp. right) anodyne maps i : A — B is the
saturated class of morphisms in sSet generated by the collection of horn inclusions
A — A™ where n is arbitrary and 0 < i < n (resp. 0 < i < n).
A map of simplicial sets f : € — S is called a left fibration (resp. right fibration)
if any lifting problem
A——=%F

Z\L lf
B——S
in which ¢ is left anodyne (resp. right anodyne) admits a solution.

When compared with inner anodyne maps and inner fibrations, it is easier to
be a right/left anodyne map, and hence harder for a map of simplicial sets to be a
left /right fibration. We have the join analog of Lemma 3.7, which is slightly more
robust.
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Lemma 5.24 ([15, 018]]). For monomorphisms i : A — B and j : K — L, the
corresponding map from the pushout

(AxL) [] (BxK)— B*L
(A*K)

is inner anodyne whenever © is right anodyne or j is left anodyne.

One employs Lemma 5.24 and follows the arguments of Proposition 3.11 to obtain
the following. We repeat these arguments, since we haven’t seen them in a while,
and we miss them.

Proposition 5.25. Let f : € — S be an inner fibration, and p : K — € be
any diagram in €. Then for any monomorphism j : Ky — K, and corresponding
diagram ™ = pj : Ko — €, the induced map on overcategories

Crp = Cm X5, Spp

is a right fibration, and the induced map on undercategories
Cgp/ — Cgﬂ/ XS,,/ Sp/

is a left fibration.

Clearly we have abused notation here and written S/, instead of S,,; and S/,
instead of S, for example.

Proof. The claim about undercategories follows from the claim about overcate-
gories, after applying the opposite involution on sSet. So, we deal with the case of
overcategories.

Any lifting problem

A %/ p

]

B >[ur] Hcg/ﬂ. ><5/7r S/p

defines a corresponding lifting problem

(Ax K) H(A*KU)(B * Ko) —= ¢

Bx K S

via adjunction, where the left vertical map is defined by the maps ixidx and idp*j.
If we suppose that i : A — B is right anodyne, then Lemma 5.24, and the fact that
f is an inner fibration, assures us that the second lifting problem admits a solution.
Hence the first lifting admits a solution. O

The same argument can be used to establish the following.

Proposition 5.26. Suppose that we are in the setting of Proposition 5.25. If the
inclusion j : Ko — K 1is left anodyne, then the induced map on overcategories

Crp = Crn XS Srp
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is a trivial Kan fibration. Similarly, if j : Ko — K is right anodyne, the induced
map

cgp/ — %ﬂ/ XSW/ Sp/
s a trivial Kan fibration.

If we consider the case S = * and Ky = ), then we have identifications Crn =17
and S/, = S/ = *, essentially by the adjunction of Lemma 5.22. Similarly €7, = ¢
and S,, = S;, = x in this case. So we obtain the following.

Corollary 5.27. Let € be an co-category and p : K — € be an arbitrary diagram.
Then restricting along the inclusions A™ — A" x K and A™ — K x A" define maps
of simplicial sets

%/p — % and cgp/ — €

which are right and left fibrations, respectively.

Let’s take a moment to explain clearly what this map %, — ¢ actually “looks
like”. An n-simplex in % can be thought of as a A”-shaped diagram in %. Directly,
an n-simplex in % is identified with a map of simplicial sets s : A™ — ¥. To
compare, an n-simplex in %, is a A™ x K-shaped diagram in %, i.e. a map s’ :
A"x K — .

Now, the simplicial set A™ x K can be visualized as a copy of A" floating in
space, a copy of K floating in space, and a bunch of connective simplices from A™
to K. So a A™ x K-shaped diagram in % appears as follows:

/S

(an n-simplex in €,) = 1

The map ¢, — ¢ simply keeps the uncolored portion of the above diagram and
forgets about the colored portions,

<g/ P — 4

p(K)

Similarly, the map ¢, — ¢, forgets some portion of the colored diagram, while
remembering others. One can provide a similar describe the map 6,, — €.
We record a final corollary to Proposition 5.26.
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Corollary 5.28. Let € be an co-category and p : K — € be an arbitrary diagram.
Adopt the notation from Proposition 5.25. If the inclusion j : Ko — K is left
anodyne then the induced map

%/p — %/ﬂ
is a trivial Kan fibration. If the inclusion j : Ky — K is right anodyne, then the
induced map

(fp/ — %ﬂ/
s a trivial Kan fibration.

5.9. Isofibrations.

Definition 5.29. A map of co-categories F' : € — & is called an isofibrations if

(a) F is an inner fibration.

(b) For every object x in €, and isomorphism v’ : ¢y’ — F(x) in 2, there exists
an object y in € and an isomorphism « : y — x with F(vy) =+'.

(b") For every object y in ¢, and isomorphism ¢’ : F(y) — 2’ in &, there exists
an object z in ¥ and an isomorphism 6 : y — x with F(0) = §¢'.

Colloquially, an isofibration is an inner fibration along which one can lift isomor-
phisms.

Lemma 5.30. Let F : € — 2 be an inner fibration between co-categories. Then
F has satisfies property (b) from Definition 5.29 if and only if F has property (b').

Proof. Suppose F has property (b), and consider a pairing of an object y in ¢ and
an isomorphism 6’ : F(y) — 2’ in 9. Take y' = F(y) and consider a homotopy
inverse (' : ' — ¢y’ in 9. We can lift this inverse to an isomorphism ¢ : z — y
in ¢, by hypothesis. In particular, we can lift 2’ to the object x in . Consider
an inverse ¥ : y — x to ¢ in €, write 8 = F(¢¥) : ¢/ — a’. Note that 6" provides
an inverse to ¢’. By uniqueness of inverses (up to 2-simplices) we have a 2-simplex

s: A% = 9 of the form
0// Y

in which the inner horn A? — A? — 2 lifts to an inner horn in €, 5 : A3 — €.

This inner horn appears as
X
N
y T.

So we have a lifting problem
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Since F is an inner fibration there exists a solution to this lifting problem s’ : A? —
v,

and the map 0 := s'|pq8 : y — « is such that F'(0) = 6 : vy — 2/. By the
two-of-three property for isomorphisms in ¢, we see that 6 : y — =z is in fact
an isomorphism, and hence provides the desired lift of 6’ to an isomorphism in
%. This shows that condition (b) of Definition 5.29 implies condition (b’). The
opposite implication follows by applying the finding (b) = (b’) to the opposite map
FOP . ¢°P — PP, O

Lemma 5.31. If € and 2 are co-categories, and F : € — 2 is a left or right
fibration, then F is an isofibration. Furthermore, if F is a left or right fibration
then a given morphism ~ in € is an isomorphism if and only if its image in D is
an isomorphism.

Proof. Suppose that F' is a right fibration, for example. Then we can lift any map

v : Fly) = 2’ in 2 to amap v : y — z in €. This just follows by solving the
corresponding lifting problem

Al ——¢%

Al%g.

We claim that, when +' is an isomorphism in 2, any such lift 7 is an isomorphism
in €.

To obtain a right inverse ¢ : x — y to 7y, choose an inverse ¢’ to 7/ in Z then lift
the 2-simplex

in 2 to a 2-simplex A? — % of the form

Y
V X
r—1.
id
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To see that ( is also left inverse to «, and hence that ~y is an isomorphism, one again
solves a lifting problem to obtain a 3-simplex A% — % of the form

X
ic
Y y id
Yy > x.

We’ve now shown that F' is an isofibration.

Suppose finally that n is an arbitrary map in 4 whose image v/ = F(n) is an
isomorphisms. As the above arguments show that any lift v : Al — % of 4/ is an
isomorphism in %, we find in particular that 5 is an isomorphism. (I

5.10. The Kan complex associated to an oco-category. Let us recall the Kan
complex functor, which associates to any co-category € the oco-subcategory €% C
%. This subcomplex is the maximal oo-subcategory whose morphisms are the
isomorphisms in . So, an n-simplex s : A" — % lies in €% if and only if
each restriction s|a(:.51 € €J[1] is an isomorphism in %. Since the image of an
isomorphism under any map of oco-categories remains an isomorphism, we simply
restrict to observe functoriality of this assignment

F:%¢ -2 ~ FKa gKm _, gKan

Theorem 5.32. For any oo-category €, the associated Kan complex €% is in
fact a Kan complez.

This theorem is essentially a consequence of the following result, which we record
before giving the proof of Theorem 5.32.

Proposition 5.33. Let F' : € — 2 be an inner fibration between oco-categories.
Suppose n > 2 and consider a lifting problem of the form

Form A) AT = F or Form B) A% (27)
| b | )

A lifting problem of Form A admits a solution provided s|A1"=1"} is an isomor-
phism in €. A lifting problem of Form B admits a solution provided s|A{%1} is an
isomorphism in €.

In the case of a diagram of Form A, the proof leverages of overcategories as a
means of decomposing the A'-shaped and A"-shaped diagrams in ¢ and A" — 2.
For a diagrams of Form B one employs undercategories in an analogous manner.

Proof. We assume s| tn—1,n} is an isomorphism in ¢, and consider a lifting problem
of Form A. The Form B case follows by considering opposite categories.
We consider the inclusion

A= A2 (1) 5 AP R AL = A7
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This inclusion factors through the horn A} and, in terms of the decomposition
A™ = A" 2 %« Al this horn is the union

A" = (A" 2 < {1}) U (DA™ 2« A).
The external horn s : A7 — ¢ restricts along the inclusion A"~2 — A" to define a
simplex f := s|an-2 : A2 — %, and we can restrict further to the boundary to
get g = floan-2 = €,

DA™

27N

An—2 7 €.

We have the various undercategories €/, ¢,,, Zy, and 9,,, where we have abused
notation and written simply f and g for the maps to & given by composing with
F'. The functor F' induces a map to the fiber product

G)F:(ff/—>cgg/ X@g/ .@f/. (28)

We will construct the desired solution s’ : A™ — € to our lifting problem via an
analysis of the map (28).
Let us take & = 6, Xg,, Y5/, and for convenience identify A' in the formula

A" 25 Al = A" with AT=11} Note that & is an co-category, by Corollary 5.27.
The restrictions

8|subthing : OA" 2 % {£1} = € and Olsubthing : A" 2 x {£1} > 2
specify objects Z_ and Z; in &, and the corresponding restrictions
S|subthing : OA" 2% Al 5@ and o : A" 2x A= A" - 9
specify a morphism % : Z_ — Z in &. The restriction
5|subthing A" 25 {1} = F

Specifies an object x in €, with Op(zy) = 7.
Now, a lifting of 4 to an object x_ with a specified morphism v : xz_ — x4 in
%y, is the information of an n-simplex

STATTE AN = A" 5 @

with
s'|an—24013 = 8|an-2,413, and F(s') =0, and s'|gan-2.a1 = S|gan-2.a1.

The first and third equalities say precisely that s’ restricts s along the inclusion
Ay — A™. So, there exists a solution to the lifting problem

T4
A=A g

Al &

5

if and only if there exists a solution to the lifting problem (28). But now, we
have already seen that Op is a left fibration, by Proposition 5.25, and hence an
isofibration by Lemma 5.31. So such a lifting v : Al — s, exists, provided ¥ is an
isomorphism in &.
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To see that ¥ is an isomorphism, we consider the functor w : & — % which is
obtained by composing the structural projection p; : & — %, with the forgetful
functor €, — €. Both of the maps in this composite are left fibrations, so that
w: & — € is a left fibration. We have

w(y) = (sloan-2.a1)|a1 = 8[atn-1.n},
which is an isomorphism in ¢ by hypothesis. It follows that 74 is an isomorphism,

by Lemma 5.31. Hence we find a solution to the lifting problem (27), as desired. O

Corollary 5.34. If F : € — 2 is an isofibration between oco-categories, then the
associated map FXon . gKan _ gKan 4o o Kan fibration.

Proof. Consider a lifting problem
AP — - @Kan (29)

\L - FKan

Al N @Kan

with 0 < 4 < n. When n = 1 there exists solutions since F' is an isofibration. When
n > 1 we compose with the inclusions to ¥ and Z and find a solution s : A™ — %
to the corresponding lifting problem along for the original F' : € — %. Now, since
n > 1 all 2-simplices in A" lie in the horn A}, and we conclude that all of the maps
s|AthI} € @[1] are isomorphisms. So s has image in €%*", and thus provides a
solution to the lifting problem (29). We are done. O

The proof of Theorem 5.32 is now transparent.

Proof of Theorem 5.32. Follows by Corollary 5.34, where we consider the case ¥ =
*, O

We now see that this “Kan complex functor” is actually valued in Kan complexes.
Definition 5.35. The (associated) Kan complex functor
—Kan . Cat., — Kan

is defined by taking any oco-category % to its maximal subcategory of isomorphisms
¢¥2n and by sending any functor F : € — & to its restriction FKan . gKan _
@Kan'

Evidently, any map 2~ — % from a Kan complex to an oco-category factors
through €%**. Hence the Kan complex functor provides a right adjoint to the
inclusion inclk,, : Kan — Cats. If we label everything explicitly, we have a
bifunctorial identification

Homcy_ (inclgan 2, %) = Homgan (27, €520). (30)
5.11. The oco-category of co-categories, and equivalences.

Definition 5.36. Let F; : € — 2 be functors between oco-categories. A natural
transformation ¢ : Fy — F is a 1-simplex ¢ : Al — Fun(¥, 2) with Clgoy = Fo
and (|;1y = F1. A transformation ( is called a natural isomorphism if it is an
isomorphism in the co-category Fun(%, 2).
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By Theorem 5.32 and Corollary 5.8, for any oco-category % and simplicial set K
we have the mapping space

Fun(K, %)% C Fun(K,%).
This is the Kan complex parametrizing maps of simplicial set p : K — % with
natural isomorphisms. Since Fun(K,%)X*" is a Kan complex, and products of Kan

complexes are Kan complexes, the adjunction (30) implies that composition for the
simplicial category Cat, restricts to provide composition maps

o: Fun(Z, &)X x Fun(¥, 2)%* — Fun(¥, &)K.
We therefore obtain a non-full simplicial subcategory

The simplicial category whose objects are (medium
sized) co-categories and whose mapping

complexes are the Kan complexes Fun(¢, 2)Kan
parametrizing functors with natural isomorphisms.

Catl :=

Remark 5.37. The plus notation here indicates an implicit marking on the edges
of an oco-category. Namely, there is a naturally occurring simplicial category sSet™
of marked simplicial sets in which CatZ sits as a full simplicial subcategory. See
[13, Section 3.1.3].

By construction, the simplicial category Catjo is enriched in Kan complexes.
According to Proposition 2.20, we now obtain an oco-category via an application of
the homotopy coherent nerve.

Definition 5.38. The oco-category of (medium sized) oo-categories is defined as
the homotopy coherent nerve of the simplicial category Cat_,

Cats = NBC (%;)

As in the case of Kan complexes, the co-category @ato, lives in our universe of
large sets, and in particular is not a member of itself. In low dimensions, objects in
%at ., are oo-categories, 1-simplices A' — %at o, are functors between oco-categories,
and 2-simplices A% — %at.. are generally non-commuting diagrams

¢
v N

Foz

%0 %2

which come equipped with a natural isomorphism ¢ : FiaFo — Foo.

Definition 5.39. An equivalence between oco-categories is a functor F : ¥ —
2 which is an isomorphism in %at.,, i.e. which induces an isomorphism in the
homotopy category h Gat -

Explicitly, a functor F' : € — 2 is an equivalence if it admits a corresponding
functor F' : 2 — 9, and natural isomorphisms, which produce 2-simplicies

9 and 4
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in Gats.

5.12. Natural isomorphisms and isomorphisms. We record some simple lem-
mas which will be of use shortly.

Lemma 5.40. Let € and 2 be co-categories, and  : Fy — Fy be a natural iso-
morphism between functors in Fun(¥¢,?). Then for any object x : * — € the
restriction (, : Al x {x} = A X € — 2 is an isomorphism (, : Fo(x) — Fi(z) in
9.

Proof. Restriction along z provides a functor between oco-categories * : Fun(%¢, ) —

Fun(x,2) = &. Since any functor preserves isomorphisms, any natural isomor-
phism evaluates to an isomorphism at any object x in %. O

Remark 5.41. As is shown in Theorem 7.6 below, a converse to Lemma 5.40
actually holds. In particular, a natural transformation ¢ : A — Fun(%¢, 2) is a
natural isomorphism if and only if ¢ evaluates to an isomorphism ¢, : Fy(z) — F1(x)
at each object z in % .

Lemma 5.42. For any co-categories € and 9, any natural isomorphism ¢ : Fy —
Fy in Fun(¥, 2) restricts to an isomorphism ¢¥an . Fan — FKan pepypeen the
associated functors in Fun(gXan, glan),

Proof. Tt suffices to show that the restriction of Al x €X" — & of an isomorphism
¢ : Fy = F; has image in 2%#". The I-simplices in Al x €% are of the form
Al = A x {z}, ag : A% x o, a7 : AT} x @, and
Al 5 AL x AL EXG AL i gKan, (31)
where § is the diagonal map. By Lemma 5.40 AL maps to an isomorphism (, in 2,
and the fact that the functors Fy = (|p and F; = (|; preserve isomorphisms says
that ag and a; map to isomorphisms in 2. We are left to deal with the map (31).
Write diag,, : (0,2) — (1,y) for the map (31) in Al x €. We have the 2-simplex
A% — A! x Al defined by the function [2] — [1] x [1], 0 — (0,0), 1 ~ (1,0),
2+ (1,1), and the composite
A% 5 A x AV A g
defines a 2-simplex s in the product with faces |01y = AL, s|a12) = a1, and
S|at02y = diag,. The image of s in Z is a 2-simplex exhibiting ((diag,) as a
composite of ¢, with Fj(«). Since both of these maps are isomorphisms in Z,

((diag,) is seen to be an isomorphism in & as well. It follows that ¢ has image in
K as desired. O

We note that the co-subcategory Fun(€%a2, 2Kan) in Fun(€X*?, 2) is identified
with the subcategory Fun(¢¥a", 2)Kan  So Lemma 5.42 implies that restricting
along the inclusion €’¥a" — ¢ defines a functor

Fun(%¢, 2)%* — Fun(¢X™, gKam).

