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CRIS NEGRON

ABSTRACT. These are notes on co-categories which are (mostly) adapted from
Lurie’s digital text Kerodon [5]. Following Part I, which presents the basic
foundations for studies of oo-categories, we discuss cartesian and cocartesian
fibrations, transport functors (i.e. Grothendeick straightening and unstraight-
ening), limits and colimits, and Yoneda embedding. Specific topics include
Hom functions for simplicial and dg categories, and calculations of limits and
colimits of Kan complexes and co-categories.

In comparing with Part I, we omit more details in our treatment. This
is especially the case when it comes to our discussions of transport and our
arguments for completeness/cocompleteness of %atso. In our subsequent in-
stallment, Part 111, we discuss the derived category as a stable and presentable
oo-category.
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1. INTRODUCTION TO CARTESIAN AND COCARTESIAN FIBRATIONS

[This document is not edited, nor is it complete, though many sections exist in a
quasi-complete state. I've only made it publicly available at this point as the text
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is referenced (with frequency) in “Kerodon remix part 1117, which concerns derived
oo-categories. According to the authors’ calculations, a functional version of the
text should be available in Fall 2025.]

1.1. Definitions.

Definition 1.1. Consider a map of simplicial sets ¢ : X — S. We call a 1-simplex
a:x —yin X a g-cartesian morphism if any lifting problem

AT 2> X (1)

A" ——= §

with n > 2 and 6\A{”_1’”} = « admits a solution. We say o : x — y is g-cocartesian
if any lifting problem

A" — §
with n > 2 and 7|A{%1} = o admits a solution.

Though at some specific moments we will consider a case where X and S are
not oo-categories, we are primarily invested in the oo-categorical setting.

Definition 1.2. We call a map of co-categories ¢ : € — 2 a cartesian fibration if
¢ is an inner fibration and, for any map a: Z — 7 in 2 and y in € with ¢(y) = 7,
there is a g-cartesian map « : & — y in € with ¢(a) = a.

Similarly, we call ¢ a cocartesian fibration if it is an inner fibration and, for
any map 3 : 7 — ¢ in & and z with g(z) = Z, there is a g-cocartesian fibration
B:x—y with ¢(8) = 3.

The following is obvious. Recall our definitions of right and left fibrations from
Definition 1-5.23.

Proposition 1.3. If q: € — 2 is a right fibration (resp. left fibration) then q is
a cartesian (resp. cocartesian).

Proof. In this case any lifting problem of the form (1), or (2) respectively, admits
a solution simply by the defintion. (I

Obviously when ¢ : € — 2 is a Kan fibration it is both cartesian and cocartesian.

Example 1.4. Consider a diagram p : K — %, with K some simplicial set. The we
have the overcategory ¢, and the undercategory %,,. The two forgetful functors

%@—)% and %p/ — €

are, respectively, a right and left fibration Proposition 1-5.25. Hence these maps
are respectively a cartesian and cocartesian fibration.

In the case where K is a point x : * — % we recall that the fibers of the fibration
C)e — € and 6, — ¢ are the right and left pinched mapping spaces Hom% (w, x)

and Hom¢ (z, y).
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Example 1.5 ([5, 01T8]). Consider an oco-category ¢ : € — *. A morphism
«a @ x — y is g-cartesian if and only if a is an isomorphism. To see this consider
fillings of the horns

T and

id

One similarly finds that a morphism is g-cocartesian if and only if it is an isomor-
phism.

Via the existence of identity morphisms the structure map q : ¥ — * is always
a cartesian and cocartesian fibration. Note that this map is not a left or right
fibration unless ¢ is a Kan fibration.

1.2. Imaginings: Cartesian fibrations as lax moduli. Give a cartesian fibra-
tion ¢ : ¥ — 2 one might think of ¥ as a lax moduli of “stuff” varying over the
objects in 2. The cartesian lifts of morphisms in & provide transition functions
between these fibers, i.e. the stuff we are parametrizing, over 4. In the case of the
cartesian fibration ¢, — % the category ¢/, is, in an obvious sense, the “moduli
of maps to x”. Let us leave the latter point about lifting maps for now, and try to
make some comment on the moduli point.

Let us just consider how one classically constructs a moduli space. Here we
consider the base space ¥ = Schy of schemes over k, which we can endow with
some Grothendieck topology if we like, though we don’t care at the moment. Then
a pre-stack is a choice of a functor of plain categories ¢ : M — Schy which makes
M into a category fibered in groupoids over Schy [6, 003S]. One simply compares
definitions to see that

q is a cartesian fibration

M S fibered in & in which all maps in M
groupoids over Schy, .
are g-cartesian

In this familiar setting one can now “invert” this functor ¢ to produce an associated
2-functor
q” : (Schy)°? — Groupoids C Cat, Y + My
One establishes this functor via an abuse of the axion of choice.
To elaborate a bit more, for any map of schemes o : X — Y we take a lift
a®y — y in M. This lift is unique up to unique isomorphism, and via unique filling
defines a functor between the fibers

a* : My - My, y— a'y.

On morphisms € : y; — yo in the fiber My, we note that the cartesian property for
maps in M asserts the existence of a unique map a*§ : a*y; — a*ys completing
the diagram

a‘yy ——=1u1
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where we note that uniqueness comes from filling the appropriate 3-simplex in M.
Hence a* is well-defined on morphisms via the assignment & — a*&.

We note that this inversion of ¢ : M — Schy, into a functor ¢¥ : (Schy)°? — Cat
does not require all maps in M to be cartesian. This is simply a consequence of ¢
being a cartesian fibration between plain categories.

In the general co-context, we again have this inversion property for (co)cartesian
fibrations. Here a cartesian fibration ¢ : € — 2 will specify, and be specified by, a
functor

q" : 9°° — Cat
whose values over objects y in & are the fibers %},. The functors between fibers
o* 1 6, — €, are what we've referred to as transport along a (following Kerodon
51)-

While such fibrations play an essentially non-existent role in plain category the-
ory, from the perspective of the working mathematician, they play an extraordi-
narily important role in the development of oco-category theory. The main point is
that they tame choices in the oco-categorical setting. While in the plain category
setting we can simply make a choice, and if that choice is not unique we can simply
say it’s unique up to a unique isomorphism, and then if I make two of the same
types of choices then any ambiguities will vanish due to sufficient uniqueness, etc.
etc., such a laissez faire attitude will lead to immediate intractable problems in the
oo-context. So one generally bundles all choices of a certain “type” into a cartesian
or cocartesian fibrations, and manipulates these bundles in order to make global
movements between choices of different types.

1.3. Discussion: Classifying functors etc.

2. CARTESIAN AND COCARTESIAN FIBRATIONS
2.1. Cartesian morphisms via overcategories.

Proposition 2.1 ([5, 01TF)). Let ¢ : € — 2 be a map between co-categories. A
morphism o : x — y in € is q-cartesian if and only if the natural map
Cra = Cry X140y D/a(e)
is a trivial Kan fibration. Similarly, o is q-cocartesian if and only if the map
Cla = Co) X940, Date)/
s a trivial Kan fibration.

For the proof we employ a specific deconstruction of the relevant horn inclusions.

Lemma 2.2 ([2, Lemma 3.3]). For non-negative integers p and q, andn = p+q+1,
the inclusions

(A5« A7) J] (AP %0AT) — AP« AT = A"
APxdA
and
(OAP x AT) H (OAP % Al) — AP x AT= A"
OAP*AZ
are identified with the inclusions of the extremal horns Af — A™ and A} — A"
respectively.
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One can see the text [2], or [5, 018N] for the details. We now proceed with the
proof of Proposition 2.1.