5.13. Equivalences via functor categories. We have the following characteri-
zation of equivalences between oco-categories via the functor categories.

Theorem 5.43. Let F : € — P be a functor between oo-categories. The following
are equivalent:
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(a) F is an equivalence.

(b) For any simplicial set K, the map F, : Fun(K,¥) — Fun(K, 2) is an
equivalence.

(¢) For any oo-category <7, the map F, : Fun(«/,%¢) — Fun(«/,2) is an
equivalence of co-categories.

(d) For any oo-category &, the map F* : Fun(9, ) — Fun(¥¢, o) is an
equivalence of co-categories.

(e) For any oo-category <, the map F, : Fun(o/,€)%*" — Fun(o/, 2)Kan is
an equivalence of Kan complezes.

(f) For any co-category <, the map F* : Fun(Z, /)X — Fun(¥, o/ )Ka is
an equivalence of Kan complezes.

Proof. One employs homotopies directly, as in the proof of Lemma 3.19, to see
that (a) implies (b), and the implication (b) = (c) is clear since co-categories are
simplicial sets. Lemma 5.42 shows that (c) implies (e). Supposing (e), we applying
7o and considering Yoneda’s Lemma to find that F' induces an isomorphism between
% and 2 in the homotopy category of co-categories. Hence F' : € — 2 is an
equivalence. So (e) = (a). We thus fund an equivalence between (a), (b), (c), and
(e).

We similarly see that (a) = (d) = (f) = (a), and hence that (a), (d), and (f)
are equivalent. O

6. HOMOTOPICAL AND CATEGORICAL PULLBACKS

We consider homotopy and categorical pullbacks for Kan complexes and oo-
categories, respectively. These constructions operate as “derived pullbacks” in their
respective settings, and are examples of limits in the co-catgories #an and Gat -
While we avoid any uses of limits or colimits in this text (see Part II for relevant
discussions), homotopical pullbacks appear generically throughout.

6.1. Aside: Fibrant replacements.

Lemma 6.1. If f : 2 — 2" is and anodyne morphism between Kan complezes
then f is a homotopy equivalence.

Proof. Follows by Corollary 3.12, Proposition 4.8, and Proposition 3.18. (]
Proposition 6.2. Any map of Kan complexes f : 2" — % admits a factorization
xrha Ly

with t an anodyne equivalence and [’ a Kan fibration.

We do not cover the proof, and refer directly to the text [15, 00UU] for the details.
We only note that, most immediately, [15] provides a factorization as above where
Z is only assumed to be a simplicial set. However, since 2’ — % is a Kan
fibration and % is itself a Kan complex, it follows that 2™ is a Kan complex as
well.

The fact that ¢ is an anodyne map will be important at some moments. However,
we will often only use the fact that any map in Kan factors as a composite 2~ —
Z' — % of an equivalence with a Kan fibration. In such a situation we refer to
Z as a “fibrant replacement” for 2" in the category of Kan complexes over %'.
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6.2. Casual discussions for (homotopy) pullback. In general, for a pullback
diagram

Y ——X

b
P ——

in which ¢ is a homotopy equivalence, does not not follow that ¢’ is a homotopy
equivalence. Consider for example the case where ¢ : % — .¥ is a map between two
contractible spaces which is not surjective on points. In this case we can consider a
point z : * — . which does not lie in the image of # to obtain a pullback diagram

) — =& (32)

Here the map ¢’ is clearly not a equivalence.

In comparing with the dg setting, for dg schemes (or affine dg schemes if one
likes), the preservation of equivalences under base change can be understood as a
kind of flatness condition on morphisms. The Kan condition provides an analog of
flatness in the topological setting.

Proposition 6.3 ([15, 0109]). Suppose we have a diagram

i which the maps f and f' are Kan fibrations, and all vertical maps are homotopy
equivalences. Then the induced map on fiber products X X.o % — X' X0 W' is
an equivalence.

Proof. We consider the diagram
%Xy@H%/Xy/@/

| |

& “ &’

in which the vertical maps are Kan fibrations, and the bottom map is a homotopy
equivalence. Hence, by Proposition 4.21, the map on fiber products is an equivalence
if and only if we have an equivalence

%Z(%Xy@h-)(%/)(y/@/)y:%/

at each point y : * — % with corresponding point s : x — .. However, the above
map is the fiber of the equivalence t over s, which we know to be an equivalence by
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Proposition 4.21 applied to the diagram

X —ts g

| b

S —= .
0

As a particular application of Proposition 6.3 we see that the base change 2" X &
W — X xo % of an equivalence ¥ — %, for spaces over ., remains an
equivalence provided £ is a Kan fibration over ..

In vague analogy to the dg setting, one might define the homotopy (aka “de-
rived”) pullback of spaces by first taking a fibrant replacement

X =S o~ DY S

then replacing the usual fiber product 2" X &% with the product 2/ X &%/, at least
up to some first order. As one might understand from experience, this construction
has the drawback of being ambiguous and non-functorial.

In some sense, one of the points of working in the oo, rather that dg, setting is
to provide explicit control over such ambiguities. However, let us leave this issue
for now and simply proceed with our presentation.

6.3. A functorial construction.

Definition 6.4. Given maps of Kan complexes 2" — % and ¥ — . we define
the homotopy pullback as

A XI;OP YW =X XFun({()},j”) Fun(Al, Y) XFun({l},ﬂ) 8
Note that we can write, alternatively,
2 xBP Y =Fun(A', 7)) Xpunoar,o) (2 x V).

Let us be clear that the homotopy pullback 2 x};()p % does not fit into a diagram

over Z and ¢ in general. Instead we have a diagram

X xmray sy

|

v S

in the co-category of spaces, where the necessary homotopy between the two maps
to .7 is given by evaluation

Al x (Fun(A',.7) Xpun(oar,») (27 x ) PIOICt AL o Fun(Al, ) 25 .

One sees that restriction along the map A! — * provides a binatural embedding
X XY - X x}i}Op % . We refer to this embedding informally as the “comparison

k2

map”.
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Proposition 6.5 ([15, 0329]). For any partial diagram

%f\\\y/@

in which either f or g is a Kan fibration the comparison map X X »% — %x};f)p??/
is an equivalence.

Proof. Suppose that 2~ — . is a Kan fibration. In this case the base changed map
Z X Fun(Al, ) — Fun(Al,.%) is also a Kan fibration. Furthermore, since the
inclusion 1 : A% — Al is anodyne the induced map Fun(A!,.%) — . is a trivial
Kan fibration, by Corollary 3.12, and in particular an equivalence by Proposition
4.8. We consider also the map

h= (@ 9, g const Fun(Al,y)) .

We now have a diagram

2 Xy Fun(A!,.¥) — Fun(A!,.7) <" »
_\L ll* i_
2 x o Fun(Al,.7) S 7 74

in which the vertical maps are equivalences (in particular trivial Kan fibrations)
and the maps from 2~ x » Fun(A!,.7) are Kan fibrations. So, by Proposition 6.3,
the induced map

Z X 7z = (3?//' X 7 Fun(Al,y)) XFun(Al,%) @
- X xy Pun(AL, S ) x0 ¥ = 2 <5 U

is a homotopy equivalence. The case where the g is a Kan fibration is dealt with
similarly. O

As one imagines at this point, we have a homotopy analog of Proposition 6.3 in
which the Kan condition is now obviated.

Proposition 6.6 ([15, 032B]). Suppose we have a diagram
Z 4
! 7 !

\\\\§J£/%////

in which all vertical maps are homotopy equivalences. Then the induced map on
homotopy fiber products

A xWoP gy gt e gy

is a homotopy equivalence.
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Proof. In this case the map on functor spaces v* : Fun(K,.#) — Fun(K,.7’) is an
equivalence at all simplicial sets K, by Proposition 3.18. Furthermore restricting
along any inclusion L — K produces a Kan fibration Fun(K,.) — Fun(L,.%) by
Corollary 3.12. So the result follows by applying Proposition 6.3 to the diagram

Fun(Al,.¥) ——=Fun(0AY, ) <—— 2 x ¥

| | |

Fun(Al,.7") ——= Fun(0A!, ") <—— 2" x %",
(]

Example 6.7. Consider a contrctible space . and two distinct points x,y : * —

<. In this case the usual fiber product vanishes. On the other hard, we claim

that the homotopy fiber product {z} XI;OP {y} is contractible. To see this one can

consider the diagram
*

N
ANV

*

and apply Proposition 6.6 to observe an equivalence {z} xk;')p {y} — *x2Py But

ht
already * x4 P % = *.

6.4. Homotopy pullback squares.

Definition 6.8. A commutative diagram of Kan complexes

¥ ——=X

o

X —
is called a homotopy pullback square if the induced map
Y X xo W = XXy
is a homotopy equivalence.
We make no claim that all partial diagrams 2~ — . < % can be completed to
a homotopy pullback square. Proposition 6.5 says that the usual pullback provides
a homotopy pullback square whenever either of the constituent maps 2~ — % or
% — . is a Kan fibration.

We have the following interpretation of homotopy pullback squares via fibrant
replacements.

Proposition 6.9. Consider a diagram of Kan complezes

Y ——= W

b
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The following are equivalent:
(a) The above diagram is a homotopy pullback diagram.
(b) For each factorization 2 L2 Ly S in which t s a homotopy equiva-
lence and [’ is a Kan fibration, the induced map % — Z' X o ¥ is an
equivalence.

(¢) For each factorization % = %' 2y 7 in which u is a homotopy equivalence
and g’ is a Kan fibration, the induced map 2 — 2 X %" is an equivalence.

(d) For any two factorizations as in (b) and (c) the induced map 2 — X' X »
%" is an equivalence.

Proof. The result follows by a consideration of the diagram of equivalences

%/Xy@%-%/x:y@/%%x:y@/

l | |

2 gy s g e gyt g e gy
A xgﬁc’p 78
We leave the details it to the interested reader. O

As with the functorial construction from Section 6.3, homotopy pullback squares
enjoy invariance under homotopy equivalence.

prop:htopy_invariance| Proposition 6.10 (Homotopy invariance, [15, 0111]). Consider a diagram of Kan

complezes
v &

N
\) N\

‘QP/
%/

@/
y/
in which all of the t; is a equivalence. Then the following are equivalent:

(a) Both the back and front faces in (33) are homotopy pullback squares.
(b) FEither the back face or the front face in (33) is a homotopy pullback square,
and the map t is an equivalence.

Proof. Follows by homotopy invariance of the homotopy fiber product, by Propo-
sition 6.6, and the diagram

h ~ h
X XY e X P

| T

¥ i L8
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d

6.5. Simplicial injections, Kan fibrations, and homotopy pullback. We
claim that homotopy pullback squares appear naturally when one applies the func-
tor Fun(—,%)¥a" to certain pushout squares for simplicial sets. We begin our
analysis with a technical lifting result.

Lemma 6.11 ([15, 01INX]). Consider a lifting problem

(Al x A) H({l}xA)({l} x B) *; 3

Al x B 7

associated to an inner fibration of co-categories € — 2 and an injective map of
simplicial sets i : A — B. Suppose that the map on vertices i[0] : A[0] — BJ[0]
is bijective, and that for every simpler s : A" — B which is not contained in the
image of i the associated map in €

v(idar x s(n)) : Al x {x} - €

is an isomorphism. (Heremn :x — A™ is the terminal point in A™ and s(n) : x — B
is the composite map to B.) Then the above lifting problem admits a solution.

We only relay the main ideas of the proof.

Idea of proof. One reduces to the case where A = 0A", B=A" andi: A — B is
the inclusion. One then factors this inclusion into a sequence

X U (10} x CXiC---CX,=A"X
(A' x 9A™) U ({0} x A" C X X Al x A"
in which each X, is obtained from X; via a pushout diagram of the form

A?'H — X

L

n+1
Ai ?X’Fkl'

One can furthermore assume that the final simplex we adjoin s,.; : A"t! —
X1 = A x A" we adjoin has s, 1 (AW H1}) = Al x {n} [15, Proof of 00TH]. We
therefore reduce the lifting problem for to the inclusion (A x 9A™)U ({0} x A™) —
A x A" to a sequence of lifting problems of the form

(25

A?'H —%

L

An+1 — @,

with 0 <7 <n+ 1 and o; sending the final edge in Af“ to an isomorphism in €.
We can solve all such lifting problems via the weak Kan condition and Proposition
5.33. 0
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Now, for any inclusion of simplicial sets i : A — B we can expand i to an
inclusion ¢’ : A’ — B for which all vertices in B lie in the image of ¢’ by simply
adjoining the 0 skeleton of B to A. By considering such extensions one obtains the
following adjacent lifting property from that of Lemma 6.11.

Corollary 6.12 ([15, 0INY]). Consider a lifting problem

(Al x A) H({1}xA)({1} x B) 4; 2

|

Al x B - 7

associated to an isofibration of co-categories € — 2 and an arbitrary injective map
of simplicial sets i : A — B. The above lifting problem admits a solution provided
the following conditions hold:

(a) For each vertex a : x — A the corresponding edge Al x {a} — € is an
isomorphism in € .

(b) For each vertex b : * — B the corresponding edge A* x {b} — 2 is an
isomorphism in 9.

Furthermore, when the above hypotheses are satisfied, there exists a solution n :
A X B — € for which each edge A' x {b} — € is an isomorphism in €.

Proposition 6.13. Let L — K be an injective map of simplicial sets and € — 9
be an isofibration of co-categories. Then the induced map

0 : Fun(K, %) — Fun(L, %) Xpun(L,2) Fun(K, 2)
is an isofibration of co-categories.

Proof. First note that the restriction map Fun(K, %) — Fun(L,2) is an inner

fibration by Corollary 5.8, so that the projection Fun(L,€’) X pun(z,2) Fun(K, 7) —

Fun(L, %) is an inner fibration as well. It follows that the fiber product is in fact

an oo-category. We also know that 6 is an inner fibration by Proposition 5.7. So we

need only show that for any object ¢ in Fun(K, %) and isomorphism a : n — 0(&)

in the fiber product, we can lift a to an isomorphism o’ : ' — £ in Fun(K, %).
The map a is precisely the information of a diagram

(Al x L) g1y x0) ({1} x K) I 3

!

AlxK“

7,

and the desired lift @ is precisely the information of a solution to the corresponding
lifting problem. Furthermore, since a is a natural isomorphism, the maps A x L —
% and A x K — 2 both restrict to isomorphisms on all edges of the form A x {z}.
So we see that the desired solution a exists by Corollary 6.12. O

We note that an analog of Proposition 6.13 holds in the case where the map
¢ — 2 is simply an inner fibration and L — K is an injection which contains all
vertices in K in its image. The following corollary is immediate.
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cor:inj_isofib| Corollary 6.14. (1) For any injection i : L — K, and any oco-category €, the

map
i*: Fun(K, %) — Fun(L,€)

is an isofibration.
(2) For any simplicial set K, and any isofibration F : € — 9, the map

F. :Fun(K,%) — Fun(K, 2)
s an isofibration.

We recall that any isofibration produces a Kan fibration on associated Kan com-
plexes, by Corollary 5.34. So we have the following.

Corollary 6.15. (1) For any injection i : L — K, and any oco-category €, the
map

i* : Fun(K, €)% — Fun(L, ¢)k™"

is a Kan fibration.
(2) For any simplicial set K, and any isofibration F : € — 9, the map

F, : Fun(K, %)% — Fun(K, 2)K=™
is a Kan fibration.

Corollary 6.16. Suppose we have a pushout diagram of simplicial sets
T——A
|
B——K

in which the map p is injective. Then the corresponding diagram

Fun(K, %)% — Fun(A, %)X

| |

Fun(B, ¢)X®" —— Fun(T, ¥)Ka»

u*
is a homotopy pullback square.

Proof. Follows from the fact that p* is a Kan fibration, by Corollary 6.15, and
Proposition 6.5. O

6.6. Categorical pushout for simplicial sets.
Definition 6.17 ([15, 01F7]). We call a diagram of simplicial sets

T ——A

o

B——K
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a categorical pushout square if, for any oco-category €, the corresponding diagram
of Kan complexes

Fun(K, 2)% — Fun(A, 2)Kan

l l

Fun(B, 2)¥* — Fun(T, 2)X»
is a homotopy pullback square.
Corollary 6.16 can now be rephrased as follows.
Corollary 6.18. A pushout diagram of simplicial sets
T—A
|
B——K
in which p is injective is a categorical pushout diagram.
6.7. Categorical pullback square.
Definition 6.19. We call a diagram of co-categories

H ——C

|

D ——T

is a categorical pullback square if, for any oo-category <7, the corresponding dia-
gram of Kan complexes

Fun(«/, ¢ )% —~ Fun(e/, ¢)Kan

| |

Fun(«/, 2)%" — Fun(«, 2)Kan
is a homotopy pullback square.
Given a partial diagram of co-categories

€

|

99—
we extend the definition of the homotopy pullback square to the oco-categorical
setting by taking
€ x5 9 .= Tsom(T) Xpun(oar,7) (€ x D),
where Isom(.7) is the full co-subcategory of Fun(A!,.7) spanned by isomorphisms

in 7. We note that the restriction map Fun(A!, . 7) — Fun(dA!, 7) is an inner
fibration, by Corollary 5.8, and hence the composite

Isom(.7) — Fun(A', 7) — Fun(0A', 7)

is also an inner fibration. So the homotopy pullback of co-categories is in fact an
oo-category.
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Lemma 6.20. For any oco-category .7, the inclusion TX* — 7 induces an iso-
morphism of simplicial sets

Fun(A!, 752 5 Isom(7)K" (34)

Proof. The simplicial set Fun(A!, 7Xa1) is a Kan complex, and hence the inclu-
sion Fun(Al, 7¥an) — Fun(Al,7) has image in the associated Kan complex
Fun(A!l, 7)Kan  Furthermore each composite Al — FKan — 7 is an isomor-
phism in .7, by the definition of .7¥2" so that the given inclusion furthemore has
image in Isom(.7)¥2%. For the inverse map Isom(.7)Xa® — Fun(Al, 7Kan) one
applies Lemma 5.40 to observe that the inclusion

Ison(7)%* — Fun(Al, )
has image in the subcomplex Fun(A!, 7Kan), O

One now sees via a basic manipulation that, for any co-category <, we have a
canonical isomorphism of simplicial sets

Fun(</, € x5 9) = Fun(«/, €) xlﬁi‘;‘zdj) Fun(«, )

and in particular an equivalence of co-categories. We apply the Kan complex func-
tor to obtain a natural isomorphism of Kan complexes

Fun(e/, 6 x5 )%™ = Fun(o/, €)™ xpoh |, 2 Fun(er, 7).

One uses this identification to obtain the following, simply from the definition of a
homotopy pullback square and Theorem 5.43.

Proposition 6.21. A diagram oco-categories

H ——=F

|

D ——T

is a categorical pullback diagram if and only if the natural map H — € x};()p 2 is

an equivalence of co-categories.
We apply Proposition 6.21 and Corollary 6.15 to see the following.
Corollary 6.22. A standard pullback diagram
CXxXg D——sF

Lk

9 g

of co-categories is a categorical pullback diagram provided one of F or G is an
isofibration.

The following invariance result now follows from homotopy invariance of homo-
topy pullback, in the Kan setting, and Proposition 6.10.
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prop:equiv_invariance| Proposition 6.23. Consider a diagram of co-categories

x ¢ e

P Yi

N
\* e

@/

in which all of the F; is a equivalence. Then the following are equivalent:

(g/
9/

(a) Both the back and front faces in (35) are categorical pullback squares.
(b) Either the back face or the front face in (35) is a categorical pullback square,
and the map F is an equivalence.

Corollary 6.24. Suppose we have a diagram

in which F' and F' are isofibrations, and all vertical maps are equivalences. Then
the induced map € X D — €' x o D' is an equivalence of co-categories.

Proof. Apply Corollary 6.22 and Proposition 6.23. O

7. MAPPING SPACES

We define mapping spaces Homg (z,y) between objects in an co-category. We
subsequently prove, in Section 8, that a functor F' : € — & is an equivalence if
and only if the map on isoclasses of objects mo(FX21) : 1o (€KM) — mo(Z2K™) is a
bijection, and at each pair of object in € the induced map

F, : Hom¢(x,y) — Homg(Fx, Fy)

is a homotopy equivalence. Rather, a functor is an equivalence if and only if it is
essentially surjective and fully faithful.

This characterization implies, for example, that a functor between dg categories
f A — Bis a equivalence (in the expected dg sense of the term) if and only if the
corresponding functor F : &/ — % on dg nerves o = N(A) and Z = N¢(B) is
an equivalence.

Definition 7.1. As a philosophical point, the mapping spaces we construct below
should only be thought as “canonical” when considered as objects in the homotopy
category h.Zan. At the level of the discrete or oco-category Kan or Fan, the
spaces Home (x,y) should be understood as one explicit model for the associated
homotopy type in h Zan. As we’ll see shortly, there are other useful models for
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this homotopy type, such as the left and right pinched mapping spaces of Section
10.

7.1. Definitions.

Definition 7.2. Let z and y be objects in an oco-category ¥. The mapping space
Home (z,y) is the simplicial subset in Fun(A!, %) whose n-simplices are all maps
f: A" x Al — % with degenerate boundaries

flanxqoy = idy and  flanyxq1y = idy.

We’ve abused notation to write, for any object z in €, id, : A™ — € for the
composite of the terminal map A™ — % with the map z : * — %. Alternatively,
Home (z,y) is the pullback

Home (z,y) — Fun(Al, %) (36)

* Fun(9AL, €).

zlly
Lemma 7.3. The mapping space Homeg (x,y) is an co-category.

Proof. By Proposition 5.25 the restriction map from Fun(Al, %) is an inner fibra-
tion. So the projection Home (x,y) — * is an inner fibration, and thus Home (z, y)
is an oo-category. ([

We see momentarily that the mapping spaces Homg (z,y) are in fact Kan com-
plexes. Let us note for now that, for any functor F': ¥ — 2, the induced functor
F, : Fun(A!, %) — Fun(Al, 2) restricts to provide a map

F, : Hom¢(z,y) — Homg (Fz, Fy).

Remark 7.4. These Hom spaces do not admit a natural composition operation,
at least before applying some homotopy truncation. So we are not providing an
object and morphism description of an co-category €.

Definition 7.5. A functor between oco-categories F : € — & is called fully faithful
if, for each pair of objects z and y in ¥, the induced map on Hom spaces F :
Home (z,y) — Homg (Fz, Fy) is an equivalence.

7.2. Natural isomorphisms. Our claim that mapping spaces are spaces is essen-
tially the claim that all of the transformations in the subcategory Home (z,y) C
Fun(A!, %) are natural isomorphisms. The latter point is made clear by the fol-
lowing generic characterization of natural isomorphisms in functor categories.

Theorem 7.6. Let f, f' : K — % be two functors maps from a simplicial set to
an oo-category €, and consider a natural transformation v : f — f', i.e. a map
from f to f" in Fun(K,¥). Thent is a natural isomorphism if and only if, at each
vertex z in K, the map u, : f(2) = f(2) is an isomorphism in €.

The proof relies on certain technical results about simplicial sets, which we recall
here.
Lemma 7.7 ([15, 01DN]). For any integers m > 0 and n > 2, there is a sequence
of simplicial subsets

(A™ x AT UDA™ x A™) = X(0) C X(1) C--- C X(I) = A™ x A"
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such that, at each positive integer k < I, there are integers 2 < q and p < q and a
pushout diagram

AgHX(k—l)

l liml

AT —2 o X (k).

Furthermore, if p = 0 then the map s can be chosen so that s(0) = (0,0) and
s(1) = (0,1).

In the expressions for s(0) and s(1), we identify the map s : A? — X (k) C
A™ x A™ with a choice of function [p] — [m] x [n]. We refer the reader directly to
[15] for the proof.

Lemma 7.8. Let Y — S be an inner fibration and F : B — S be any map of
simplicial sets. Consider any simplicial subset A C B and integer n > 2, and let
B x A" — 8 be the composite of the projection B x A™ — B with F. Suppose that
we have a lifting problem

(A X An) HA><Ag (B X Ag) > Y (37)

|

Bx A" S

for which, at every choice of vertex b in B, the corresponding edge
Al 2= (b} x A0 S B x AT = {Fb} x5 Y =Y,
is an isomorphism in the co-category Yy,. Then the problem (37) admits a solution.

Proof. We can replace B by any intermediate complex A C K C B, and consider
the corresponding lifting problem Ly obtained by restricting F' and F to (A x
A™) Haxap (K x Af) and K respectively. We consider the collection & of pairs
(K, Fx) consisting of a choice of an intermediate complexes K and a map Fy :
K x A™ — Y which solves the lifting problem Lg. This collection & admits a
natural partially ordered, where we take (K, Fx) < (L, Fr) if and only if K C L
and Fx = Fp|kxan. By taking unions we see that any chain in &2 admits an
upper bound, so we apply Zorns lemma to see that & admits a maximal element
(Kmax, Fax). We claim that Kp.x = B, so that the original lifting problem (37)
admits a solution.

Suppose, by way of contradiction, that K,.x is not B, and choose a non-
degenerate simplex z : A™ — B of minimal dimension which does not factor
through Kyax. The minimality condition tells us that the restriction z|gam factors
through Kp.x, and we take L = (Knax U z) € B. We therefore have the pushout
diagram

aAm —_— Kmax

L

A" —— [
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and consider the lifting problem

(Kmax X A") g, xap (L X AG) ————= (38)

| |

L x A™-

where top map is obtained from Fi.x : Kmax X A" — Y and F|LXA3, and the
bottom map is F|, o proj;. Via the above pushout diagram we can solve the lifting
problem (38) by solving a corresponding lifting diagram

(DA™ x A™) Tpamxag (A™ x Aj) ————= A" xg Y (39)
AM x An Am

f
We note that at this point the base category A™ is an oco-category, as is the fiber

product A™ xg Y. Our goal is to solve the problem (39).
We break the inclusion

(OA™ x A") Tgamxan (A™ x Af) = (OA™ x A™) U (A™ x Ag) — A™ x A"
into a sequence of inclusion
(DA™ x AMYU (A" x Af)=X(0)CX(1)C---CX(I)=A"x A"

which satisfy the conclusions of Lemma 7.7. We have a map fo = f : X(0) —
A™ x gY and we claim that for each 0 < k <[ thereis a map fi : X(k) > A™ xgY
which solves the lifting problem

X(0) ! A" xsY
l 3 i ' l

X (k) —— m|
( ) Flxr)

We prove this claim by induction.
Suppose that we have the desired map fr—1 : X(k — 1) = A™ xg Y, for some
k > 0. By hypotheses, we have a pushout diagram

AgHX(k—l)

e

A1 > X (k),

where p < q. Supposing 0 < p, the fact that the map A™ xgY — A™ is an inner
fibration tells us that we can lift f : X (k) — A™ to a map fi : X (k) = A™ xg Y
with fr|x(x-1) = fe—1. Supposing p = 0, then we can find a lift fi : X (k) —
A™ xgY by our hypotheses that s(0) = (0,0), s(1) = (0,1), and the hypotheses
that fr_1 : A{OT - {f(0)} x5 Y is an isomorphism, and a subsequent application
of Proposition 5.33.

In any case, we can always extend the map fr_; to fx, as desired, and the final
map f; : X(I) = A™ x A™ — A™ xg Y solves the lifting problem (39). We can
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therefore solve our original lifting problem (38), which contradicts the maximality of
the pair (Kmax, Fimax). S0 we have necessarily Kyax = B, and Fiax : BX A" - Y
solves our lifting problem (37). O

Theorem 7.6 is now obtained as a special case of the following.

Proposition 7.9. Consider an inner fibration € — S and an arbitrary map of
simplicial sets a : K — S, and let w : F — F' be a transformation in the oco-
category Fun,g(K, ). Then u is a natural isomorphism if and only if, at every
vertex z in K, the map u, : F(z) — F'(z) is an isomorphism in €, = {a(z)} xs €.

To be clear, the space Fun,s(K,%) is the fiber product
Fun,g(K, %) = Fun(K, %) Xpun(x,s) 1a}

Since ¥ — S is an inner fibration, the map Fun(K, %) — Fun(X,S) is an inner
fibration by Corollary 5.8. So the fiber Fun,g(K, %) is in fact an co-category.

Proof. If u is an isomorphism, then one can evaluate any choice of inverse map
v: " — F at the vertices in K to produce inverses to the u,. For the converse
claim, let’s suppose that w, is an isomorphism at all z € B[0]. We consider the
diagrams

KXA%H% (40)

]

KxA?——§

where the bottom map is the projection K x A? — K composed with a, and the top
map has restrictions F', F', and F to K x {0}, K x {1}, and K x {2} respectively.
The restrictions to K x A0} and K x A192} are w and idp respectively. By the
hypothesis that u, is an isomorphism at all z, we may apply Lemma 7.8 to find a
map 7 : K x A2 — € which solves the lifting problem corresponding to (40). For
v ="n|gxan2 : F' = F we therefore have v o u ~ idp. So u admits a left inverse
in Fun,g(K,%¢’). We consider opposite categories to similarly find that the opposite
map u°P : (F')°P — F°P admits a left inverse w°P, and hence that u admits a right
inverse w. Hence u is an isomorphism. (I

Proof of Theorem 7.6. Apply Proposition 7.9 in the case S = . (]

7.3. The mapping spaces are spaces.

Theorem 7.10. For any objects x,y in an co-category €, the co-category of maps
Home (z,y) is a Kan complex.

Proof. It suffices to show that all morphisms in Home(z,y) are isomorphisms.
Objects in Homy (z,y) are maps f : Al — ¢ with f(0) = x and f(1) = y, and
a morphism f — f’ in Home(z,y) is a natural transformation v : f — f’ with
up = idg : f(0) = f(0) and uy =idy : f(1) — f(1). We just apply Theorem 7.6
directly to see that any map in Home (2, y) is an isomorphism. [
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7.4. Mapping spaces as loop spaces. We consider an example of such a fiber
diagram (17) which relates mapping spaces and for a Kan complex 2~ to the un-
derlying space & itself, and in particular allows us to access the (higher) homotopy
group for 2" via the homotopy groups of its mapping spaces.

Consider any Kan complex 2, and the inclusion i : A1} — Al Since i is
anodyne the corresponding restriction map i* : Fun(A!, 2°) — 2 is a trivial Kan
fibration, by Corollary 3.12. Taking the fiber along any point = : x — 2  provides
another trivial Kan fibration

{I} XFun(A{Ohﬂf) Fun(Alv %) — %

so that the domain is seen to be contractible.
Now, restriction along the inclusion j : OA! — Al provides a Kan fibration
j* : Fun(Al, 27) — Fun(0A', 27) and we have the pullback diagram

A *

l iw

Fun(0A', 2°) — Fun(A%H 27) = 27,

identifying 2~ with the subcomplex of maps JA! — 2" which take constant value
x on A%}, Pulling back j* along the inclusion 2" — Fun(dA', 2°) then yields the
map
{z} X Fun(A{0}, 2) Fun(Ala Z)—= X, (s1) = tany,
which we now conclude is a Kan fibration as well. Let us call this map f.
We now, finally, have a pullback diagram

Hom g (7,7) — {2} Xpyn(ator, 2 Fun(Al, 27) (41)
lf
* A

xr
with f a Kan fibration from a contractible domain. The long exact sequence on
homotopy groups now provides the following.

Proposition 7.11. For any Kan complex 2, point x : * — Z, and integer n > 0,
there is a natural isomorphisms of homotopy groups

Ot M1 (2, 2) = 7 (Hom g (2, 2), id, ).

We only note that naturality (with respect to maps of Kan complexes 2" — %)
comes from naturality of the above constructions in conjunction with Proposition
4.20.

eq:maps_loop

Remark 7.12 ([15, 01JE]). The diagram (41) identifies the mapping space Hom ¢ (z, z)

as the based loop space for 27, in the homotopy category of spaces.

Via the naturality claim from Proposition 7.11 and Whitehead’s Theorem we
observe that any map of Kan complexes which is essentially surjective and fully
faithful is also an equivalence.

Corollary 7.13. If f : & — % is a map of Kan complexes which is fully faithful
and essentially surjective, then f is an equivalence.
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8. FULLY FAITHFUL FUNCTORS AND EQUIVALENCE

We show that equivalences are precisely those functors which are fully faithful
and essentially surjective.

8.1. Fully faithful functors and equivalences.

Definition 8.1. We say a functor between oo-categories F' : € — 2 is fully-faithful
if, at each pair of objects z,y : * — %, the induced maps

F, : Hom¢(z,y) — Homg(Fx, Fy)
is an equivalence. We say I’ is essentially surjective if F' induces a surjection
7o (FKa0Y o (€5an) s g (2520
on isoclasses of objects.
The main result of the section is to prove the following.

Theorem 8.2. A functor F' : € — 2 between oo-categories is an equivalence if
and only if F is fully faithful and essentially surjective.

While any equivalence F' is easily seen to be essentially surjective, the fact that
the operation Home (z, —) : €[1] — Kan is not a priori defined on morphisms %[2]
makes fully faithfulness slightly opaque. So, we are interested in both of the claims
in Theorem 8.2. We first deal with the “easier” implication

F'is an equivalence = F' is fully faithful and essentially surjective,

which still requires some analysis.

8.2. Equivalences are fully faithful. Let us recall that the restriction functor
Fun(A', ¢) — Fun(0A', %)

is an isofibration, by Proposition 6.13, and hence the map on associated Kan com-
plexes is a Kan fibration by Corollary 5.34. We now find ourselves in a particularly
advantageous situation. Since Home (z,y) is itself a Kan complex we see that the
inclusion Home (z,y) — Fun(A'l, %) factors through the associated Kan complex,
and we therefore realize Home (x, y) as the pullback of a point along a Kan fibration

Home (7,y) — Fun(Al, ¢)Kan
J{ pullback sq lKan fib

* ——— Fun(9A!, ¢)Kan,

With this framing in mind, we now deduce full faithfulness for equivalences of
oo-categories.