Proof of Proposition 2.1. We address the cartesian situation, the cocartesian one
being similar. Let F': ¢y = €y X9, Z/q(a) denote the map under considera-
tion. A solution to a lifting problems of the form

dA™ C)a (3)

A" ——=C)y X3, Dyg(a)s

with m > 0, admit a solution if and only if the equivalent lifting problem

(OA™ % A1) U (A™ x A}) —= €

e

A™ % Al 9

obtained by way of adjunction Lemma I-5.22 admits a solution. Via direct inspec-
tion the final edge A! = )x A! — % in the latter diagram is «, so that this diagram
is identified, via Lemma 2.2, with a diagram of the form

A" —— ¢ (4)
K4

Lo

A" — > @

in which n > 2 the edge A1"=17} 5 @ is a. Tt follows that all lifting problems
of the form (3) admit a solution if and only if all lifting problems of the form (4)
admit a solution, i.e. that the map F is a trivial Kan fibration if and only if the
map « is g-cartesian. O

2.2. Cartesian morphisms via mapping spaces.

Proposition 2.3 ([5, 01TL]). Consider an inner fibration q : € — 2, and a mor-
phism « : x1 — xo in € with image & : T1 — To in 9. The morphism « is
q-cartesian if and only if for each third object xg in €, with corresponding triples

z:{0,1,2} = € and z: {0,1,2} — 9, the diagram
Fun(A2, %) Xtomeg (21,2) {0} — Home (21, 22)
qJ/ ql
Fun(A2?, 9); X Home (31,75) 10} —= Homg (%1, T2)
is a homotopy pullback diagram of Kan complezes.

We cover the proof of Proposition 77 in Section 2.3 below. Let us record now a
number of examples.

2.3. Proof of Proposition 2.3.

eq:262


https://kerodon.net/tag/018N
https://c-negron.github.io/infty_partI.pdf
https://kerodon.net/tag/01TL

prop:cocart_uniqueness‘

lem:simpl_328

8 CRIS NEGRON

2.4. Uniqueness for g-cocartesian lifts.

Proposition 2.4 ([5, 01VK]). Let ¢ : X — S be an inner fibration of simplicial
sets, and let Y be the full simplicial subset in Fun(Al, X) whose vertices are q-
cocartesian edges in X. Let Z be the full simplicial set in Fun({0}, X') Xpun({0},9)
Fun(A'l, S) whose edges lie in the image of the composition

Y — Fun(A', X) = Fun({0}, X) Xpun({0},5) Fun(A', ).

Then the induced map Y — Z is a trivial Kan fibration. The analogous state-
ment holds when we replace Y with the full simplicial subset of q-cartesian edges in

Fun(Al, X) as well.

Said informally, Proposition 2.4 tells us that, if a cocartesian solution to the
diagram
{0} —=X

)
AITS

exists, then that solution is unique. We note that in the case where ¢ itself is
cocartesian, the simplicial subset Z is all of Fun({0}, X') Xpun({0},s) Fun(Al, S).

The proof of Proposition 2.4 employs a decomposition of a certain inclusion of
simplicial sets which we record here.

Lemma 2.5 ([5, 00TH]). At any positive integer n, the inclusion

(A'xoA™) T ({0} xA™) — A x A"
{0} xoA™

decomposes into a sequence of inclusions
(A" x 0A™) U ({0} x A™) = X(0) = --- = X(n) = X(n+1) = Al x A"

in which each X (i + 1) fits into a pushout diagram

AN ——— X (i)

A’\LLJrl — X(it 1)
and the sequence

AL S AL 4 X (n41) = A x A

is an isomorphism onto the edge A' x {0} in Al x A™FL

To be clear, our filtration is obtained by applying the opposite to the specific
sequence from [5, 00TH].

Idea of proof. Consider the simplices o; : A™t! — Al x A" defined by taking
0i(j) = (0,5) if j <nm—idand (1,7 — 1) if j > n —i. We define sequentially
X(i+41) = X(i) Uim(o;). We refer the reader to [5] for the specific details. O

We now can prove our uniqueness result for cocartesian lefts.
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Proof of Proposition 2.4. We deal with the case of cocartesian situation, the carte-
sian case following by taking opposites. We consider a lifting problem

OA" ——=Y (5)

A" —— 7.

In the case n = 0, this problem admits a solution by the defintion of Z. In the case
n > 0, solving this problem is equivalent to solving a lifting problem of the form

(A x 9A™) U ({0} x AP) —~

X
s

Al x A"”—>

(6)

in which all of the constituent maps A! x {i} — X are g-cocartesian. In particular,
the map Al x {0} — X is g-cocartesian. We decompose the map incl into a sequence
of inclusion X (i) — X (i+1) as in Lemma 2.5, and produce sequential solutions to
the problems

X(i) ——~X
7

J/ ‘{T_i+'i lq

X(i+1) —=8

for each i < n since the inclusion X (i) — X (i + 1) is inner anodyne in this case.
For the final inclusion at ¢ = n, we have the extended diagram

On

AgH X(n) R

AL X (n41) = Al x A®

and can solve the external problem since the initial edge Aj — X has g-cocartesian
image in X, and can therefore solve the internal lifting problem since the left-
most square is a pushout diagram. We therefore obtain a solution to our original
problems (5) and (6). O

2.5. Exponentiating cocartesian fibrations.

Proposition 2.6 ([5, 01VG]). Ifq: X — S is a cocartesian fibration, then for any
simplicial set K the map g, : Fun(K, X) — Fun(K, S) is a cocartesian fibration.
An edge € : A — Fun(K, X) is q.-cocartesian if and only if, at each v in K, the
composite v*€ : A1 — X is g-cocartesian in X.

The proof follows by a hands on analysis of certain lifting problems which we
won’t reproduce here. The reader can see the [5, 01VG & 01VM] for the details.
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Let us recall that, for any inner fibration ¢ : X — S and fixed map £ : A — S
the simplicial set Fung(A4, X) is obtained as the fiber

Fung(A4, X) —— Fun(4, X)

-

————Fun(4,9)

Since the map ¢, is an inner fibration (Corollary I-5.8) we understand that Fung (A, X)
is an oo-category. Of course, in the more restrictive case in which ¢ is a cocartesian
fibration, we have just seen that ¢, is furthermore cocartesian.

Theorem 2.7. Let K be any simplicial set and q : X — S be a cocartesian fibra-
tion. Any lifting problem

{0} x K ——
|
AlxK— 8§
admits a solution A' x K — X for which, at each vertex v in K, the composite
A=A x v} 5 A'x K - X

is a q-cocartesian edge in X. Furthermore, the full oco-subcategory in Fung(A® x
K, X) spanned by such solutions is a contractible Kan complez.

Proof. By Proposition 2.6, the map ¢, : Fun(K, X) — Fun(K, S) is a cocartesian
fibration and solutions to the above lifting problem are identified with g.-cocartesian
solutions & : Al — Fun(K, X) to the associated lifting problem

{0} —— Fun(K, X)
7
\L B J{q*
Al Fun(K, S).
Existence and uniqueness of such solutions now follow by Proposition 2.4. ([

In the event that ¢ : X — S'is a left fibration, all morphisms in X are cocartesian.
So we see that there is a unique solution to the above lifiting problem.