Corollary 8.3. Any equivalence of oco-categories F : € — 2 is fully faithful.
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Proof. At any pair of objects z,y : x — € we have the diagram

Home (z,y) Homg (Fz, F'y) (42)
* Fun(Al, @)Kan o \Fun(m» )Kan
Fun(0A!, ¢)Kan = Fun(9A!l, @)Kan,

Here the horizontal (red) maps are induced by F. Those maps labeled ~ are
equivalences of oo-categories, by Theorem 5.43, and the (white) squares involving
the point * are pullback diagrams. Hence the map

F, : Hom¢ (x,y) — Homg (Fz, Fy)
is an equivalence, by Proposition 4.21. O

8.3. Equivalences are essentially surjective. The following is an immediate
consequence of Theorem 5.43 (e), applied in the case o = x.

Lemma 8.4. Suppose F' : € — 2 is an equivalence between oco-categories. Then
the induced map FXan . gRan s gRan g 4lso an equivalence.

As a corollary we obtain essential surjectivity of any equivalence.

Proposition 8.5. An equivalence between oco-categories F' : € — P is essentially
surjective.

Proof. The induced map on Kan complexes FXan : gKan _, gKan i 4150 an equiva-
lence, by Proposition 7?. By Whitehead’s theorem, the induced map on connected
components moFKan ¢ o (FKan) — 71(2K1) is an isomorphism, so that F is es-
sentially surjective. [

We’ve now established the “easier” direction for Theorem 8.2,

equivalence = fully faithful + essentially surjective.

8.4. Restricting fully faithful functors. We want to establish the implication
fully faithful + essentially surjective = equivalence.

In the most basic terms, this implication follows via a reduction argument from
the oco-category setting to the Kan complex setting. We first prove that any fully
faithful functor between oo-categories restricts to a fully faithful functor on the
associated Kan complexes.

Lemma 8.6. Let F' : & — % be a equivalence between Kan complexes and let
X' C X and ' C ¥ be full subcategories. Suppose that F restricts to a map F' :
X' — %' and that the induced map on connected components mo(Z") — mo(#")
is a bijection. Then the restriction F' is an equivalence of Kan complezes.

Proof. For any x € 2 and y € %" the respective inclusions induce equalities
(27, 2) = (2, 2) and mu (%' y) = (¥, y)

for all positive integers n. Via Whitehead’s theorem we understand that F' induces
an isomorphism on all homotopy groups for 2" and %, and therefore that F”
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induces isomorphisms on all homotopy groups for 2”7 and #”’. Apply Whitehead
again to observe that F’ is an equivalence. ([

Lemma 8.7. Suppose that a functor between oco-categories F : € — P is fully
faithful. Then the induced map FX" . gKan 5 gKan yg fully faithful as well.

Proof. For objects  and z’ in %, with images y and 3’ in &, we consider the map
of Kan complexes

Homexan (2, 2") — Homgxan (v, y').
These Kan complexes sit as fully subcategories in the ambient categories Home (z, z)
and Homg(y,y’), and we have a diagram

Kan
Homexan (2, ) s Hom gxan (y, ')

l |

Home (¢, 2') ——= Homg (y, y').

So it suffices to show that FX#" induces a bijection on connected components, by
Lemma 8.6. For this it suffices to prove that every equivalence 3 : y — v/ lifts to
an equivalence a : z — x’ in 4. Let us choose an arbitrary map a : z — 2’ with
Fa ~ . We claim that « is an equivalence.

Take any lift o : ' — z of an inverse 87! : 3/ — y, and consider a composites
o’a and ae’. We have F(a’a) ~ id, and since F' induces an equivalence on mor-
phism spaces we have o/ =~ id,, and similarly find aa’ ~ id,. So « is in fact an
equivalence, i.e. a map in %", as desired. (]

As we saw in the proof, for a given fully faithful functor F' : € — 2 we find that
a given map « in ¥ is an equivalence if and only if F«v is an equivalence.

Definition 8.8. A functor between oo-categories F': € — & is called conservative
if amap a : x — 2’ in ¥ is an equivalence whenever Fa : Fx — Fx' is an
equivalence.

We have the following.

Lemma 8.9 ([15, 01JN]). Any fully faithful functor between oo-categories is con-
servative.

8.5. Proof of Theorem 8.2. We begin with a refinement of Proposition ?7.

Lemma 8.10. Suppose F': € — 2 is a trivial Kan fibration between co-categories.
Then the map FXan . gRan _y gKan 4o o trivial Kan fibration as well.

Proof. The lifting property applied to the inclusions A2 — A? and A3 — A? imply
that F'is conservative. Hence the lifting property for F' immediately restricts to a
lifting property for FXan, O

The following result allows us to descend from the Kan setting to the co-setting.

Theorem 8.11 ([15, 01HG]). A map between oco-categories F' : € — P is an
equivalence if and only if the associated map of Kan complezes

Fun(A!, F)Xan . Fun(A!, €)% — Fun(A!, 2)Ken

is an equivalence.
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Sketch proof. Take
FE = Fun(K, F)X* : Fun(K, €)% — Fun(K, 2)%*®

at a given simplicial set K. By Theorem 5.43, F' is an equivalence if and only if
FE is an equivalence at all K. In particular, if F' is an equivalence then F' A" is an
equivalence.

For the converse claim, suppose that FA' is an equivalence and let T denote
the class of all simplicial sets K at which F¥ is an equivalence. One can show
the following: (O1) If we have a directed sequence Ky — K; — --- of maps of
simplicial sets, and all F%¢ are equivalences, then the map F¥X is an equivalence
for K = h_r)nn K,,. (02) If we have a retract L — K — L, and F¥ is an equivalence,
then F'L is an equivalence. (O3) If {K)}ea is a small collection of simplicial sets
for which all FE> are equivalences, then the map FM K> is an equivalence. (04)
If L — K is inner anodyne, then FL is an equivalence if and only if F¥ is an
equivalence (Corollary 5.8 and Lemma 8.10). (O5) If

Lo~ 1,

|

LQHK

is a categorical pushout square and all of the F'X¢ are equivalences, then F¥ is an
equivalence (Proposition 6.10). This applies, in particular, to the case of a standard
pushout square in which one of the p; is injective (Corollary 6.18).

We now see that Y is a class of simplicial sets which contains A! and which
is stable under the operations (O1)—(05). Since the 0-simplex is a retract of Al
we see that Y contains AY. Now, supposing all A™ are in T for m < n, and
that n > 2, one sees that all horns Af“ are in T by considering the appropriate
pushout diagram, and one subsequently sees that A™ is in T by considering the
inner anodyne morphism A? — A™ and applying (O4). It follows by induction that
all standard simplices are in T, and subsequently that T contains all simplicial sets
via applications of (O5) and (O1). O

We now provide a proof of Theorem 8.2.

Proof. Let IF': € — 2 be a functor between co-categories. If F' is an equivalence,
the F' is fully faithful and essentially surjective by Corollary 8.3 and Proposition
8.5. Suppose conversely that F' is fully faithful and essentially surjective.

Let us consider the diagram

F

Fun(Al, %)Kan Fun(Al, @)Kan

| l

Fun(dA!, @)Ken — T Fun(9Al, @)Ken,

We know that the bottom map is an fully faithful and essentially surjective, by
Lemma 8.7, and hence an equivalence by Corollary 7.13. Also by Corollary 6.15
the vertical maps are both Kan fibrations.

We note that the fibers of the vertical maps over points in Fun(9A!, %) and
Fun(0A?, 2) are the respective mapping spaces, and that F, restricts to the induced
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morphisms

F, : Homg(x,y) — Homg (Fz, Fy)
on these fibers. So, via fully faithfulness of F, we apply Proposition 4.21 to see
that F, : Fun(Al, €)Ka" — Fun(A!, )X is an equivalence. By Theorem 8.11 it
follows that F' is an equivalence. We are done. ([l

- 9. COMPOSITION FUNCTIONS FOR MAPPING SPACES
’sect:compos1t10n‘

We construct “homotopy composition” functions for the mapping spaces in an
oco-category. As a result we obtain, for any oco-category %, a naturally associated
h #Zan-enriched category m% which lifts the discrete homotopy category h&'.

sect:circ

9.1. A spacially enriched category. Take
pr = Al01} HA{M} e H Afn—1n}
{1} {n-1}

Since the functor Fun(K, —) is right adjoint to the functor K x —, we see that the
functor Fun(—, %) sends colimits to limits. Hence we have an identification

Fun(P",¢) = Fun(A{nil’n},Cg) XFun({n—1},%) ** XFun({1},%) Fun(A{O’l},Cg)
at each oco-category % .
We have the inclusion P — A™. One can show the following.

Lemma 9.1 ([15, 00JA]). For alln > 2, the inclusion P™ — A™ is inner anodyne.

We now find, via Corollary 5.8, that the functor
Fun(A", €) — Fun(AP™" €) Xpun(n-1¢) *+ Xpun((1}5.6) Fan(A1, %)

obtained via restriction along the inclusion P™ — A", is a trivial Kan fibration. In
particular, it is an equivalence. We record an overdue lemma in this regard.

Lemma 9.2. A trivial Kan fibration between oco-categories is an equivalence.

Proof. For such a trivial Kan fibration ' : € — 2, one solves the relevant lifting
problem to see that the induced map Fy : Fun(K, %) — Fun(K, 2) is a trivial Kan
fibration at any simplicial set K (cf. proof of Proposition 5.7). It follows that the
induced map on Kan complexes FX2" is an equivalence, and hence that F is an
equivalence by Theorem 5.43. d

We now consider the inclusion A"} — A™ and defined the “nth composition
functions” for ¢ as the diagram

Fun(A"™, %)
triv Kani
Fun(A{nilyn}v%ﬂ) XFun({n—1},¢) """ XFun({1}S,%) Fun(A{O’l}v %) Fun(A{O’n}v %))

Taking the fiber at an n-tuple of points & : I, {i} — ¥ provides an “n-th com-
position function” for the mapping spaces

Fun(A™,€)z (43)

triv Kani \

Home (£n—1,Zn) X - -+ X Home (o, 1) Home (20, zn).
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Note that the fact that the product on the lower left is a Kan complex, and that
the map from Fun(A™, %)z is a trivial Kan fibration, implies that this fiber is a
Kan complex as well.

By considering the appropriate diagrams one sees that the above composition
functions are sufficiently associative.

Proposition 9.3 ([15, 01PS, 01PT]). The diagram (43) defines an associative and
unital composition operation

o: Hom¢(y, z) x Homg (z,y) = Homg(z, 2)
in the homotopy category h Fan.

We now find that the pairing of the objects ¥’[0] with the mapping spaces
Home (z,y) define a category enriched in the homotopy category of spaces.

prop:kan_enriched | Proposition 9.4. For any co-category €, the objects €[0], mapping spaces Home (x, y),
g ] g Y

and composition operations given above define a category € enriched in the ho-
motopy category of spaces. Applying the functor

7o : h Fan — Set
recovers the usual homotopy category mo(n€) =hE.

We note that the assignment ¥ ~~ 7% is functorial. In particular, functors
between oo-categories define functors between their associated spacially enriched
categories.

9.2. Casual discussions: Imagining oo-lifting. It is clear that we can collect
the objects €[0] and generalized mapping spaces Hom(A™, %)z to produce some
intricate algebraic object which functions in a completely coherent manner at the
level of the oco-category of Kan complexes, rather than in the homotopy category.

Let us consider a slightly more restrained proposition. Let’s fix a single object
z and the associated “endomorphism spaces”

Endg(z), = Fun(A",%)(www).
For each map of simplices A™ — A"™ we get a structural map
End¢ (), — Ende(2)m,

and the structure maps p; : Endg(x), — Endg(z); dual to the inclusions Al =
Ali=Li} 5 A" induce an isomorphism onto the product

Endy(7), — Endg(x); x - -+ x Endg(z);

in the oo-category of spaces #an = N"(Kan).

The object End(x). is now seen to define an algebra object in the category of
spaces, considered along with its cartesian monoidal structure [12, §1.2] [14, §2.4.1].
If we stretch our imaginations again, we can see the objects €[0] and morphism
spaces Endg (z). as defining an algebra with many objects in the oo-category of
spaces, i.e. as a “category enriched in the co-category of spaces”.

- 10. PINCHED MAPPING SPACES

We define pinched mapping spaces as a strategic alternative to the standard
mapping spaces introduced in Section 7 above.
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10.1. Pinched mapping spaces. Recall that, for any diagram p : K — €, we
have the forgetful functors ¢,, — ¢ and ¢, — ¢ which are dual to the functorial
embeddings L - K x L and L — L x K, at varied L.

Definition 10.1. Let x,y : * — % be two objects in an co-category. We define
the left and right pinched mapping spaces as

Hom{ (z,y) == €,/ x¢ {y} and HomE(z,y) = {z} x¢ €,
respectively.
We note that there is an identification
Hom% (z,) = Hom&., (y, z)°P.

So we are free to focus on the lift pinched space in our analysis. Note also that any
functor between oo-categories F': € — 2 fits into a diagram

Foy
¢ —L 9.

Taking the fiber of this diagram over a given point y : * — % provides an induced
map on the pinched spaces
F : Homi (z,y) — Homb,(Fz, Fy).

Our first observation is that the pinched mapping spaces are in fact spaces.

Lemma 10.2. At any pair of objects in an oco-category €, the pinched mapping
spaces Hom& (z,y) and Homis(z,y) are Kan complezes.

Proof. By Corollary 5.27 the forgetful functor ¢, — ¢ is a left fibration. It follows
that the fiber over y : * — % is a left fibration

L
Homg (z,y)
and in particular is conservative by Lemma 5.31. Hence every map in % is an

isomorphism, and % is a therefore a Kan complex by Theorem 5.32. The proof for
Hom% (z, %) is similar. O

Our main aim now is to proved that the pinched mapping space are equivalent
to the “standard mapping space” studied in Section 8 above.

Theorem 10.3. At any pair of objects x,y : * — € there are natural homotopy
equivalences

Homy (z, y) Hom? (z, y)

Home (z,y)

A more refined statement of this result, as well as its proof, appears in Section
10.7 below.

We warn the reader that the proof of Theorem 10.3 is a rather intricate deviation.
So the reader might peruse the details on a first reading, then return to the topic
after considering its applications to consider the details as needed.
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10.2. Oriented products.

Definition 10.4. Given a partial diagram of co-categories

¢ 9
\ 5 /
the oriented fiber product is the oco-category
C Xy D :=C Xpu(ato),7) Fun(A', .7) Xpun(atty, ) 2.
Equivalently, ¢ x% 2 = Fun(A!, 7) Xpun(aal,7) (€ X ).
Since the restriction functor Fun(A!,.7) — Fun(dA!,.7) is an isofibration

(Corollary 6.14) the projection

C X5 D—>CxD (44)

is an isofibration as well. This shows, in particular, that the oriented fiber product is
an oo-category, and that at each pair of points (z,y) in € x 2 the fiber (¢ x% 2),
is a Kan complex.

Example 10.5. If 7 is a Kan complex then Fun(A!,.7) = Isom(.7) and the
oriented fiber product ¢ x% 2 agrees with the categorical pullback ¢ x};iOp 2.

Example 10.6. For objects x,y : * — % the mapping space is obtained as the
fiber
HOIH%(LU, y) = FllIl(Al, (g) XFun(aAl,%) {(l‘, y)} = I(Cg X% %)y

10.3. Blunt joins and oriented products.

Definition 10.7 ([15, 01HR]). For simplicial sets K and L the blunt join K o L is
the pushout

KxOA' XL —— > KxA'x L

| |

(Kx{0}) O ({1} x L) —— Ko L.
For the left-hand map, we have the identification
K x0A' x L = (K x {0} x L) I (K x {1} x L),

and project onto the K x {0} and {1} x L factors, respectively. Hence maps from
K ¢ L to arbitrary B is a map out of the product

KxA'xL— B

whose restriction to K x {0} x L is constant along L and whose restriction to
K x {1} x L is constant along K.

Lemma 10.8. For simplicial sets K and L, and an oco-category €, we have a
natural identification

Fun(K o L, ) = Fun(K, €) XPun(rx 1) Fan(L, €).
Proof. Commutativity of Fun(—, %) with colimits identifies Fun(K ¢ L, ¢) with the
fiber product
Fun(A', Fun(K x L, %)) X Fun(9A1,Fun(K x L,%)) (Fun(K, %) x Fun(L,¥)).
]
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We claim that, in the case of the non-blunt join, there is a canonical map K x
A' x L - K x L with the appropriate constancy conditions so that we obtain a
map from the blunt join K o L. Explicitly, any map o : A® — Al splits A" as

A" = A%« A% where A% := A% () and A7t = A7 (D,

This is the unique splitting so that ¢ now appears as the join of the projections
A% — AD,

For any simplex ¥ : A™ — K x Al x L, with associated triple of n-simplices
(0k,0,0L), we associate the n-simplex

YA 2 A% K AT TR o T

(Here we have abused notation and written o and oy, for the restrictions of these n-
simplices to the appropriate sub-simplices A%:.) The association ¥ — ¥’ determines
a map of simplicial sets

C:KxA'x L= K%L

whose restrictions to K x {0} x L and K x {1} x L are constant along L and K
respectively. Hence we get an induced map from the blunt join

¢k, KoL — K L.