Corollary 2.8. Let K be any simplicial set and q : X — S be a left fibration. Any
lifting problem

{0} x K——X
AlxK—s8

admits a solution A' x K — X, and the collection of all such solutions Fung(A® x
K, X) is a contractible Kan complez.
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3. MORPHISMS OF FIBRATIONS

3.1. Categories of isofibrations. For a fixed simiplicial set S, we consider the
simplicial category Isofib(S) whose objects are isofibrations ¢ : X — S over S and
morphisms complexes are the Kan complexes fiber

F\UHS(X7Y) = FUH(X7Y) XFun(X,S5) {Q}
We recall that these mapping complexes are co-categories as the map
ps : Fung(X,Y) — Fung(X, S)

along the implicit isofibration p, : Y — S is an isofibration, and in particular an
inner fibration. The n-simplices in this complex are strictly commuting diagrams

A" x X —— Y
S

where ¢ denotes the composition of the projection A™ x X — X with ¢, by an
abuse of notation.

We recall that a transformation ¢ : Al x X — Y is an isomorphism in the
oo-category Fung(X,Y) if and only it, at each vertex s : x — S, the fiber

G A X X, =Y,
is an equivalence of co-categories (Proposition 1-7.9).

Definition 3.1. We let Isofib(S)" denote the Kan enriched simplicial category
with morphisms Fung(X, Y )% and take
Fsofib(S) = N"(Isofib(S) ™).

We let Cocart(S)* and Cart(S)* denote the non-full co-subcategories in Isofib(.S)
whose objects are cocartesian and cartesian fibrations over S, respectively, and
whose morphisms are the full subcomplexes in Fung(X,Y)X#" consisting of those
functors which send cocartesian or cartesian edges in X to cocartesian or cartesian
edges in Y, respectively. We take finally

Gocart(S) = N*(Cocart(S)T) and %art(S) = N*(Cart(S)").

An equivalence between isofibrations, or cocartesian fibrations, or cartesian fi-
brations, is an isomorphism in the corresponding oco-category. In each case, an
equivalence is explicitly given by a pair of maps of fibrations

F:X—-Y and G: X =Y
which admit natural isomorphisms of fibrations
C:A'XX =Y and n:A'xY - X
with the apparent restrictions
Clioy = GF, Glpy =idx, nly = FG, 1|y = idy.

We note that for any map of simplicial sets K’ — S the pullback functor (=) :=
— X g K provides a well-defined map of simplicial categories

(—)k : Isofib(S) — Isofib(K)



https://c-negron.github.io/infty_partI.pdf

12 CRIS NEGRON

which necessarily restricts to a simplicial functor on the associated Kan enriched
categories (—)x : Isofib(S)™ — Isofib(K)*. We apply the homotopy coherent nerve
to obtain a map of co-categories

()K= Isofib(S) — Fsofib(K).

Since any functor between oco-categories preserves equivalences we see that pullback
preserved equivalences between isofibrations.

prop:isoequiv_pull | Proposition 3.2. If F : X — Y is an equivalence between isofibrations over a
given base S then, for any map of simplicial sets K — S, the base change F :
X — Yk is also an equivalence of isofibrations.

We recall that a map of simplicial sets ¢ : K — L is called a categorical equiva-
lence if, at each oo-category %, the induced map i* : Fun(L, %) — Fun(K, %) is an
equivalence of co-categories (see Definition 1-10.11 and 1-10.12).

prop:equiv_catequiv| Proposition 3.3 ([5, 0285]). A morphism between isofibrations

x— T .y
S

is an equivalence if and only if F', considered simply as a map of simplicial sets, is
a categorical equivalence.

We refer the reader to the text [5] for the details. (The proof that any equivalence
of fibrations is a categorical equivalence is straightforward, and might be completed
as an exercise. The converse claim is more subtle.) We only note that the proof
uses a certain pushout construction and the following fact about isofibrations which
we've not covered in this series [5, 01FR]: If i : A — B is an injective map of
simplicial sets which is also a categorical equivalence, and g : X — S is a cocartesian
fibration, then any lifting problem

S

2

U:J_etu

 ——
&4
R ———

nh<—o
Es}

admits a solution.
One combines Propositions 3.2 and 3.3 to obtain the following.

Corollary 3.4. Let F': X — Y be a map between isofibrations over a given base
S, and suppose that F' is a categorical equivalence. Then for each map of simplicial
sets K — S the pullback Fi : X — Yk is also a categorical equivalence.

3.2. Equivalences in the cocartesian setting.

Proposition 3.5 ([5, 023R]). Suppose that
¢t o

N
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is a map of inner fibrations, and that F is an equivalence. Then a morphism « is
€ is q-cocartesian if and only if Fa is p-cocartesian.

Corollary 3.6. Suppose we have a diagram (7) in which F is an equivalence and
one of p or q is a cocartesian fibration (resp. left fibration). Then p and q are both
cocartesian fibrations (resp. left fibrations).

Corollary 3.7. Suppose we have a diagram (7), that p and q are cocartesian fi-
brations, and that F is an equivalence of inner fibrations. Then both p and q are
cocartesian fibrations and F is an equivalence of cocartesian fibrations.

Theorem 3.8 ([5, 023M]). Suppose
x—Fr .y
S
is a map of cartesian or cocartesian fibrations over a simplicial set S. Then F is

an equivalence if and only if, at each vertex s : x — S, the fiber Fs : Xy — Yy is an
equivalence of co-categories.

Corollary 3.9. Suppose
x—*F .y
S
is a map of cartesian or cocartesian fibrations over a simplicial set S. The following
are equivalent:

(a) F is an equivalence of cocartesian fibrations.

(b) F is an equivalence of isofibrations.

(¢) F is a categorical equivalence.

(¢) At each vertex s : x — S the fiber Fs : Xs — Y is an equivalence of
00-categories.

(d) For each map of simplicial sets K — S the pullback Fx : Xx — Yk is a
categorical equivalence.

(e) For each map from an oco-category & — S the pullback Fy : Xp — Yo
s an equivalence of co-categories.

(f) For each map from a Kan complex / — S the pullback Fy : X — Yo is
an equivalence of oco-categories.

(g) For each n-simplex A™ — S the pullback Fan : Xan — Yan is an equiva-
lence of co-categories.

Proof. The equivalences between (a) and (¢)——(g) are implied by Theorem 3.8.
The equivalence between (b) and (c) is Proposition 3.3. The equivalence between
(b) and (d) follows by Proposition 3.2. O

4. DIRECTIONAL FIBRATIONS AND KAN COMPLEXES

4.1. Exponentials for directional fibrations.
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Definition 4.1. A map of simplicial sets A — B is called left anodyne (resp. right
anodyne) if any lifting problem

A——X
P

B——S
in which f is a left (resp. right) fibration admits a solution.

One can show that the class of left anodyne maps is the saturated class generated
by the horn inclusions A? — A", where 0 < ¢ < n [5, 0151]. One similarly
characterizes right anodyne maps.

Lemma 4.2 ([5, kerodon]). Leti: A — B and j : K — L be monomorphisms of
simplicial sets. If one of i or j is left (resp. right) anodyne, then the induced map

(BxK) [[(AxL)—BxL
AxXK

is left (resp. right) anodyne.
We refer the reader to Kerodon [5] for the proof.

Proposition 4.3. Let f : X — S be a map of simplicial sets, and j : K — L
be a monomorphism of simplicial sets. Consider the induced map on the functor
complezes
p:Fun(L, X) — Fun(K, X) Xpun(x,s) Fun(L, S).

) If f is a left fibration, then p is a left fibration.
) If f is a right fibration, then p is a right fibration.
) If f is a left fibration and j is left anodyne, then p is a trivial Kan fibration.
) If f is a right fibration and j is right anodyne, then p is a trivial Kan

fibration.

(1
(2
(3
(4

Proof. Solving a lifting problem of the form
A Fun(L, X)

B~ Fun(K, X) Xpun(x,s) Fun(L, S)

is equivalent to solving the corresponding lifting problem
(B X K) H(AxK) (A X L) *?71(
BxL—————>2§8.
So all of the claims follow from a consideration of Lemma 4.2. O
4.2. Directional fibrations and Kan complexes.

Proposition 4.4. A cocartesian (resp. cartesian) fibration f : X — S is a left
(resp. right) fibration if and only if all of the fibers X, at arbitrary s : x — S, are
Kan complexes.
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5. A DEVIATION ON (00, 2)-CATEGORIES
5.1. (o0, 2)-categories.

Definition 5.1. Let X be a simplicial set. A 2-simplex 7 : A? — X is called thin
if any horn for any n > 2, index 0 < ¢ < n, and inner horn

g: AT = X with g|AU-LaH — o

the lifting problem

AP 2> X

A" —— %
admits a solution.

One sees immediately that every 2-simplex in an oo-category is thin, for example.

Recall our notation s; : [n] — [n — 1] for the weakly increasing surjection with
si(i) = s;(t + 1) =4, for 0 < i < n — 1, and the corresponding degeneracies s} :
A" — A"~ We call an n-simplex o : A" — X in a simplicial set left degenerate if
o factors through the degeneracy sf : A™ — A"~ and right degenerate if o factors
through the degeneracy s;,_; : A" — An~1,

Definition 5.2 ([5, 01W9, 01Y5]). A simplicial set X is called an (oo, 2)-category
if the following hold:

(a) Any horn A? — X admits an extension to a thin 2-simplex.
(b) Every degenerate 2-simplex in X is thin.
(c.l) For n > 2, any horn & : A} — X in which the 2-simplex &|A{%1:7} is left
degenerate admits an extension to an n-simplex in X.
(cr) For n > 2, any horn ¢ : A” — X in which the 2-simplex &'|A{0"=11} ig
right degenerate admits an extension to an n-simplex in X.
A functor, or map, between (oo, 2)-categories is a map of simplicial sets F': X — Y
which preserves thin 2-simplices.

Remark 5.3. Having introduced this notion, let us recall that the term co-category
is used interchangeably with the term (oo, 1)-category.

If we consider an co-category €, then in any horn Aj — % as in (c.l) the initial
edge A0} 5 % is degenerate, and hence an isomorphism in . Hence we have
the proposed completion to an n-simplex A™ — €, by Proposition 1-5.33. Similarly
any horn A — % as in (c.r) completes to an n-simplex as well. So we observe the
following.

Lemma 5.4. Any oco-category is an (0o, 2)-category. Furthermore, an (o00,2)-
category X is an oco-category if and only if every 2-simplex in X is thin.

Recall that each simplex A™ is an co-category, and hence an (oo, 2)-category.

Example 5.5. Since any degenerate 2-simplex in an (0o, 2)-category is thin, any
map of simplicial sets * = A% — X is a map of (oo, 2)-categories. Similarly, any
map of simplicial sets A! — X is a map of (oo, 2)-categories.

One has the following practical check for maps between (0o, 2)-categories.
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Proposition 5.6 ([5, 01YC]). Let X and Y be (0o, 2)-categories, and F : X —Y
be a map of simplicial sets. Then F is a functor, i.e. preserves thin 2-simplexes, if

and only if any horn A2 — X can be competed to a thin simplex with thin image in
Y.

Idea of proof. The result is a consequence of stability of thin simplices under various
conditions. Namely one establishes an inner-exchange property for thin simplices,
which we recall below, and a 4-of-5 property which one can find at [5, 01XX]. O

5.2. The pith of an (o0, 2)-category.

Definition 5.7. Given an (0o, 2)-category X, the pith in X is the simplicial subset
XPith € X whose simplices A” — XPith consist of all simplices o : A™ — X in
which each restriction along a 2-simplex

A2 S5 A" S X
is thin.

Since functors between (0o, 2)-categories preserve thin simplices, by defintion,
we see that any map F': ¥ — X from an oo-category to an (oo, 2)-category factors
through the pith.

Lemma 5.8 ([5, 01XL], Inner-exchange property). Consider a 3-simplex o : A3 —
X in an (00, 2)-category, and suppose that the associated 2-simplices 0|A{1>2’3} and
o|A1OL2} gre thin. Then the 2-simplex U|A{O*2’3} is thin if and only if the 2-simplex
o| AOL3} s thin,

The proof employs certain facts about interior fibrations (see below), and is
omitted. From Lemma 5.8 the proof of the following is immediate.

Proposition 5.9. For any (0o, 2)-category X, the subcomplex XT™ s an oo-
category.

Proof. For any completion A® — X of an inner horn A? — X in which all of the
associated face A2 — A? — X are thin, the final face AP — X is also thin,
by Lemma 5.8. This shows that the pith is stable under the completion of inner
horns A? — XPith Stability under completion of all inner horns A? — XFi*h with
n > 3 is immediate, since the horn A} already contains all 2-faces in A™ in this
case. Taken together with condition (a) of Definition 5.2, we see that any lifting
problem

AZL XPith

L

A" ———> %
with 0 < ¢ < n admits a solution, as required. O
5.3. (00, 2)-category via simplicial categories. Recall that one can associate to

any simplicial category S its associated homotopy coherent nerve N"¢(S) Section
-2.7. The n-simplices in N"(S) are simplicial functors from the path category


https://kerodon.net/tag/01YC
https://kerodon.net/tag/01XX
https://kerodon.net/tag/01XL
https://c-negron.github.io/infty_partI.pdf

thm:hc_infty2

KERODON REMIX II [IN PREPARATION] 17

Path[n]. For S = N"(S) we have in low dimension
S10] = { objects in S }
S[1] = { pairs of object (z¢,z;) along with a map f € Homg(xo,21)[0] }
S[2] = { triplgs of objects 1($07J?17332)7 maps f” :x; = x; for each 7 < j, and }
a l-simplex h : A — Homg(wo, z2) with hlo = fo2, hl1 = fi2fo1
Lemma I-2.19. We take the following theorem for granted.

Theorem 5.10 ([5, 01YM]). Let S be a simplicial category in which, at each pair
of objects x and y in S, the mapping complexr Homg(x,y) is an co-category. Then
the homotopy coherent nerve N™(A) is an (0o, 2)-category.

What we are most interested in here is the (oo, 2)-category of oo-categories.
Recall that for any co-categories @ and 2 the simplicial set of functors Fun(%’, 2),
whose simplicial are as expected

Fun(%, 2)[n] = Homgset (A" X €, D),

form another oo-category Corollar 1-5.8. With these morphisms we obtain the
simplicial category Cat., of oco-categories and their functor categories. We note
that Cat_ is a full simplicial subcategory in the ambient category sSet of simplicial
sets.

5.4. The (o0, 2)-category of co-categories.
Theorem 5.11. The homotopy coherent nerve

Caty, 1= N"(Cat_)
is an (00, 2)-category.