We call this map the comparison map, and note that ck ;, is natural in both K and
L. Hence we obtain a natural transformation of bifunctors c: —¢ — — — x —.
The following can be checked directly.

Lemma 10.9. The structural maps K = Kx{0} - KoL and L = {1}xL — KoL

fit into diagrams
d L

K an
KoL—°% S KxL KoL ————s KxL.

We claim that the comparison map is an “equivalence” of simplicial sets, in the
precise sense of Definition 10.11 below.

10.4. The comparison map is a categorical equivalence. We first deal with
a small technical point. Recall that for any Kan complexes 2~ and % the functor
space Fun(%2", %) is a Kan complex. Hence for any Kan complex 2 and oo-
category & the inclusion &% — & induces a natural map of Kan complexes

Fun(Z, &%) = Fun(27, &)K. (45)

Lemma 10.10. For any Kan complex 2, and co-category &, the inclusion (45)
is a isomorphism of Kan complezes.

Proof. Since all maps in 2~ are isomorphisms, and composites of isomorphisms in
& are isomorphisms, the simplices in the image of the inclusion Fun(2, £¥) —
Fun(Z", &) are precisely those maps A" x 2" — & which restrict to an isomorphism
along each 1-simplex

A x {z} > A" x X — &.
By the characterization of natural isomorphisms provided in Theorem 7.6, these
are precisely the simplices in the subcomplex Fun(.2", &)¥a® C Fun(2, &). O

We have the following relative notion of equivalence for simplicial sets.
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Definition 10.11. A map of simplicial sets f : K — L is called a categorical
equivalence if, for every oco-category %, the induced map on Kan complexes

Fun(L, €)% — Fun(K, %)%
is a homotopy equivalence.
Such maps between simplicial sets admit a number of equivalent expressions.

Lemma 10.12 ([15, 01EF]). For a map of simplicial sets f : K — L, the following
are equivalent:
(a) For any co-category € the induced map

Fun(L, €)% — Fun(K, %)%

is an equivalence of Kan complexes (i.e. f is a categorical equivalence).
(b) For any oo-category € the induced map

Fun(L, %) — Fun(K,€)

s an equivalence of co-categories.
(¢) For any oco-category € the induced map

o (Fun(L, €)%*) — mo (Fun(K, €)%™")
s a bijection of sets.

Proof. The equivalence (a) < (b) follows from a consideration of the oco-category
Fun(A!, %), the adjunction

Fun(A!, Fun(—, %))¥*" = Fun(—, Fun(A!, €))Kan,

and Theorem 8.11. The implication (a) = (c) is clear. We deal finally with the
implication (c) = (a). Via adjunction (c) implies that f induces a bijection

o (Fun(2°, Fun(L, %))**") — mo (Fun(2", Fun(K, %))**")
at each pair of an co-categories ¥ and Kan complex 2°. But now the natural map
Fun(2 ,Fun(A, ¢)%*) — Fun(.2", Fun(4, €))k

is an isomorphism at an arbitrary simplicial set A, by Lemma 10.10. Hence (c)
implies that the induced map

0 (Fun(%,Fun(L,‘K)Kan)) — 7o (Fun(2", Fun(K, cg)Kan)) .

So f* : Fun(L,¢)¥*® — Fun(K, ¢)¥*" is an equivalence in the homotopy category
of spaces, i.e. a homotopy equivalence, and we therefore observe the implication (c)
= (a). O

Our primary claim is the following.

Proposition 10.13 ([15, 01HV]). At an arbitrary pair of simplicial sets K and L,
the comparison map cx 1, : KoL — K x L is a categorical equivalence.

We are claiming, equivalently, that the diagram of simplicial sets
K x 0A' x L KxA' x L

| lE

(K x{0hH O ({1} x L) K x L.
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is a categorical pushout square. The proof, which we do not cover, follows by a
reduction to the case where K = A! [15, 01HX]. This reduction is similar to the one
outlined in the proof of Theorem 8.11. One then deals with the special case where
L is a point [15, 01HZ] and follows a relatively intricate argument with categorical
pushouts and anodyne maps. See [15, 01HV] and the surrounding commentary for
details.

10.5. Slice and coslice diagonals. If we fix a diagram p : K — %, then at
arbitrary L we have

Fun(K o L, %), = {p} X%I;ll’l(KXLfg) Fun(L,%).
We expand the right hand side to the expression to get
Fun(Alv FUH(K x L, %)) X Fun(dAL,Fun(K x L,%)) Fun(L7 %)
= ElH(L, Fun(Alv Eln(Ka (g))) X Fun(L,Fun(8A!,Fun(K,%))) Fun(L, (f)

= Fun (L, {p} x%fm(ng) %) .
So in total we have a “restricted adjunction”
Fun(K ¢ L, %), = Fun (L, {P} XRun(r. %) ‘ﬁ) , (46)
and similarly obtain an adjunction
Fun(K o L, %), = Fun (L, C X P {q}) (47)

over any diagram ¢ : L — % [15, 01KN].

Now, at such diagrams ¢ and [, we have the evaluation maps ev, : K x6,, — ¢
and ev,y : ¢y x L — ¢ which restrict to p and ¢ on K and L respectively. We
compose with the comparison maps K ¢ 6,) — K x%,, and €/, 0 L — €4 % L to
obtain corresponding functions

oy Koy — ¢ and &), : 6oL —%C.
Via the restricted adjunctions (46) and (47) we obtain finally maps
bp/ = €y — {p} XCF)En(K,%) ¢ and 6,4 :C)q > C XOFfm(L,‘g) {a}-
We refer to these maps as the coslice and slice diagonals, respectively [15, 02GH].
Lemma 10.14. Consider diagrams p: K — € and q : L — €. Composition with

the co/slice diagonal produces a diagram of natural transformations

[
HomsSet(fv Cgp/) ——— HomsSet(fa {p} X%fm(ng) cg)

1,

Homgget (K * —,€), it Homgget (K © —, %),

and
[
Homgser (—, 6y/) —— Homgser(—, € xR, x4y 14})

1)

Homgget(— * L, 6), - Homgget(— ¢ L, ),

Proof. Follows by Yoneda’s lemma. [
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By considering the above diagrams one sees that the co/slice diagonals fit into
diagrams

{r} X Bun(K,%) Y Gy 4 X Bun(L,%) {q}

forge\ / forge\ /
€

10.6. Co/slice diagonals are equivalences.

Theorem 10.15. At an arbitrary diagram p : K — €, the slice an coslice diago-
nals

O/p 1 Crp = C Xpun(k, ) 1P} and Sy, 1 Cpy = P} XPun(r,6) €
are equivalences of co-categories.

We record a proof which is dependent on the following technical lemma.

Lemma 10.16 ([15, 01KV]). Fiz a diagramp : K — €. The adjunction Homgget (K

—,%)p = Homgset(—, 6p/) induces a natural isomorphism on connected components

HOmSSet (K * —, %)p

Homgget(—, 6,)) (48)

|

mo (Fun(K  —, €)5") % mo (Fun(—, 6,,)%™) .

The analogous result holds for the adjunction Homgset (—*K, €), = Homgset (—, €p)-

Sketch proof. Let us only deal with the adjunction for K x —. In [15, 01KV] it’s
shown that at any simplicial set L two maps fy, f1 : K*L — % are homotopic if and
only if the corresponding maps under adjunction fj, fi : L — %, are homotopic.
Equivalently, the adjunction

Homgset (K * L, ), — Homgsey (L, G,)) (49)

induces a bijection on isoclasses of objects in Fun(K « L, ¢") and Fun(L,%,,). This
final statement is equivalent to the existence of an isomorphism on connected com-
ponents in the associated Kan complex which completes the diagram

Homgget (K * L, €),

Homygget (L, 6,))

7o (Fun(K * L, €)5™") 2o (Fun(L, %,,)*™) .

Since the adjunction (49) is natural in both L and % the induced isomorphism on
connected components is also natural in both L and %. O

We now return to the main point of consideration.

Proof of Theorem 10.15. We prove that 6,/ is an equivalence. The case of ¢/, is
completely similar.

By Proposition 10.13 the comparison map cg. 1, : KoL — KL is an equivalence.
Hence the map on functor spaces

¢ Fun(K « L, €)% — Fun(K o L, ¢)X™
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is an equivalence at an arbitrary oco-category €. Restricting along the inclusions
K —- K%L and K — K ¢ L provide a diagram

Fun(K % L, ¢)Kan Fun(K o L, %)

\/

Fun(K, ¢)Ken

in which the two maps to Fun(K, ¢)¥®* are Kan fibrations by Corollary 6.15. Hence
the induced maps on fibers is an equivalence

Fun(K L,%)?an 5 Fun(KoL,%)gan

over any given diagram p : K — %, by Proposition 4.21, and the maps on connected
components are subsequently an equivalence as well. We apply Lemma 10.16 to
find that the induced map on connected components is an equivalence

0y : T (Fun(L,%p/)Ka“) 5 mo(Fun(L, {p} X Fun(K.,%) ¢ )Kan)

at arbitrary L. Hence the map d,, : 6,, — {p} X Fun(K.,%) % reduces to an isomor-

phism in the homotopy category h at., and is therefore an equivalence. (]

10.7. Comparisons of mapping spaces. Fix objects z and y in an oco-category
%. We interpret z as a diagram z : A® — %, and consider the coslice diagonal

0: 6, — {r} xg

which we now understand is an equivalence by Theorem 10.15. Via the explicit
construction from Section 10.5 we also have a diagram of functors

6 or
ng/ {‘I} X
m /@ (44)
C={z} x¥

We take the fiber over y : *x — % to obtain a map of Kan complexes
513;73! : Hom%(x, Y) =) x¢ {y} = {r} xg {y} = Homg (z,y).

One similarly takes the fiber of the slice diagonal €, — ¢ x% {y} over x to obtain
a map

DANE Homi (z,y) — Home (z,y).

We refer to these maps as the left and right comparison maps respectively, via a
slight abuse of language.

One sees directly that the co/slice diagonals are natural in functors between co-
categories F': € — 2 so that the left and right comparison maps are natural over
Cato, ast well. Explicitly, at any pair of objects in ¢, and any functor F', we have
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a diagram

Homg (Fz, Fy)

Hom@ (Fz, Fy) Home (z,y) Hom@ (Fz, Fy)

1o ek

Hom& (z, ) Hom (z, ).
Theorem 10.17. The left and right comparison maps
515,7! Hom (z,y) — Home(z,y) and 55’3, : Hom& (z,y) — Home (z,y)
are homotopy equivalences.

Proof. The forgetful functor €, — ¢ is a left fibration by Corollary 5.27, and
hence an isofibration by Lemma 5.31. The projection {z} x% ¢ — € is also an
isofibration, by Corollary 6.14 if one likes. We now have a dlagram

5

ch/ {.’E} X%Cg

o~

¢ =1{z}xC

in which the maps to & are isofibrations and the map ¢ is an equivalence (Theorem
10.15). We apply Corollary 6.24 to conclude that the induced map on fibers

oL Hom&(x,y) — Home (z,y)

Ty

is an equivalence. One follows a completely similar argument to see that the map
Jfgw is an equivalence as well. O

11. DG PREPARATIONS: THE DOLD-KAN CORRESPONDENCE

We want to calculate the mapping spaces for dg categories. The claim is ulti-
mately that, given a dg category A, the pinched mapping spaces for the dg nerve
o/ = N9(A) are identified with the Eilenbergh-MacLane constructions for the
mapping complexes

Homy (z,y) = K (Homj (,y)).

With a sufficiently strong understanding of this construction we then compare full
faithfulness in the dg setting to full faithfulness in the oo-setting.
The Eilenbergh-MacLane construction is specifically a functor

K : {cochains over Z} — {simplicial abelian groups} C Kan

which provides one-half of the so-called Dold-Kan correspondence. In this section
we provide a relatively detailed discussion of the Dold-Kan correspondence, and a
proof of the fact that the functor K transforms cohomology groups for cochains
into homotopy groups for spaces, in non-positive degrees,

mn(K(X)) = H™"(X).
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11.1. Reminders on simplicial sets. In this section we approach simplicial sets
from a more combinatorial perspective. A simplicial set K can be described as a
Z>o-collection of sets {K[n]},>0 equipped with maps

di : K[n] = K[n—1] and s} : K[n —1] = K|[n]

for all n, 0 <i<n,and 0 < j <n — 1, which satisfy the relations
o did; =dj_idi ifi <j. e sist=s},qs;ifi <.

o disi=si_ydiifi<j. o disi =sjdi_qifi>j+1

K3
edisi=udifi=jorj+1
As one might surmise, the maps d} and s; are dual to the unique increasing inclusion

d; : [n — 1] — [n] which does not contain 7 in its image, and the unique weakly
increasing surjection s; : [n] — [n — 1] with s;(j) = s;(j + 1) = J.

11.2. Simplicial abelian groups. We recall that a simplicial abelian group is a
functor A : A°? — Ab. Let Kany denote the category of simplicial abelian groups.
We have the forgetful functor Kany — sSet and note that the free simplicial abelian
group functor provides a left adjoint to this functor

Z— : sSet — Kang .

Explicitly, for any simplicial set K, (ZK)[n] = Z(K|[n]) and the structure maps are
extended linearly from the structure maps for K.

Proposition 11.1 ([16, 08N]). Any simplicial abelian group is a Kan complex.

Proof. Suppose we have a horn A} — A. Such a horn is specified by a tuple of
simplices o; : AlNIY 5 A for j # 4, and we seek an n-simplex o : A™ — A which
satisfies djo = oy, at all k.

We proceed via two induction processes. For the first inductive argument we
claim that there exist simplices z), in A[n], for each 0 < k < i, for which d}zy, = o
whenever j < k. This claim is trivially satisfied when ¢ = 0, and otherwise we begin

by taking z¢ = sjoo. Now given x4_; as desired we define xj, as
Ty = Tp—1 — Spdy(T—1) + 85 (0%),

and find directly that zp has the claimed property. Via induction we obtain an
element x = z;_; for which dj(r) = 0; whenever j <.

For our second argument, we claim the existence of n-simplices z/, for 0 < m <
n — ¢ for which d;(z;,) = o; at all j with 0 < j <iorn—m < j <n. We begin
by taking z(, = =, and given z,_; as desired we define

xlm = Ilm—l - S:L—md;—m+1(‘r;n—1) + S:L—m(a-n—m)'

One checks directly that x/, has the desired property, and by induction we obtain
all 2/, as claimed. Take finally o = 2, _,. O
11.3. Cochains from simplicial abelian groups. We eventually consider the
normalized Moore complex functor

N* : Kangz — Ch(Z)

from the category of simplicial abelian groups to the category of cochains of abelian
groups. This construction begins with a consideration of the standard Moore com-
plex functor.
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For any simplicial abelian group A take C*(A) to be the complex with
C™"(A) = Aln] and differential dg” , (o) = > (=1)'d; (o),
i=0
where df : A[n] — A[n — 1] is the i-th face map. One directly verifies that the
differential dc-(4) squares to 0, so that this construction is provides a functor
C* : Kang — Ch(Z).

We have the subcomplex of degenerate simplices D*(A) defined by taking D~™(A)
> . s¥(A[n — 1]). This subcomplex is also functorial in A.

i 5i
Lemma 11.2 ([20, Theorem 8.3.8]). The subcomplex D*(A) of degenerate simplices
in C*(A) is acyclic.

Idea of proof. One applies some filtration on D*(A) which is induced by the p-
th face operators, then sees that the Fs-page of the associated spectral sequence
already vanishes, i.e. that the associated graded complex gr D*(A) is acyclic. O

One now annihilates the subcomplex of degenerate simplices to produce a quasi-
isomorphic complex of normalized cochains.

Definition 11.3. The normalized (Moore) cochain complex functor
N* : Kang — Ch(Z)
is defined as the quotient N*(A) := C*(A)/D*(A).
The following is apparent.
Lemma 11.4. For any simplicial abelian group A, the reduction map C*(A) —
N*(A) is a quasi-isomorphism.
Definition 11.5. Define the functor
N*(—,Z) : sSet — Ch(Z)

as the composite N*(K,Z) := N*(ZK).
11.4. Eilenberg-MacLane functor. For any cochain complex X we define the
simplicial abelian group

K(X):A = Kanz, [n]— Homgyz) (N*(A",Z),X).
Explicitly, an n-simplex o : A™ — K(X) consists of the following data: For each

subset J C [n], with its inherited ordering J = {jo,...,Ji}, 0 associates a cochain
xy of degree —|J| + 1 in X. These cochains are required to satisfy

[J]-1
d(xs) =Y (-1)'zp(,) and d(z,) =0 when |J| = 1.
i=0
The abelian group structure on K (X)[n] is the obvious one,
{o:J S} +{ys s J C )y = {ws +ys: < o]}
[

For a weakly increasing function r : [n] — [m] the map r* : K(X)[m] — K(X)[n]
sends each tuple {zx : K C [m]} to the tuple {z; : J C [n]|} with

xpqy  if r|s is injective,
Xy =
0 otherwise.
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Lemma 11.6. For each positive integer n, any cochain x € X" appears as the
leading term x = x,) for an n-simplex o : A" — K(X). A degree 0 cochain x € X0
appears as the leading term in a 0-simplex if and only if x is a cocycle.