According to the above analysis the 0-simplices in Cat,, are co-categories, the 1-
simplices are functors between oco-categories, and 2-simplices are triples of functors
and a natural transformation

%2 %2
61 —_— Foz

6o 6o.

Definition 5.12. The (0o, 2)-category Cats, is called the (oo, 2)-category of oo-
categories.

Remark 5.13. The (oo, 2)-category €aty is in our universe of “large” sets, which
is strictly larger than our universe of “normal sized” set in which all other oco-
categories are assumed to live.

We recall our oo-category Gats, of co-categories, which we obtain by restricting
the morphisms Fun(%’, 2) to the associated Kan can complex Fun(¢, 2)Ka" then
applying the simplicial nerve. The inclusions of co-categories

Fun(%, 2)%™ — Fun(%¢, 2)
imply an inclusion of (00, 2)-categories ats — €atso, and hence an inclusion into
the pith _
Gateo — (Catse)THH, (8)
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By a general result one finds that this inclusion is an equality.

Proposition 5.14 ([5, 01YT]). The inclusion (8) is an equality, Gato, = (Caty,)Fh.

5.5. Interior fibrations.

Definition 5.15. A map of simplicial sets g : X — S is called an interior fibration
if the following hold:

(a) At each 0-simplex z in X, the identity id, : * — x is both g-cartesian and
cocartesian.
(b) For any lifting problem

A — X 9)

A" — S
in which 0 < i < n and o|At=1%% is thin in S, (9) admits a solution.

It is clear that if f : S’ — S is a map of simplicial sets which preserves thin
2-simplices, and the diagram

X ——X

4

S —— 5

is a pullback diagram of simplicial sets in which ¢ is an interior fibration, then the
map ¢’ : X’ — S’ is an interior fibration as well.
One also observes the following.

Lemma 5.16. If S is an (00, 2)-category, and q : X — S is an interior fibration,
then X is also an (00, 2)-category and q is a functor between (oo, 2)-categories.

Proof. One sees via the lifting property for ¢ that any 2-simplex A% — X which
has thin image in S is thin in X. From this we see that any horn A? — X can be
completed to a thin 2-simplex in X. One obtains this thin completion by lifting
a thin completion A2 — S. We are left to prove that any appropriate degenerate
horn A — X or A — X, at n > 2, completes to an n-simplex. However this
follows from the fact the fact that identity maps in X are both g-cartesian and
cocartesian, and the fact that the corresponding horns in S admit completions. We
now see that X is an (0o, 2)-category. One sees that ¢ is a functor, i.e. preserves
thin 2-simplices, by applying Proposition 5.6. (]

As we see in the above proof, given an interior fibration ¢ : X — S over an
(00, 2)-category, one can detect thin simplices in X by considering their images in
S along q.

Lemma 5.17. If qg: X — S is an interior fibration then a 2-simpler in X is thin
if and only if its image in S is thin.
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Corollary 5.18. Consider a pullback diagram

7. x

Y ——S8
F

in which q is an interior fibration and F is a map between (0o, 2)-categories. Then
Z is an (00,2)-category, p1 is an interior fibration, and ps is a map of (00,2)-
categories.

Proof. The fact that Z is an (o0, 2)-category and p; is a map of (oo, 2)-categories
follows by Lemma 5.16. As for p;, we consider a thin 2-simplex A? — Z, and
note that its image in Y is thin. Hence its image in S is thin, and so its image
in X is thin by Lemma 5.17. It follows that ps is a map of (0o, 2)-categories, by
definition. a

We are especially interested in the fiberings of interior fibrations over co-categories.

Lemma 5.19. Let € be an oco-category. A map of simplicial sets q : X — € is an
interior fibration if and only if it is an inner fibration.

Proof. If q is an interior fibration then it is an inner fibration since all 2-simplices in
% are thin. Conversely, if ¢ is an inner fibration then X is an co-category and ¢ is
therefore an inner fibration between oo-categories. Condition (a) of Definition 5.15
now follows from the fact that the identity in an oo-category is an isomorphism,
and an application of Proposition 1-5.33. ([l

One combines Lemma 5.19 with the above discussion of fiber products to obtain
the following corollary.

Corollary 5.20. Consider an interior fibration q : X — S over an (00, 2)-category
S.

(a) For any oo-category €, and any functor of (co,2)-categories € — S, the
fiber product X xg € is an oco-category. Furthermore, the projection X Xg
€ — € is an inner fibration.

(b) At each point s : x — S the fiber X, is an co-category.

Corollary 5.21. If ¢ : X — S is an interior fibration over an (00, 2)-category S
then the diagram

XPith X

L

SPith S
is a pullback diagram, and the map XTth — SPN s an interior fibration.

Proof. In this case the pullback X x g ST is an co-category and the projection to
X is a map of (00, 2)-categories. So the identification

Xpith =X X g SPith
follows via an application of the universal property for the pullback and the uni-
versal property for the pith. [
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5.6. Undercategories and overcategories and pointed oo-categories. In the
(00, 2)-setting we can define overcategories and undercategories exactly as in the
oo-setting. Namely, for a map of simplicial sets p : K — X the overcategory X,/
is the simplicial set with n-simplices provided by the join

Xp/[n] := Homgges (K * A", X),,,

and similarly for the undercategory
X /pln] := Homgget (A" x K, X),

Section I-5.7. In the case in which X is an oo-category, we saw that the forgetful
functors

Xp/ X/p
\X /

obtained by restricting along the inclusions A™ — A™ x K and A™ — K x A™ are
directional fibrations, and in particular isofibrations. We have a similar result in
the 2-categorical context.

Proposition 5.22 ([5, 01WU]). Let X be an (00, 2)-category and p : K — X be a
map of simplicial sets. The the forgetful maps

X/—)X and X/p—)X

P
are both interior fibrations.
At this point we’ll begin to leave many of the details unaccounted for. In par-

ticular, we direct the reader to the original text [5] for the details on Proposition
5.22. In any case, we record some corollaries.

Corollary 5.23. For an (00, 2)-category X and a diagramp : K — X, the simplical
sets X, and X, are (0o,2)-category and the forgetful maps are both functors
between (00, 2)-categories.

Corollary 5.24. Let p : K — X be a map from a simplicial set into an (00, 2)-
category. At any point v : * — X the fibers (Xp,/). and (X,p)z are both oo-
categories.

We apply this corollary in the case where the diagram p is a point x : * — X to
obtain mapping categories for any (oo, 2)-category X.

Definition 5.25. For any (oo, 2)-category X, and objects x,y : * — X, the left
pinched mapping co-category is the fiber

Hom (z,y) := (X./) xx {y}.

Similarly,the right pinched mapping oco-category is the fiber
R
Hom (z,y) = {z} xx (X/y).
As with any interior fibration, we can restrict the forgetful functor to the piths
to obtain inner fibrations of co-categories
(Xp/)Pith N XPith and (X/p)Pith N XPith.

In this particular instance one can observe a stronger characterization of these
functors.
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prop:over_cartesian‘ Proposition 5.26 ([5, 01YE]). For X and p : K — X as above, the restrictions

of the forgetful functors
(X /)Pith N XPith and (X/ )Pith — XPith
P p :
are, respectively, a cocartesian fibration and a cartesian fibration.

One might view this result in analogy with the oco-setting, where the forgetful
functors were observed to be right and left fibrations Corollary 1-5.27.

5.7. Mapping categories in the homotopy coherent nerve. Let S be a sim-
plicial category whose morphism complexes are weak Kan complexes, and let S be
the homotopy coherent nerve, S = N"(S). We recall that S is an (co, 2)-category
in this case. By an abuse of notation take

@S(xa y) = @i(xa y)
for any given pair of objects in S. We construct a map of simplicial sets
0 : Homg(x,y) — Hom¥(z,y)

[5, 01LD] which is subsequently found to be an equivalence of oo-categories.
To begin, for any simplicial set K we consider the simplicial category E(K) with
objects z_ and z; and morphisms
Hompgy(z—,2_) = Homgg)(z4,24) = * and Homp(z_,z4) = K.
We consider the (n+1)-simplex {—1}*A"™ 22 A"*! and the simplicial path category
Path({—1} x A™) whose morphisms are given by the nerves

Hompggh({—1}san)(l,m) = N(Subsets;”) )

where Subsets; ., is the partially ordered set of subsets S C [n] with min S = [ and
max S = m, ordered by inclusion.
At each integer n we have a simiplicial functor

0% : Path({—1} x A™) — EA"
which is define on objects by taking 6 (—1) = x_, and 0% (i) = x4 for all i > 0,
and defined on morphisms by the simplicial map
0y, : Hompagh({—1}xan)(l,;m) = N(Subsets),) — Homp(z_, 1) = A" = N([n])
associated to the functor Subsets;) — [n] which sends each subset S = {l < 51 <
...8 <m} to s; and each inclusion S’ O S to the inequality s < s;.
For objects « and y in S, n-simplices in Homg(z, y) are identified with simplicial

functors Fungcas (EA™, S) in the fiber over (z,y) in Fun(Ef, S). Each such functor
now defined an (n + 1)-simplex in S via a consideration of the identification

S[n + 1] = Fungcat (Path({—1} x A™), S)

and restricting along 6. One sees, by the definiton of §; that this associated
(n + 1)-simplex has initial vertex x and all other vertices y, and restricts trivially
to A™ C {—1} x A™. So we obtain a map of sets

0, : Homg (,y)[n] = (Sy/) xs {y} = Hom(z,y)[n],
(f : BEA™ — S) s (f0 : Path{—1} x A" — S).


https://kerodon.net/tag/01YE
https://c-negron.github.io/infty_partI.pdf
https://kerodon.net/tag/01LD

thm:pinched_simplicial

cor:simplicial_pullback

sect:transport ‘

22 CRIS NEGRON

One observes directly that any increasing function ¢ : [n] — [n/] produces a com-
mutative diagram

Path({—1} x A") "~ BAn

N R

Path({~1} x A™) —— EA™,

’IL/

from which we see that the 6,, assemble into a map of simplicial sets, or a map of
oo-categories,
6 : Homg(x,y) — Hom¥(z, y).

Theorem 5.27 ([5, 01LG]). Let S be a simplicial category whose morphism com-
plexes are co-categories. Take S = N"(S). For any objects x,y : x — S there is a
natural equivalence of co-categories

0 : Homg(z,y) — Hom%(z,y).
We do not cover the details, and refer the reader to the text [5].

Corollary 5.28. Take S and S as above. For any pair of points x,y : x — S there
is a categorical pullback diagram

Homg(z,y) —— (S,,)Fit (10)

i |

* SPith
— .
Proof. By Corollary 5.18 and Proposition 5.22 the projection map Homg(x,y) —
S,/ has image in the Pith (Sx/)Pith. Applying this fact in conjunction with Corol-
lary 5.21, we observe a pullback diagram of co-categories

Hom(z, y) —2— (8,71t

|,

* SPith.

in which the right-hand map is an inner fibration. This diagram is additionally
a categorical pullback square by Corollary 1-6.22 and Proposition 5.26. Since 6 :
Homg(z,y) — Hom%(z,y) is an equivalence of oo-categories it follows that the
corresponding diagram (10) is a categorical pullback square as well (see Proposition
1-6.23). O

6. TRANSPORT I: CLASSIFYING FUNCTORS

6.1. Preliminary discussion. In analogy with the plain categorical setting, we
claim that cocartesian fibrations q : & — % over a given oco-category are “the same
thing” as functors into the oo-category of oo-categories F' : ¥ — %ato. In our
imaginations, the functor F' should evaluate as the fibers F(x) & &, and the image
of a given map « : * — y should be some kind of pushforward functor o, : & — &,
which “moves along” cartesian lifts o : T — 9, so that a.(Z) 2 y.
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Of course one can not simply construct the desired functor F' : € — %at
by hand. We (or rather, Lurie) instead proceed(s) by establishing a universal
cocartesian fibration over co-categories

U:% — %at.

It is then shown that each cocartesian fibration is realized as a (categorical) pullback
along U,

E—>ZF

|

C —— Gat o,
F

and furthermore that the space of such pullback diagrams assembles into a con-
tractible space. We refer to this uniquely determined functor F' as the covariant
transport functor along ¢, or as the functor which classifies ¢. One obtains a com-
pletely similar analysis of cartesian fibrations and classification via an applications
of the opposite involution.

In this section we outline the above construction. Unlike at other points in this
text we are not especially concerned with (all of) the technical details, and seek
only to provide a coherent narrative which explains clearly what’s going on and
how this stuff works.

We begin with a detour into (0o, 2)-categories. We then construct the univer-
sal cocartesian fibration 2 via a certain “category of objects”, and explain how
each fiber %% over a given oo-category & : * — %ato reproduces & itself, up to
equivalence. We define the space J#it(q) of classifying diagrams and recall the
contractibility of this space from [5]. The section concludes with a description of
the pushforward functors a,, appearing the transport F.

6.2. Categories with objects and the universal cocartesian fibration. From
the (00, 2)-category Cat,, we can produce the (0o, 2)-category of pointed co-categories

(Q:Cl’too)*/ = (Q:atoo)AO/.

By Proposition 5.22 the simplicial set (€at )., is in fact an (oo, 2)-category and
the forgetful functor (€aty),, — €aty is a interior fibration.

Definition 6.1. The oo-category of oo-categories with a distinguished object is
the pith of the (oo, 2)-category of pointed oo-categories,
PGatn, = ((Cate),))

Remark 6.2. The & suffix stands for “pointed”, though we heed the warning
from [5, 020W] and do not label this co-category as such.

Remark 6.3. There is a comparison functor Z.%ato — (Gate )., which is, ap-
parently, bijective on objects. However this map is not bijective on 1-morphisms
so that it is not an isomorphism [5, 020Z].
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Via an application of Corollary 5.21 we see that the forgetful functor restricts to
provide a pullback diagram

PCat o — (Qatoo)*/

L

Gats Cat,,.

The forgetful functor Z.%at,, — Gats is furthermore seen to be a cocartesian
fibration in this case, via an application of Proposition 5.26. We record this result.

Proposition 6.4 ([5, 0213]). The forgetful functor P.6at — Cats is a cocarte-
sian fibration.

We call the above forgetful functor the universal cocartesian fibration, for reasons
which will be apparent shortly.

Definition 6.5. We let univ : Z.%at,, — Gat, denote the cocartesian fibration
induced by the forgetful functor (€aty )., — €ats, as considered above.