Proof. When n > 0 take o specified by the unique tuple with zp,) = =, 24y . ) =
d(x), and all other z; = 0. The result at n = 0 follows from the definition of
K(X)[0] as the collection of sets of a single element {z} with € X° and d(z) =
0. ]

Lemma 11.7. Consider an n-simplex o : A™ — K(X) and corresponding tuple of
cochains o = {xy : J C [n]}. The simplex o is a sum of degenerate simplices, i.e.
lies in D"K(X) = Y, s K(X)[n — 1], if and only if the leading term xp, € X"
vanishes.

Proof. Let us say o is of type m if z; = 0 whenever |J| > m. Note that the
only simplex of type 0 is the zero simplex. Consider o of type m with m < n,
and suppose o is not of type m — 1. Order the cochains x; with |J| = m in the
dictionary order
{x,]m PN 7th}7

and let I be the minimal size m subset for which z; is nonzero. Let 7 be the
maximal element in [n] with ¢ ¢ I and consider the endomorphism f : [n] — [n]
which is a bijection on [n] — {i} and sends ¢ to i — 1. Then f(I) = I and for any J
we have f(J) < J whenever f|; is injective. So the simplex f*(o) is of type m and
specified by a tuple {z/;} with

2y =x; and 2'; =0 whenever |J| =m and J < I.

We note that f factors through [n — 1] so that the simplex f(o) is degenerate, that
f(o) is of type m, and that

o— f(o)={a2";: J C[n]} with 2/, =0 whenever |J| =m and J < I.
In this way we can eliminate all nonzero cochains xz; with |J| = m, in order, by
successively adding degenerate simplices, and in totality we observe the existence
of a sum of degenerate simplices ¢’ for which
o — o is of type m — 1.

It follows, by induction if one likes, that there exists a sum of degenerate simplices
o” so that 0 — 0” = 0 whenever o is of type n. Equivalently, any o : A” — K(X)
is a sum of degenerate simplices if and only if the leading term x,) vanishes.  [J

In the statement below we let 79X denotes the 0-th truncation of a given complex
X,
X == X?X !5 272%X) 0.
Corollary 11.8. There is a natural map
ex :N'K(X)—= X

which sends the class of each generator {x; : J C [n]} in N""K(X) to its leading
term ) € X", This natural map is an isomorphism onto the subcompler 7o X

in X.

The proof only requires a check of the differential, which we omit.
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11.5. The Dold-Kan correspondence.
Lemma 11.9. The functor N* : Kang — Ch(Z) commutes with colimits.

Proof. One observes directly that N commutes with direct sums and exact se-
quences A* -+ A — A” — 0. Hence N commutes with colimits as well. It follows
that the composite N*(—,Z) commutes with colimits. O

We note that any simplicial abelian group can be placed in an exact sequence
O N (AW Z) = @\ N* (AN Z) - A = 0
to now observe that the natural identification
Homgset (A", K (X)) = Homepz) (N (A", Z), X)
extends to an adjunction between N* and K.
Proposition 11.10. There is a unique adjunction
Homcyz)(N*—, —) = Hom(—, K—)
which extends the identification
Homgan, (N(A",7Z), K(X)) = Homgyz) (N* (A", Z), X).

The unit of this adjunction A — KN*(A) sends a simplex o : A™ — A to the
simplex ¢/ = N*(o) : A™ — KN*(A). One can additionally check that the counit
of this adjunction is the natural map ex : N*K(X) — X from Corollary 11.8.
We recall that ex is counit map is an isomorphism whenever X is concentrated in
nonpositive degrees.

Proposition 11.11. For any simplicial abelian group A, the unit map ug : A —
KN*(A) is an isomorphism.

We omit the proof, as it is somewhat intricate, and refer the reader instead to
the presentation of Weibel [20, Section 8.4] or Lurie [15, 00QQ)]. We now obtain
the Dold-Kan correspondence as a consequence of Corollary 11.8 and Proposition
11.11.

thm:dk | Theorem 11.12 (Dold-Kan). The functors N* : Kang — Ch(Z) and K : Ch(Z) —
Kang restrict to mutually inverse equivalences

Kanz = Ch=%(Z) and Ch=°(Z) S Kang.

Proof. Corollary 11.8 and Proposition 11.11 tell us that, after restricting to ChSO(Z)7
the two composites K N* and N*K are naturally isomorphic to the identity. (]

11.6. Refined Dold-Kan correspondence. An important aspect of the Dold-
Kan equivalence is that it transforms homotopy groups for simplicial abelian groups
into cohomology groups for cochain complexes.

thm:dk_htopy_cohom| Theorem 11.13 (Dold-Kan II). Let A be a simplicial abelian group and X be an

integral cochain complex. The Dold-Kan equivalence admits natural isomorphisms

7, (A,0) =2 H(N*A) and H "(X) = m,(K(X),0) (50)

at all non-negative integers n.
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For a basic outline of the proof, we obtain the fundamental group 7, (A) as the
collection of (pointed) homotopy classes of maps

mn(A4,0) = {pointed maps S™ — A}/ ~pt htop -

One calculates N*(S™,Z) = Z[n] & Z[0], where Z[i] is a free abelian group concen-
trated in degree —i. Hence H "(X) is identified with homotopy classes of maps
from N*(S™,Z) which vanish on Z[0]. We might think of such maps as pointed
homotopy classes of pointed maps to obtain

H™"(X) = {pointed maps N*(S",Z) — X}/ ~pt htop -

So we expect to obtain the identifications (50) from a homotopy sensitive variant
of the Dold-Kan correspondence. We take a moment to explain how Dold-Kan in-
teracts with homotopy, and subsequently how the identifications (50) are extracted
out of the Dold-Kan equivalence.

11.7. Dold-Kan and homotopy. Recall that any simplicial abelian group is a
Kan complex. We can therefore speak of homotopy equivalences between maps
between simplicial abelian groups in the usual way, i.e. as maps A x A — B with
prescribed value on A x OAL.

Lemma 11.14 ([20, Theorem 8.3.12]). A homotopy h : K x A' — L between two
maps of simplicial abelian groups f, f': K — L is equivalent to the following data:
At each n > 0 we have a tuple of maps h;[n] : K[n] — B[n+ 1|, indexed by integers
0 < i < n, which satisfy

dho = f and d;,, ha[n] = f'[n],
as well as the intermediate formulae
hj_1df ifi<jy
It hjst ifi <
dihj=q dfhi1 ifi=j#0 and sjh; = (51)
histy ifi> ]
hidf_, ifi<j+1

Given a homotopy h : K x A' — L we refer to the corresponding maps {h;[n] :
n,0 < i < n} as the simplicial data for h. We recall the construction of this
bijection directly from [20].

Construction. Fix an integer n. For each —1 < i < n let o; : [n] — [1] be the
unique increasing map with o; *(0) = {0,...,i}. To be clear, a_; takes constant
value 1. We now have

(K x AY[n] =1 K[n] x {a;} 2 1L, K[n]
Given a homotopy h : K x A — L between maps f and f’ define
hz[n] = (h|A[n+1}><{ai})Sf : K[TL] — K[Tl + 1]

Conversely, given data h;[n] as above, let h: K x A — L be the unique simplicial
map with

f'[n] when i = —1
h[n)|kmix{a;y = § diy1hiln] when 0 <i<n (52)
fln] when i = n.

O
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Definition 11.15. Suppose A and B are simplicial abelian groups. A homotopy
h : A x A' = B between maps of simplicial abelian groups is said to be an
additive homotopy, or Z-homotopy, if all of the maps h;[n] : A[n] — B[n+ 1] in the
corresponding simplicial data are maps of abelian groups.

Clearly one can add and subtract additive simplicial data so that additive ho-
motopy classes are stable under linear combinations. In particular we have an
identification of quotients

Homgan, (A, B)/Z-htopy = Homgan, (A, B)/{f : f htopic to 0},

and we see that the quotient inherits an additive group structure from that of
HomKanZ (A, B)
By extending linearly we furthermore see that the adjunction

Homgset (K, B) = Homgan, (ZK, B),

at any simplicial set K and simplicial abelian group B, identifies homotopy classes
of maps from K to B with additive homotopy classes of maps from ZK to B. So
we have an induced adjunction at the homotopy level

Homgset (K, B)/ htopy — Homgan, (ZK, B)/Z-htopy. (53)
Proposition 11.16. The isomorphism
N* : Homgan, (4, B) = Homcyzy(N*A, N*B)

identifies additive homotopy equivalence classes of simplicial maps with homotopy
equivalence classes of chain maps, and hence induces a natural isomorphism on the
quotients

N* : Homgan, (A4, B)/Z-htopy — Homgzy(N*A, N*B).

Note the appearance of the homotopy category K(Z) in the second expression
above. We only indicate the main idea of the proof.

Sketch proof. One shows that any additive homotopy {h;[n] : A[n] = Bln+ 1]}
between maps f, f' : A — B defines a homotopy &, between the associated maps
on complexes N*(f), N*(f') : N*(A) — N*(B). Specifically we can take &, with
each £ = Y",(—1)’h,[n] [20, Lemma 8.3.13].

Conversely, consider two maps between nonpositively graded cochain complexes
g,9 : X — Y which are homotopic via some cochain homotopy £. Consider at each
n the natural inclusions

X "> K(X)n], z—{x;:JCn]}

where ) = , xp,—1) = (—=1)"d(z), x; = 0 otherwise.
We note that for any additive homotopy h between K (g) and K(g’), h is determined
uniquely by its values on the subspaces X " C K (X)[n]. Indeed, X° = K(X)[0],
at all positive n
K(X)[n] = X™" + degenerate simplices,
and we see from the constraints (51) that the values of h.[n] on degenerate simplices
are determined completely by previous map h.[n — 1].
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One shows finally that ¢ determines a (unique) additive homotopy h¢ between
K(g),K(¢"): KN*(A) - KN*(B) for which the simplicial data satisfies

519 ifi<n-—1
hf[”“Xw = sf_,g—srEntld ifi=n—1
splg—&mMd)—¢ ifi=n
at each n and 0 < i < n. See [20, pg 273-274]. 0

We recall that any simplicial abelian group B is a Kan complex (Proposition
11.1). Hence the simplicial set Fun(XK, B) is a Kan complex, at any simplicial set
K, and we have

mo(Fun(K, B)) = Homgget (K, B)/ htopy .
We now obtain the following corollary via the identification (53) and Proposition
11.16.

Corollary 11.17. Let K be a simplicial set and B be a simplicial abelian group.
The isomorphism

N* : Homgge (K, B) = Homgy,(z)(N*(K,Z), N*B)
reduces to a natural isomorphism
N*: mo(Fun(K, B)) = Homyz)(N*(K,Z), N*B).

11.8. Dold-Kan and pointed homotopy. Let z : *+ — K be a pointed simplicial
set, and consider any abelian group B. Note that B is naturally pointed via the
additive unit 0 : * — B. We then have the additive subgroup of pointed maps

HomsSet(K7 B)* - HomsSet(K7 B) ><Hom(a:,B) {O}
in Homgget (K, B).

Definition 11.18. The category of pointed cochains is the undercategory Ch(Z)z,,
and a pointed homotopy between pointed maps f,f : X — Y is a homotopy
h: X — XY whose restriction along the structure map Z — X is identically 0.

As with simplicial abelian groups, we always have the 0-pointing, which gives
an embedding Ch(Z) — Ch(Z)z,. This embedding is left adjoint to the forgetful
functor.

Since N*(x,Z) = Z, we see that N* restricts to an equivalence between the
categories of pointed simplicial abelian groups, i.e. simplicial abelian groups with
a fixed map * — A, and pointed nonnegatively graded cochains. In particular, we
have the binatural isomorphism

N* : Homgget (K, B) = Homenzy(N* (K, Z), N*B),.

Though we don’t define pointed additive homotopy for pointed simplicial abelian
groups in general, for maps f, f' : (4,a) — (B,0) between pointed simplicial sets
in which B has the 0 pointing, we say f and f’ are pointed additively homotopic if
there is an additive homotopy {h;[n]}n,; for which all h;[n][,m) = 0.

Lemma 11.19. Let a:*x — A and b : * — B be pointed simplicial abelian groups,
and suppose B has trivial pointing b = 0. Then the embedding

Homgn, (A/Za, B) — Homgan, (A, B)
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is an isomorphism onto Homgan, (A, B)«, and reduces to an isomorphism
Homgan, (A/Za, B) /{Z-htopy} = Homgan, (4, B)./{pointed Z-htopy}.

A similar result holds for cochains. Namely, we have a natural isomorphism
between maps in the homotopy category Homy z) (X/Zx,Y) and pointed homotopy
classes of maps in Homgy(z) (X, Y )+, whenever Y has the 0 pointing.

Proposition 11.20. Letx : x — K be a pointed simplicial set and B be a simplicial
abelian group. Give B its 0 pointing. Then the isomorphism

N* : Homgset (K, B). = Homeyz) (N*(K, Z), N*B).
reduces to an isomorphism
mo(Fun(K, B).) = Homeyz)(N* (K, Z), N*B), /{pointed htopy}.
Let us recall that Fun(K, B), is the fiber space

Fun(K, B), — Fun(K, B)

| |

* > Fun(z, B).
Proof. We have
mo(Fun(K, B).) = Homgget (K, B)./{pointed htopy}

& Homgan, (ZK, B)./{pointed Z-htopy}.
So the result follows from the diagram
Homgan, (ZK/Z2, B) —— Homeyz) (N*(K,Z)/Zx, N*B)

Homgan, (ZK, B), —— Homey(z) (N*(K,Z), N*B).,

which reduced to a diagram

Homg a, (ZK/Zz, B)/ ~ ~— Homy z)(N*(K,Z)/Zx, N*B) (54)

mo(Fun(K, B),) — — == > Homcy(z) (N* (K, Z), N*B)./ ~,

via Corollary 11.17 and Lemma 11.19. By considering a sufficiently large diagram
which connects the two squares above, we see that the completing isomorphism in
(54) is necessarily induced by the isomorphism

N* : Homgges (K, B) = Homen(zy(N* (K, Z), N*B),.
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11.9. Proof of Theorem 11.13. For the simplicial n-sphere S™ we have
N*(S"Z)=-+—>0—---0—>Zo, >0---— Zog—0

with the unique n-face sitting in cohomological degree —n and the unique O-face
sitting in cohomological degree 0. When n > 1 the differential on this complex is 0,
for degree reasons, and at n = 1 the differential is still 0 since d(o1) = 09 — 09 =0
directly. Hence

Homenz) (N*(S",2), X) = Z7"(X) & 2°(X)

for any cochain complex X. Now, if we give X its 0 pointing, and give N*(S™, Z)
its unique pointing induced by the pointing on S™, then we have

Homenz) (N* (5", Z), X). = Z27"(X)
and one observes further a natural identification
Homeyz) (N*(S™, Z), X)«/{pointed htopy} = H~"(X).
Let us recall that, for any simplicial abelian group, we have
mn(B,0) = 7o (Fun(S™, B).)
by definition. So we obtain Theorem 11.13 as an consequence of Proposition 11.20.

Proof of Theorem 11.13. The result for A is a consequence of Proposition 11.20, as
explained above. The result for X follows by the natural isomorphism N*K(X) &
70X, where 79X C X is the 0-th truncation, and the identifications H ™ "(19X) =
H~"(X) at all nonnegative n. O

Remark 11.21. We’ve not claimed that the isomorphisms of Theorem 11.13 are
isomorphisms of groups, under the natural group structure on m,(A,0). They
are however natural isomorphisms of groups under a group structure on m,(A4,0)
induced by the group structure on A.

In any case, it can be shown that the usual group structure on ,(A,0) is iden-
tified with the one induced by the additive structure on A [8, Discussion preceding
Corollary 2.7]. From this we conclude that the isomorphisms of Theorem 11.13 do
in fact respect the group structures.

11.10. Generalization to arbitrary abelian categories. The Dold-Kan corre-
spondence generalizes to the setting where Kany is replaced with the cateogry Kany
of simplicial objects valued in an arbitrary abelian category A, or even idempotent
split additive category. In particular, we have a pair of adjoint functors

N*:Kangy — Ch(A) and K : Ch(A) — Kang

where N* is constructed exactly as in the case of A = Z-mod, and K is obtained
via an alternate construction of the Eilenbergh-MacLane space [20, Section 8.4.4].
We have the following obvious analog of Theorems 11.12 and 11.13.
Theorem 11.22 ([20, Theorem 8.4.1]). For any abelian category A, the Filenbergh-
MacLane construction K : Ch(A) — Kany restricts to an equivalence ChSC(A) 5
Kany from the subcategory of connective cochains. There is furthermore a natural
isomorphism

H"(X) 27, (K(X),0)
at each A-cochain X and n > 0.
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12. MAPPING SPACES FOR DG CATEGORIES
We adopt the following notion of fully faithfulness for dg functors.

Definition 12.1. Call a dg functor f : A — B fully faithful if the induced maps
on Hom complexes

f: Homj (z,y) — Homp(fz, fy)
are all quasi-isomorphisms.
Here we compare fully faithfulness for a dg functor to fully faithfulness for the
associated map on dg nerves. We observe an identification between the mapping

spaces for the dg nerve ng(A) and the Eilenbergh-MacLane spaces for the Hom
complexes Hom}, (z,y).