At a baseline, objects in the co-category £.%6at, are simply pointed oco-categories
x:x = €. A map in PGat, between two objects (¢, z) and (Z,y) consists of a
functor F': € — Z along with a map

a: A= 9
with a(0) = F(x) and a(1) =y, i.e. a choice of a morphism a : F(x) =y in Z. A
2-simplex in H.6at,, consists of a choice of the following data:
e Three functors with moprhisms Fj; : 6, — € for 1 < i < j < 3 and a
natural isomorphism f : Fo3F15 — Fi3,
e Morphisms «;; : Fjj(x;) = x; in 6.
[ ] MOI’phiSH’lS OZ%23 N F32F12(£El) — Flg(xl), 04%23 . F32F12(.’E2) — F23($2), and
Oéil)’zg : F23F12(£L'1) — x3 in (53 with ol = ﬂ(l‘l)
e Two 2-simplices o, : A% — €3 with op|a0.1) = fas3, Ok|at12r = g3, and
O’k|A{0,3} = a‘f%.
We have the following characterization of univ-cocartesian edges.

Proposition 6.6 ([5, 026X,01YE]). A morphism (F,a) : (€,x) = (2,y) in P Cut
is cocartesian for the universal fibration univ : L. 6at if and only if the underlying
map « : F(xz) =y is an isomoprhism in 9.

6.3. A remark on notation. Our (o0, 2)-category Caty, is the (oo, 2)-category
denoted by a bold QC in [5, 020K]. Our (€aty),, is the (oco,2)-category denoted
by a bold QCop; in [5, 0210]. The associated piths, which we’ve denoted 6ut., and
P.€at respectively, are the non-bolded oco-categories QC and QCop; in [5].

6.4. Fibers of the map univ : £%ut,, — %at,. In considering the universal
cocartesian fibration Z.%at,, — €at, any point e : A° — %at corresponds to an
oo-category & = e(0) and we have the pullback

PCatoo Xgat., {€}
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which is some other co-category. Now, objects in this fiber are simply maps of co-
categories x — &, and hence are identified with objects in &. Similarly, 1-simplices
in the fiber are identified 2-simplices in the oco-category of co-categories

*
VN
E— &,

These are, by definition, natural transformations a € Homgget (AL, &) with afp = z
and «|; =y, i.e. 1-simplices o : © — y. So we observe an identification of 1-skeleta

E< 1] = Pbatoo Xgar,, 1€} 1],

As an application of Theorem 5.27 and Corollary 5.28, we see that this direct iden-
tification of simplices in low-dimension expands to an equivalence of co-categories
which calculates the fiber.

Proposition 6.7. For any oo-category &, which we can understand as a point
& % — Bats, we have a categorical pullback square

& —— P but

|

* ? %atoo,

and a corresponding equivalence between oo-categories 0 : & = P.Cat oo X gur., 16}
6.5. Covariant transport: classifying cocartesian fibrations.

Definition 6.8. Let ¢ : X — S be a cocartesian fibration. We say a diagram of
simplicial sets

X I pat, (11)
‘J\L iuniv
S —— Gatso

F

witnesses the functor F' : S — bats, as a classifying functor, or covariant transport
functor, for q if the corresponding map to the fiber product
X — Pbat Xat, S

is an equivalence of cocartesian fibrations over X. We say a functor F': S — %at
classifies the cocartesian fibration ¢ : X — S, or is a transport functor for ¢, if
there exists a diagram (11) which witnesses F' as a classifying functor for g.

The fiber product considered above is often denoted
/ F =8 Xgat,, PCat.
s

Implicit in Definition 6.8 is the requirement that the functor F preserves cocartesian
edges. Indeed, this is equivalent to the fact that the associated morphism to the
pullback preserves cocartesian edges.
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Remark 6.9. The term “classifies” is used with some frequency in the works [3, 4].
However, [5] seems to prefer the term “transport representation” for a functor F
as above. We will usually just refer to F' as a, or the, transport functor for q.

We have an alternate characterization of transport functors in the case where
the base S is an oco-category.

Proposition 6.10. Let q : & — € be a cocartesian fibration over an oco-category
€. A diagram (11) witnesses the functor F : € — Gats as a transport functor for
q if and only if the diagram (11) is a categorical pullback diagram

Proof. This is an immediate consequence of Corollary 1-6.22 and Proposition I-
6.23. (]

Corollary 6.11. Consider a functor of oco-categories F' : S — %ats, and q :
fs F — S be the corresponding cocartesian fibration. An edge

(¢, ) : (z,a: %= F(x)) = (y,b: %« = F(y))

n fS F is g-cocartesian if and only if the underlying morphism « : F({)(a) — b is
an isomorphism in the co-category F(b).

One observes that transport functors are stable under restriction.

Lemma 6.12. Suppose we have a pullback square

x —2sx (12)

o
S —— S

in which q and q' are are cocartesian fibrations between co-categories and g preserves
cocartesian edges. Consider a diagram of the form (11) which witnesses a functor

F : S — %ats as transport along q. Then for F' = Fg and F' = Ff, the diagram

x' s pgat,

1

S/ ? Cgatoo

witnesses F' as a transport functor along q'.

Proof. Our hypothesis is that the induced map X — fSF is an equivalence of
cocartesian fibrations over S. By the formula fs' ' =5 xg (fs F), Proposition
3.2, and Corollary 3.9, it follows that the induced map S" — [, F is an equivalence
as well. O

Given a cocartesian fibration we can now consider the simplicial subset in the
functor category
Fun(S, Gatoo) X pun(x,%at..) Fun(X, Z.6at ) (13)

which consists of diagrams witnessing transport for a given cocartesian fibration
q: X — 8.
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Definition 6.13. For a given cocartesian fibration ¢ : X — S, we let T ¥#it(q)
denote the simplicial subset in the fiber product (13) whose simplices correspond
to diagrams

F

A" x X P.ECat o
N
A" x S Cat oo .

which witness F' as a covariant transport functor along A™ x q.

Stability of such diagrams under restriction (Lemma 6.12) assures us that 7 #it(q)
is in fact a simplicial subset in the given fiber product.

Theorem 6.14 (Universality theorem [5, 02SC]). For any cocartesian fibration q :
& — €, the simplicial set TWit(q) — * is a contractible Kan comple.

Note that a contractible Kan complex is, by definition, a Kan complex for which
the terminal morphism 2 — % is a trivial Kan fibration. In particular, a con-
tractible Kan complex is nonempty. So, Theorem 6.14 says that any cocartesian
fibration ¢ admits a covariant transport functor F' : € — %ats, and that this
functor is uniquely determined up to a contractible space of choices.

6.6. Transport for cartesian fibrations. Given any cartesian fibration p : Y —
S, we have the associated cocartesian fibration p°? : Y°P — S°P. So our analysis
of classifying functors for cocartesian fibrations dualizes in the obvious ways to
provide an analysis of classifying functors for cartesian fibrations.

Definition 6.15. Let p: Y — S be a cartesian fibration of co-categories. We say
a functor F' : €°P — %at,, classifies the cartesian fibration p, or is a contravariant
transport functor for p, if it a classifying functor for the corresponding cocartesian
fibration p°P.

Gives a cartesian fibration p : Y — S, we define the space of transport functors
with witness in the obvious way 7 #it(p) := . #it(p°?). Theorem 6.14 implies
contractibility of this space.

Theorem 6.16 (Contravariant universality). For any cartesian fibration p 1 Y —
S, the simplicial set T Wit(p) is a contractible Kan complex.

Again this establishes both the existence and uniqueness of contravariant trans-
port.