12.1. Main findings.

Proposition 12.2. Consider a dg category A, and let K denote the Eilenbergh-
MacLane construction from Section 11.4. Take o/ = N9(A). For each pair of
objects x and y in A there is a natural identification of Kan complexes

Hom}, (z,y) = K(Hom} (z,y)).

By natural here we mean natural in dg functors. As the reader likely under-
stands, dg categories which arise in algebraic contexts often come equipped with
an additional shifting operation. By a shift functor on a dg category A we mean
an automorphism 3 of A which represents the shift functor on Hom complexes

Hom’ (X, S—) = ¥ Hom’ (X, —).

Given a dg functor f : A — B between dg categories which admit shift functors,
we have the sequence of maps

Hom}, (XX,XX) = X Homjp (XX, X)

Ly s Hom (F(£X), £X) = Homs (f(2X), Sf(X))

which provide a natural morphism f(XX) — Xf(X) at all X in A, namely the
image of the identity under the above sequence. We say that f commutes with
shifts if this map is an isomorphism at all X.

Now, from Theorem 11.13, we have natural isomorphisms which identify the
homotopy groups of the Eilenbergh-MacLane construction with the cohomology of
the incoming complex,

m(K(X)) =2 H™(X) for alln > 0.
Hence as a corollary to Proposition 12.2 we have the following.

Theorem 12.3. Suppose f : A — B be a functor between dg categories and let
F = N%(f) : o — B be the corresponding functor between dg nerves. Suppose
furthermore that A and B admit shift functors and that f commutes with the shift
functors on A and B. Then f is fully faithful if and only if F is fully faithful.

Remark 12.4. One can compare Theorem 12.3 to the stable analog I11-4.36.
One has a strongly related statement which forgoes any reference to shifting.

Theorem 12.5. Suppose a dg functor f : A — B is fully faithful (resp. fully
faithful and essentially surjective). Then the corresponding functor on co-categories
F:of — B is fully faithful (resp. an equivalence).
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Proof. We recall that the Eilenbergh-MacLane construction naturally identifies ho-
motopy groups with cohomology (Theorem 11.13). So, from the identification be-
tween the pinched and standard mapping spaces of Theorem 10.17, we see that F’
is fully faithful whenever f is fully faithful. It now follows that F' is essentially
surjective and fully faithful whenever f is, by Proposition 12.2, and hence F' is
an equivalence whenever f is fully faithful and essentially surjective by Theorem
8.2. O

We now establish Proposition 12.2, then return to prove Theorem 12.3.

12.2. Simplices in the pinched mapping space, explicitly. Take &7 = N9(A),
for a dg category A. An n-simplex A™ — Homlg’{ (z,y) is simply an (n + 1)-simplex
A" s o7 whose value on A%} is 2, and whose value on the 0-th face All-n+1}
is of constant value y.

Recall that an m-simplex in the dg nerve &7, for m > 1, is a choice of m objects
x; in A along with a tuple of maps {f;}; indexed by subsets I C [m] with |I| > 2,

—|I|+2
f[ S HomAl ! (xminlaxmaxl)a

for which satisfy
d(fr) = Z (=)= (fr, 0 fro, — fiogey)- (55)
teI\{min I,max I'}

Here Isy ={ie€l:i>t}, I<, = {i € I :i <t}, etc. The constant n-simplex at y
is the simplex specified by the maps f; : y — y with

; {idy if 1] =2
I:

0 else.

Given a subset J C [m], restricting such a simplex as above to the corresponding
face s* : A7 — A™ produces the (|J| — 1)-simplex specified by the data

s'{fryr={fr:1<m], [I| =2, I € J}.
More generally, for any map & : [k] — [m] we have
E{fitr ={fes: JC K] |J| =2}

where
idecyy if |[J] =2 and |[{(J)] =1
feg =% feon if €|y is injective
0 else.

So, returning to the issue at hand, an n-simplex in HomI;{(x,y) is a tuple of
maps {fr}; indexed by subsets I C [n + 1] of size > 2 with
fr =0 whenever 0 ¢ I and |I| > 2, g =z, x; = y whenever i > 0,
and fg; j1 = id, whenever i,j > 0.
The differential constraint (55) is vacuous when 0 ¢ I, and when 0 € I it reduces
to give
d(fr) = —fr\{max1} — Z (=) gy = — Z (=)= g4y
teI\{min I, max I} tel,t>0

By deleting 0 from the I C [n + 1] with 0 € I we obtain the following explicit
description of n-simplices in the pinched mapping space.
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Lemma 12.6 ([15, 011.9]). For a dg category A, and o/ = NU8(A), an n-simplex
n Hom{;{(x,y) is specified by a tuple of maps f; € Homgl‘]l_‘_l(m,y) indezed by
nonempty subsets of J C [n] which satisfy the constraint
d(fs) = — Z(—1)|J>”‘fJ\{t}~
teJ
Given £ : [m] — [n] the restricted simplex £*{fs}; is specified by maps feu, H C
[m], with
o= fecy if &|m is injective
SET 0 otherwise.
12.3. Identification with the Eilenbergh-MacLane construction.
Proposition 12.7 ([15, 01L9]). Take o/ = N(A), for a dg category A. Suppose
a tuple of maps
{fs € Hom{ " (,y) : J € [n]}
specifies an n-simplex in Homk(w, y), in the manner outlined in Section 12.2. Then
the tuple {f% : J C [n]},
5 = (-)M-Dr2p
specifies an n-simplex in K (Homy (z,y)). Furthermore, the assignment

Vay : Homg (z,y) — K(Hom (z,y)), {fr}s = {f7}s,

is an isomorphism of Kan complezes.

Proof. We simply check the constraint for {f/} ;. Fix a nonempty subset J C [n]
and take m = |J|. When |J| = 1 we have d(f;) = d(f};) = 0 and there is nothing
to check. So we assume m > 2.

We note that at any ¢t € J we have

Jst| = m — |J<i| and thus || + m(m; b_ m(m; SP)
Additionally,

m(m;‘l) _ (m—1)2(m—2) =(m-1)4+m=2m—-1=1 mod 2.
Hence

d(fh) ==Y, (—nWseamimt2 g, 0
=->, 7(|;1)|i§t|f‘}\{t}
=>(=1) St‘f]\{t}‘
This is precisely the differential constraint for simplices in K (Hom} (z,y)). We
therefore obtain a well-defined map

Vay[n] - Homy (2, y)[n] — K (Homy (x,9)[n], {fs}s = {7}
on n-simplices, at arbitrary n.

Via the same scaling one produces the inverse to 9, ,[n], so that each ¥, ,[n] is
seen to be a bijection. Compatibility with the structure maps follows by a direct
check, via Lemma 12.6 and the definition of the restriction maps on the Eilenbergh-
MacLane space. So we see the ¥, ,[n] assemble to provide the claimed isomorphism
of simplicial sets. O

For the proof of Proposition 12.2 we need only deal with naturality under dg
functors.
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Proof of Proposition 12.2. Let 7 : A — B be a dg functor with corresponding
functor T : & — 9B between oo-categories. For an (n + 1)-simplex {f;}; in o we
have
T{fi}r ={rf1}1.
Hence for an n-simplex {f;}; in the pinched mapping space we have T{f;}; =
{7 fs}s. To compare, for an n-simplex {f’}; in the Eilenbergh-MacLane space we
have
K(r){fits =1{rf3}ts.

Since 7 is Z-linear on morphisms we have 7(+f;) = £7(fs). Such Z-linearity
implies commutativity of the required diagram

Dy

Hom?, (z,v) K (Hom}, (7,y))

| [

TT,TY

Hom;;;(Tx, TYy) ————— K(Homj(7z, Ty)),
where 6 is the isomorphism from Proposition 12.7. O
12.4. Proof of Theorem 12.3.

Proof of Theorem 12.3. Let us adopt a slightly different notation than in the state-
ment and take 7 : A — B a dg functor with corresponding functor between oo-
categories T : &/ — 2. In this case, commutation with shifts implies that 7 is fully
faithful if and only if 7 induces quasi-isomorphisms on the truncated complexes

-+ — Hom ™ ?(u,v) — Hom ! (u,v) = Z°(Hom(u,v)) — 0.

This is to say, 7 is fully faithful if and only if the induced maps on cohomology
groups
H™"(Homp (x,y)) — H™"(Homp(T z, Ty))
are isomorphisms at all n > 0.
We have the diagram

T K (T
7 K (Hom'a (2, ) —o o 7, K (Homi (72, 7))

N §
H~"(Homj (2,y)) —————— H~"(Homp (7, Ty))

by Dold-Kan, Theorem 11.13, and from Proposition 12.2 deduce a diagram
7, Hom", (z,7) B 7, Homby (T 2, T )

:l ig

T K (T
T K (Hom’ (2, y)) 2 T K (Homg (72, TY))

These two diagrams together imply that H~"(7) is an isomorphism at all nonneg-
ative n if and only if 7,(T) is an isomorphism at all nonnegative n. The above
information, and the fact that the left pinched mapping spaces are naturally iden-
tified with the standard mapping spaces (Theorem 10.17), tells us that 7: A — B
is fully faithful if and only if the associated map on oco-categories T : &/ — £ is
fully faithful. O
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12.5. A basic example: Koszul duality. Let’s consider the case of Koszul dual-
ity. Take S = k[xq,...,x,] with the z; in degree 1 and A = Ag(y1, ..., yn) with the
y; in degree 0. Let A be the dg category of K-projective dg A-modules with finite-
dimensional cohomology and B be the dg category of K-projective dg S-modules
with coherent cohomology. We have

P(N)fin and 2(S)con,

the derived oco-categories of finite-dimensional dg A-modules and coherent dg S-
modules, which we construct explicitly via the dg nerves of the corresponding dg
categories of K-projective dg modules.

Consider the Koszul resolution

Kos=(A®S", d=> y®x),

with its natural dg (A, S)-bimodule structure, and consider the dg function
r = Hom} (Kos, —) : dgMod(A)proj — dgMod(S)proj-

This functor commutes with shifts. We have the associated functor on derived
oo-categories, restricted to the finite co-subcategories, which we simply denote

R: @(A>fzn — .@(S)coh.

It is well-known that the functor Hom’ (Kos, —) induces an equivalence on the
corresponding homotopy categories D(A) i, — D(S)con, and hence that the maps
on morphism complexes

ry,n : Homjy (M, N) — Homg(rM,rN)

are quasi-isomorphisms at all M and N. (Here one uses the shift to move from
0-th cohomology to all cohomology.) It follows by Theorem 12.3 that the associ-
ated functor on oo-categories R : Pyin(A) = Deon(S) is fully faithful. Essential
surjectivity follows from, and is equivalent to, essential surjectivity of the map on
homotopy categories. So we see that the functor R is in fact and equivalence of
oo-categories by Theorem 8.2. In this way Koszul duality lifts to an equivalence of
oo-categories.

13. INJECTIVE VERSUS PROJECTIVE MODELS FOR Z(A)

Throughout this section we fix a Grothendieck abelian category A with enough
projectives. The most basic example would be the category of arbitrary modules
over a ring R.

In this setting one has the “algebraist’s model” for the derived category D(A),
which employs projectives and projective resolutions. This projective construction
is convenient for deriving tensor products, for example, and can also be used to
derived Hom. (The injective model is “bad” for tensor product functors.) Given A
as described, we provide a unique identification between the injective and projective
constructions of the derived co-category

2(A) = {the oo-category of sufficiently injective complexes}

= {the oco-category of sufficiently projective complexes}.
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13.1. Balancing injectives and projectives. Let A be an abelian category. Re-
call that a complex P (resp. I) in the dg category Ch(A) is called K-projective
(resp. K-injective) if the functor
Homj (P, —) : Ch(A) — Ch(Z)
(resp. Homj(—,I) : Ch(A)°® — Ch(Z))
preserves acyclicity. By considering mapping cones, one sees that a complex is K-

projective, or K-injective, if and only if the corresponding Hom-complex functor
preserves quasi-isomorphisms.

Lemma 13.1. Let A be a Grothendieck abelian category with enough projectives.
Then every complex M in Ch(A) admits a quasi-isomorphism M — I to a K-
injective complex, and a quasi-isomorphism P — M from a K -projective complez.

Proof. As we have pointed out previously, the existence of K-injective resolutions
follows by [18, Theorem 3.13]. One constructs K-projective resolutions via a cell
attaching process, as in [5, Theorem II1.2.10]. O

Fix now A Grothendieck abelian with enough projectives. We take
Duyj = { The f'ul.l dg sub'category of } Dpyo: = { The full. dg'sub(';ategory of } .
K-injectives in Ch(A) ’ ! K-projectives in Ch(A)
We claim that there is a canonical identification of the associated dg nerves
90 = N"¥D0), Dproj ~ Prj.
Let’s define a third dg category Dg, whose objects are triples
M,=(PI,a: P—1I),

where P is in Dpyoj, I is in Dryj, and « is a quasi-isomorphism of cochains over
A. As graded spaces, the mapping complexes Homp, (M, Mp) are the upper
triangular matrices

Homj (I, 1I') ¥~!Homj (P, I')

Homp,,, (Ma, Ms) = 0 Homj (P, P)

with composition

[fij] - 1945] = fr1911 + fa2922 + (*l)lf“‘fnglz + f12922.

The differential is taken as
d([fij]) = d(f11) + d(f22) — d(f12) + Bfa2 — fu1c.

Remark 13.2. To make sense of this construction one can consider the following
analogous situation: Consider a dg (5, R)-bimodule M over dg algebras S and R.
Then we have the shifted dg bimodule XM, which has negated differential and new
actions

$ “shited M = (—1)*ls - m and m -spigeea r =m 7
We then have the upper triangular matrix algebra

SZM]

UMat(SM) = { 0 B

with natural dg structure induced by the dg algebra/bimodule structures on the
entries. Now, any degree 0 cocyle a in M produces a degree 1 solution to the
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Maurer-Cartan equation d(a) +a? = 0, and we twist by this solution to obtain the
new dg algebra

UMat(XM), = UMat(XM) with new differential d + [a, —].

In the case R = End}([), S = End}(P), M = Homj (P, I) this matrix algebra,
with a-twisted differential, reproduces the endomorphisms Endp,,  (M,).

Lemma 13.3. The dg category Dya) is in fact a dg category.

Proof. All of the calculations are similar to the calculations which show that UMat(XM),
is a dg algebra. We omit the verification of associativity.
For the square of the differential, we have

d=d'+(8--)~(=-a)
with d'([gi;]) = [£d(gi;)]. Since a and 8 in M, and Mg are cocycles we have
—d(B - g22) = —B-d(g22) and —d(g11-«a)=—d(g11) " .
Hence
d*([9i5]) = (d)*([95]) — d(B - g22) + d(g11 - @) + B - d(g22) — d(gn1) - a = 0.

For compatibility with composition, given f = [f;;] in Hom" (Mg, M) and g =
[9i;] in Hom* (M, Mg) one checks directly

d(f-g)=d(f) g+ (-D)f-d(g)
so that
d(f-g)—d(f)-g— (-1)71f - d(g)
= 7 fazgaz — frigric — Yfaagas + f11Bg22 — (=)W1 Bgos + (1)1 £11 91100
=0.
O

We consider the dg projections on Hom-complexes

HomBBal(Ma, Mp)

Homy (I,1') Hom} (P, P').

which define dg functors 7 : Dpay — Diyj and 7p : Dpap = Dpyo;.

prop:unbounded‘ Proposition 13.4. The two projections w; and wp are fully faithful and essentially

surjective.

Proof. Since any complex admits both a K-injective and K-projective resolution,
the projections m are essentially surjective.

As for the claim that these functors induce quasi-isomorphisms on Hom-complexes,
we have in the injective instance an exact sequence of cochains
0 — X! cone(B, : Hom(P, P') — Hom(P, I')) — Homp,_, (M., Ms) = Hom(I,1') — 0.

0

Since f is a quasi-isomorphism and Hom} (P, —) preserves quasi-isomorphisms the
corresponding map [ - — = [, is a quasi-isomorphism, and the mapping cone
appearing in (56) in acyclic. From exactness of the sequence (56) we now conclude
that the projection to Hom} (I, I’) is in fact a quasi-isomorphism, and hence that
mr is fully faithful. The argument for 7p is similar. O
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We now consider the dg nerves 25 = N%(Dpg), and corresponding functors
between oco-categories Il : Zga — Z0.

Apply Theorem 12.5 to observe an equivalence between the projective and in-
jective models for the co-derived category.

Theorem 13.5. The two functors

@Bal (57)

2N,
anj -@Proj

are equivalences of co-categories. In particular, completing the diagram yields equiv-
alences of co-categories

(.@(A) IZ).@mj :> -@Proj and .@pmj :> -@Inj
which are unique up to an isomorphism of co-functors.

Remark 13.6. The obvious analog of Theorem 13.5 holds when we replace Ch(A)
with the dg category of dg modules R-dgmod for a dg algebra R. (See [10].) The
proof is exactly the same.

13.2. Uniqueness of the injective-projective transition. We have claimed
that the equivalence Zry; = Dproj appearing in Theorem 13.5 is unique up to an
isomorphism of co-functors. This notion of uniqueness is weaker, however, than
a complete uniqueness claim. We would propose that the “space of choices” for
morphisms completing the diagram (57) is contractible. Let us first decide what
this space of fillings is, then address its triviality.

Consider the oo-category %aty, of oo-categories. A map completing the given
diagram is an object in the mapping space

Hom (¢ 7, 1Ip)

“)93@1/(

for the undercategory (¢ato)qy, /- We can replace this mapping space with the
left pinched space, by Theorem 10.17. This pinched space is explicitly the fiber of
the double undercategory

((%atoo)@gal/) n;/

over the point Ilp in (¥ate)a,, ;- This double undercategory is directly identified
with the undercategory

(%atoo)nl/

via associativity of the join if one likes. Hence we obtain an identification, at least
up to homotopy,

{the space of fillings (57)} ~ {Ilp} X (vat.)s, , (Catoo)m, /-
Proposition 13.7. The co-category
{Ilp} X(¢ate)oy,,, (Gatoo)m,

of functors Pnj — Dproj completing the diagram (57) is a contractible Kan complex.
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We won’t provide all of the details for this uniqueness result, however the ar-
gument is fairly straightforward. Since the functor Il is an equivalence it follows
that the forgetful functor on undercategories

(Cgatoo)nl/ — (Cgatoo)%gal/

is a trivial Kan fibration [15, 02J2]. Hence the fiber of this forgetful functor along
any point is a contractible space. In particular, the fiber along the point

Hp Dk — (Cgatoo)QBal/
is contractible, as claimed.

13.3. Comparison with localization. This final subsection is an informal dis-
cussion concerning the derived category.

At this point it is apparent that we don’t actually want to define the derived oco-
category Z(A) in a way which makes explicit reference to a dg model of injective,
projective, flat, etc. complexes. Though the description still leaves something to be
desired, one can in fact obtain Z(A) as an oco-categorical localization of the plain
category of cochains over A

PD(A) := Chypain(A)[Qiso ] (58)

relative to the class of quasi-isomorphism [14, Propositions 1.3.4.5, 1.3.5.15]. This
localization happens to be identified with the localization of the homotopy oco-
category % (A) at quasi-isomorphisms as well [14, Propositions 1.3.4.5].

Remark 13.8. One should note the absurdity of the localization claim (58), when
considered from the classical algebraic perspective, as it circumvents the homotopy
category completely.

Now, the o appearing in the objects a : P — I in the balanced category Dpa
define a dg transformation which fills the 2-diagram

Dgal
DInj DPI"O_]
\incl\ /incl
Ch(A)

Taking oo-categories provides a corresponding diagram in %ats., i.e. a morphism
between functors in Fun(Zga, # (A)), and this extends to a diagram

Chplain(A)[Qisofl] o %(A)[Qisofl]

in %ats (Proposition 14.6). From this one can show that any morphism Zi,; —
Dproj which completes a diagram under Zp,1 simultaneously completes a diagram
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over the localization Chpjain(A)[Qiso™!] (Proposition 5.33). This is to say, the
unique equivalence

IvP : -@Inj :> -@Proj
appearing in Theorem 13.5 is simultaneously the unique equivalence completing the
diagram

3! = IvP
Drnj Dproj

T

P(A) = Chypain(A)[Qiso™!]

better

Hence our equivalence from Theorem 13.5 is the correct one from the localization
perspective as well.

— 14. ADJOINT FUNCTORS
sect:adjoints

We conclude the text with an introduction to adjoints. We return to this topic
in Part ITI, where pairs of adjoint functors between oco-categories are classified by
cocartesian fibrations over the 1-simplex.

14.1. Adjoint functors.

Definition 14.1 ([15, 02EL]). Given a pair of functors F' : € - 2 and G : I —

%, we say F' is left adjoint to G, or equivalently G is right adjoint to F', if there
are natural transformations 7 : idey — GF and € : FG — idg for which have
2-simplices

FGF and GFG
G

N,
F _ F - G
idp ida

in Fun(¢, 2) and Fun(2, €) respectively.

Given natural transformations 7 and e which exhibit F' as a left adjoint to G,
we refer to 1 : ide — GF as the unit of the adjunction and € : FG — idg as the
counit of the adjunction.

Lemma 14.2. Suppose F, F' : € — 2 are functors between co-categories, and that
C: A X € — 2 is a natural transformation from F to F'. Then, for each pair of
objects x,y : x = €, the diagram

Hom (2, y) —— Homg (F(z), F(y)) (59)

| 2

Homg (F'(x), F'(y)) < Homg (F(x), F'(y))

commutes in the homotopy category h Fan.

Proof. Consider the map i : Fun(A!, ¢) — Fun(A! x A, Al x €) defined as the
composite

Fun(A', %) = {ida1} x Fun(A', %) — Fun(A', A') x Fun(A!, %)
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— Fun(A! x A A x 7).
We now have the functor w : Fun(A!,; %) — Fun(A! x A, 2) defined as the
composite
Fun(A', %) & Fun(A' x A, Al x €) = Fun(A! x A, 2). (60)

This map sends an n-simplex o : A" x Al — ¢, which we might view as a trans-
formation « : 0y — o1 between diagrams o; : A" — €, to a diagram of the form

(<,id)
(07 Ul) (17 Ul)
(id,a)T T(idva)
(0700) (<,id) (1700)

in Fun(A", Al x €). Applying ¢ we then obtain a diagram

¢(o1)
F(oy) F'(01)

o

F(og) ——— F'(09)
¢(o0)

in Fun(A", Al x €). At constant diagrams oq = = and o7 = y, the above square
appears as

Fly) — s Fi(y)
o
Fla) = F'(z)

Let t : A2 =2 A100,0.1),(LD} 4 AT Al and d : A! 22 A102} 5 A2 denote the
obvious inclusions, and § : A! — Al x A! denote the diagonal. In considering the
upper-left triangle in the above square, we observe a diagram

Homg (F(x), F'(y))

Fun(Al X Al, @)fib "

| |

Homeg (z,y) ——— {C(y)} x Homg (F(z), F(y)) ;

where the subscript fib indicates the appropriate fiber. This diagram equates the
composites

Home (7, y) = Fun(A' x A', 2) 4 5 Homg (F(z), F'(y))

and
Home (2,y) 5 Homa (F(x), F(y)) & Homg (F(z), F'(y))



cor:enrich_adjl

cor:enrich_adj2

prop:5112

110 CRIS NEGRON

in the homotopy category h #an. We similarly equate §*w with the composite

Hom (2, y) 5 Homo (F'(2), F'(y)) < Homg (F (), F' (y))

and so establish the claimed diagram (59). (]

We recall the for any oo-category € we have the associated h J£an-enriched cat-
egory % from Proposition 9.4, whose morphisms are given by the Kan complexes
Home (z,y). Lemma 14.2 tells us that natural transformations in the co-categorical
context induce, in the most immediate way, natural transformations for the cor-
responding h Zan-enriched functors. In particular, we find that oco-categorical
adjunctions induce h .#an-enriched adjunctions.

Corollary 14.3. If F' : € — Z is left adjoint to a functor G : 9 — €, then the
induced enriched functor mF : 1€ — w2 is left adjoint to the enriched functor
G 79 — 7E€.

What we mean here is that we have enriched unit and counit transformations for
the pair (7 F, 7G) whose composites recover the identity on 7F and G, as usual.
Since we have well-defined composition on h Zan-enriched categories we recover
the standard Hom-centric expression of adjunctions after descending to the level of
enriched categories.

Corollary 14.4. If a functor F' : € — P is left adjoint to G : 9 — €, then the
unit map n : idy — GF induces an isomorphism

Home (Fz,y) — Homg (G Fx, Gy) 7, Homg (z, Gy)
in han. Similarly, the counit map € : FG — idy induces an isomorphism
Homg (z, Gy) — Home (Fz, FGy) %5 Home (Fz,y)
in h Zan.
Applying 7 to Corollary 14.4 yields the following.

Proposition 14.5. Suppose a functor F : € — 2 is left adjoint to a functor
G: 9 — €. Then the induced map on homotopy categories h F : hE — h P is left
adjoint tohG :h 2 — hé.

14.2. Natural transformations from the dg setting. By a natural transfor-
mation between dg functors ¢,# : A — B we mean a collection of degree 0 cocyles
0, : t(z) — t'(z) in Homg (t(x), t'(x)) which satisfy

0,t(&) =1t'(£)0, at each & € Hom} (z,y).

Proposition 14.6. Lett,t' : A — B be two dg functors between dg categories, and
0 :t — t' be any natural transformation. Then there is an explicitly defined natural
transformation © : A' x of — B between the associated functors T, T' : of — B
on the dg nerves which satisfies

@|A1><{.r} =0, :t(z) = t’(x)

at each object x in .
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Construction 14.6. We have already described the values of © on 0-simplices in the
product. Now suppose n > 1.

An n-simplex in the product A! x &7 is a pair of n-simplices {a, o} in Al[n] x
o/[n]. Here o is a map « : [n] — [1], and this map is determined by a splitting
[n] = [n]- 1I [n]4, with [n]- = a71(0) and [n]y = a~!(1). Additionally o is
determined by a tuple of maps {f; : J C [n]} with |J| > 2. Let us take z; = o|a -

Define O(«,0) = {gs : J C [n]} where

t(fr) when J C [n]_
g = t'(fr) when J C [n]+
t’(fJ)mein(J> = meax(‘,)t(ftj) otherwise,
The differential constraints on these g; follow from naturality of . Hence the tuple
{97 : J C [n]} defines an n-simplex in A.
We now have well defined maps
O[n] : A'[n] x o[n] — B|n]
at all n, and a direct check verifies that the ©[n] assemble into a map of simplicial

sets. By construction ©|fo1xr = T, Olf1yxr = T", and O| a1 (5} = 0. O

Given a dg transformation 6 : ¢ — t' between dg functors ¢,t' : A — B, and dg
functors f: Z — A, g: B — C, welet 0y : tf — t'f and 09 : gt — gt’ denote the
natural transformations with

(Hf)z = Qf(z) and (99)$ = g(@x)

at each z in Z and z in A. We adopt a similar notation for natural transformations
between functors on co-categories.

Lemma 14.7. Suppose we are in the situation of Proposition 1.6, and consider dg
functors f:Z — A and g : B — C. Let 0 :t — t' be a transformation between dg
functors t,t’' :A —B. Let F: % — o and G: B — € and T,T' : o/ — B be the
associated functors on oo-categories. Then Op : TF — T'F and O% : GT — GT'
are the natural transformations associated to the dg transformations 0y and 09,
respectively.

Proof. The transformations O and ©F are explicitly the composites
Al x 2"IA o7 & % and Alx o & 28 %,

respectively. One simply checks, using Construction 14.6 directly, that these func-
tors are the natural transformations associated to 65 and 69 respectively. O

We finally consider composites of dg transformations and their co-counterparts.

Lemma 14.8. Suppose t,t',t" : A — B are dg functors with dg transformations
0:t—t and 0 :t' —t". Take 0" = 0’0, and let ©,0",0" : Al x o — B be the
associated co-categorical transformations. There exists a 2-simplex in the mapping
category M : A% x of — ZB with

M ‘A{O,I}Xg{ == @, M ‘A{I,Z}Xg{ == @/, and M ‘A{o,z}xd == @H.
This is to say, ©" is a composition of © and ©' in the co-category Fun(«/, A).

The construction of M is similar to Construction 14.6, and is omitted.
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14.3. Adjoints from the dg setting. By an adjoint pair of dg functors we mean
a pair of dg functors
ftA—-B and g:B— A

with corresponding dg transformations u : ida — ¢gf and € : gf — idg for which
the composites

f—=f9f—=[f and g—=gfg—yg
are both the identity.
Theorem 14.9. Suppose f : A — B is left adjointtog : B — A, and letu : ida —
gf and ¢ : gf — idg be the dg transformations which exhibit this adjunction. Let
F:of - B and G : B — < be the induced functors on dg nerves.

The transformations n : idoy — GF and € : GF — idg which are associated to
u and ¢, as in Construction 14.6, exhibit F as left adjoint to G.

Proof. By Lemmas 14.7 and 14.8, the identity transformations F' — F and G — G
are composites of np : F — FGF with ' : FGF — F, and g : G — GFG with
€ : FGF — G, respectively. Hence F is left adjoint to G, in the precise sense of
Definition 14.1. O

14.4. Adjoints from the simplicial setting.

Lemma 14.10. Let f, f' : A — B be functors between simplicial categories, and
0 : f — f be an (enriched) natural transformation. Take F = N"(f) and F' =
N(f"). Then 0 induces a natural transformation © : F — F' with

Olatxizy =02 : f(z) = f'(2)
at each = in a.

The proof is similar to, but somewhat easier than the dg setting.

Construction. Take o/ = N"(A) and & = N"(B). Consider an n-simplex {a, o} :
A" — Al x & and the corresponding splitting a=1(0) I a~*(1) = [n]. Take
me = max(a~1(0)), or —1 if this set is empty. Note that o is, by definition, a
simplicial functor Path A™ — A.

Define the n-simplex ¢’ : Path A™ — B in % on objects by taking

o (a) :{ fo(a) ifa<mg

flo(a) if a>mg.
At a,b < m, we take
o' := fo : Homp,,(a,b) — Homp(fo(a), fo(b))
and for a,b > m, we take
o' := f'o : Homp,,(a,b) = Homp(f'o(a), f'o(b)).
When a < m, < b we take
o' i=0.fo = f'0°0 : Homp,, (a,5) — Homy (fo(a), f'o(b)).

We've now defined maps of sets (Al x &)[n] — %[n] which assemble to provide
the desired transformation © : Al x o — . O

One checks directly that the simplicial analog of Lemma 14.7 holds.
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Lemma 14.11. Let f : Z — A, t,t' : A — B, and g : B — C be simplicial functors.
Consider any transformation 6 :t - . Let F : & — o, T, T : & — %, G :
B — € be the associated functors on homotopy coherent nerves, and © : T — T’
be the associated transformation from Lemma 1/.10. Then O©p : TF — T'F and
O% : GT — GT' are the transformations associated to 0y and 69.

By a construction similar to the one employed in the proof of Lemma 14.10 one
can show that the assignment 6 — © respects composition as well.

Lemma 14.12. Let 0 : f — f' and ¢ : f' — f"” be natural transformations
between simplicial functors f, f', f"" : A — B. Take 0" = 0'0. For o = N"(A) and
B = N"(B), there is a 2-simplex A? x of — B which exhibits the transformation
©” as a composite
(_)// :@/6 :th(f) %th(f/l)-
We now observe that adjunctions between simplicial functors induce adjunctions

between the corresponding functors on homotopy coherent nerves.

Theorem 14.13. Let f : A — B be a simplicial functor which is left adjoint to a
simplicial functor g : B — A. Then the associated functor F = th(f) A = RBis
left adjoint to the functor G = N"(g) : B — o .

14.5. A differential example: Induction and restriction. For a basic exam-
ple, let’s consider algebras S and R over a field k. Let M be a bounded complex
of (S, R)-bimodule and consider the functors

M ®p —: Ch®(R) — Ch®(S) and Hom¥ (M, —) : Ch’(S) — Ch’(R).
Let M’ — M be a bounded above resolution of M by projective S ®; R°P-modules.
Then we have the induced functor on dg categories
M' ®p — : Proj’(R) — Proj®(S) and Homj(M’, ) : Proj’(S) — Proj’(R),
where the superscript b here indicates bounded above complexes with bounded

cohomology. Take dg nerves to get induced functors on the bounded derived oo-
categories

M &% —: 2°(R) — 2°(S) and RHomg(M,—): 2°(S) — 2°(R).
The usual unit and counit transformations
u :idpygp gy — Homg(M', M' ®p —) and c¢: M’ ®@g Homg(M', =) = idp,g(s)
now induce natural transformations at the level of co-categories
1t idgery — RHomg(M, M @% —) and €: M ®F RHomg(M, —) — idgs(s)
which exhibit M ®I§ — as left adjoint to RHomg, by Theorem 14.9.

14.6. A simplicial example: Kan complexes and oco-categories. Let ¢ :
Kan — %; denote the inclusion of simplicial categories, and € : € — &
denote the inclusion at any oo-category ¥. By Lemma 10.10 the inclusion € in-
duces an isomorphism

. : Fun(2°, 2% 5 Fun(2°, 2)%

at each Kan complex 2Z°. This implies that restricting to the associated Kan com-
plex provides a well-defined map of simplicial sets

(=) Fun(%, 2)%" — Fun(¢¥™, 2)K*" = Fun(¢%", 7K
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at each pair of oo-categories. This map is compatible with composition and so

defines a simplicial enrichment of the associated Kan complex functor.
Proposition 14.14. The associated Kan complex functor (—)Kan
riches to a simplicial functor (—)¥a : Cat¥ — Kan.

naturally en-

Take now 7 : 2~ — (1.2°)K®" the equality. The sequence
Fun(iZ, €)% — Fun((i.2")K, gKam) 7, Fun(Z", €%*™)

is an isomorphism, which happens to be inverse to €,. In particular we find that
the inclusion i is left adjoint to the associated Kan complex functor (—)X# as a
simplicial functor. We apply Theorem 14.13 to find the following.

Proposition 14.15. The inclusion i : Fan — Gats is left adjoint to the asso-
ciated Kan complex functor (—)X8" : Gat,, — #an. The unit of the adjunction
N ¢ idyan — (i—)5% = id yn is the equality, and the counit € : i(—)X8" — idegy,
evaluates to the inclusion €% — € on objects.
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