6.7. Classification of left and right fibrations. We have the simplicial subcat-
egory Kan — Cat_ and subsequent simplicial subset Zan C €at,. This simplicial
subset is the full (0o, 2)-subcategory whose objects are precisely those co-categories
which are Kan complexes, and so the inclusion preserves thin 2-simplices. We now
have the full (0o, 2)-subcategory #an,, — (€ats ),/ of pointed Kan complexes and
the pullback diagram

Han,) — (Catog )/

L

Han ——— Cat
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which restricts to a pullback diagram into the piths

Han, ) — (Catg )

L

Han —— Cat..
We recall that the map Fan,, — Jan is a left fibration, by Corollary 1-77.

Proposition 6.17. A cocartesian fibration q : X — S is a left fibration if and only
if the corresponding transport functor F : € — Gats has image in Han. Similarly,
a cartesian fibration p : X — S is a right fibration if and only if the corresponding
transport functor G : €°P — Gato, has image in Han.

Proof. By Proposition 7?7, a cocartesian (resp. cartesian) fibration X — S is a left
(resp. right) fibration if and only if its fibers over object sin ¢ are Kan complexes. So
the result follows by the calculation of the fibers of the pullback fibration f g =%
provided in Proposition 6.7. (Il

This proposition tells us that any left fibration ¢ : X — S fits into a square

X —— Han,,

|

S — Fan
F

for which the induced map to the pullback X — J#an,, X xun S is an equivalence
of left fibrations over S. In this way left fibrations are classified by maps into the
oo-category of Kan complexes. One obtains similar statements for right fibrations
by applying the opposite functor.

6.8. Weighted nerves. In the following two subsections we provide a complete
and explicit description of the fibration [ A F'— A in the case where A is a discrete
category and F' comes from a simplicial functor. We subsequently obtain an explicit
classification of cocartesian fibrations over discrete categories, up to equivalence.

Definition 6.18. Let K be a simplicial set. A strictly commuting diagram in at
is a functor p : K — %at., which admits a factorization K — Cats, — Gatoee.

We note that Cat. is a simplicial subset in %at., so that, if such a factorization
exists then it is unique. We are also interested in functors F' : A — %at., which
admit such a (unique) factorization. These functors are also, formally speaking in
terms of our definition, strictly commuting diagrams.

Definition 6.19. Let A be a discrete category and F' : A — bats, be a functor
which factors through the discrete category Cat.,. We define the weighted nerve
N'(A) to be the simplicial set with n-simplices

NE(A)n] = (o: A" = A7 : A" — F(a;): 0<i < n)
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where in the above expression the a; are the object o(i) in A, the 7; are required
to fit into strictly commuting diagram

Az’ Ai+1

" l lTﬁ*’l

F(as) F(i<i+1) F(aits)
at all i < n, and where each inclusion A® — A®*! is induced by the inclusion
[i] = [1 +1].

Below we may write 7 for the tuple 7 = {; : A" — F(a;) : 0 < i < n}, so that
an n-simplex in the weighted nerve appears as a pair (o, 7).

As for the restriction maps, given a non-decreasing function t : [m] — [n] the
restriction function ¢* sends a pair (o, 7) to the pair of the m-simplex ot* in A with
the tuple of simplices

T]/» C A — At(j) — F(at(j))
where the first map is simply given by restricting ¢ to a function ¢ : [j] — [t(5)].
We have the obvious forgetful map

NP(A) = A, (0,7) 0.

At the lowest levels, one sees that vertices * — N'(A) consist of a choice of
object Z in A and an object z : * — F(Z) in the oco-category over Z. An edge
Al — NF(A) over a morphism « : ¥ — ¢ in A consists of a choice of objects
z:%x — F(z) and y : *x — F(y), along with with a morphism ¢ : F(a)(z) — y in
the oco-category F(y).

Example 6.20 ([5, 025Y]). Let € : * — Cat__ be the function which just picks an
oco-category 4. Then the first term in an n-simplex (o, 7) in N (%) is trivial, and
the second term determines an increasing sequence of simplices in %,

AO Al . Anfl A"

N
o ]\ , P n

So we see that the functions ¢[n] : N (x)[n] — €[n], (6,7) — 7 determine a
isomorphism of simplicial sets N(g(*) 5.

Example 6.21. For the constant functor % : A — @;, which sends all object

to the terminal space x, the second factor in any n-simplex (o, 7) in the weighted
nerve is completely determined, so that we obtain an isomorphism N*(A) = A.

We note that the weighted nerve construction is functorial in the obvious ways.
Namely, if F': A — Bat is a functor which factors through Cat,, and ¢ : B — A
is a functor between oco-categories, then we have a map of simplicial sets

N(¢) : NF¢(B) — NF(4A)

which just composes simplices in the first factor o — ¢, and is the identity in the
second factor 7 — 7. The following calculation is immediate.
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Lemma 6.22. Given a functor between discrete categories ¢ : B — A and a functor
F: A — %aty, which factors through Caty,, the weighted nerves fit into a pullback
diagram

NFeB) L NF(A)

L

B— A.

Our main objective for the remainder of the subsection is to prove the following
result.

Proposition 6.23. Let F,G : A — %aty, be functors which admit factorizations
through Cats, and € : F — G be a natural transformation which also factors
through Cato,. Suppose that at each object a in A the morphism £(a) : F(a) —
G(a) is a cocartesian fibration, and that for any morphism t : a — b the map
F(t) : F(a) = F(b) preserves &-cocartesian maps. Then the following hold:

(1) The induced map N* : NF(A) — NE(A) is a cocartesian fibration.

(2) An edge \ : F(a)(z) — y in N¥(A), over an edge t : a — b in A, is
N¢-cocartesian if and only if the underlying map X : AY — F(b) is £(b)-
cocartesian.

Here N¢ is the obvious map, i.e. the map which sends an n-simplex (0,7 :0<
i <n)in N"(A) to o : A" — A paired with the composites &(a;)7; : A" — F(a;) —
G(a;). In the case of the constant functor G : A — Guts, with G(a) = * at all ¢ in
A, Proposition 6.23 appears as follows.
Corollary 6.24. The forgetful functor q : NF(A) — A is a cocartesian fibration,
and for any map t : a — b in A, a morphism X\ : F(a)(x) = y over t in NF(A) is
g-cocartesian if and only if X is an isomorphism in F(b).

For the proof of Proposition 6.23 we employ a relative join construction ¢ xz 2.
Here we consider the oo-categories over 7, we have the unique map

A'X T 5 TxT

with {0} X 7 mapping identically to . x 0 = Z and {1} x 7 identically to
0% .7 = 7, and we consider the fiber product

Cxg D :=(CxD) X gv7 (A" x T).

Lemma 6.25. Let € — 7 and 9 — 7 be maps of oo-categories. The map
C*xg D — €+ is an inner fibration.

Proof. Tt suffices to show that the map A! x .7 — .7 % .7 is an inner fibration.
This follows from the fact that the composite

A'%x T - T+«T = A"« A" = A

which one sees is just the projection onto the first factor, is an inner fibration.
Indeed, for a given lifting problem for an inner horn

AP — Al x T (14)

A" — > T % T
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either A™ has image in one of the two 7 factors in 7 x 7, in which case the
problem has a unique solution, or else a solution to the associated lifting problem

A?—>A1x<7

A" —= T xT
solves (14). O
It is relatively easy to see that the map from the usual join €*Z — A%xA? = Al

is an inner fibration, so that € * 2 is in particular an co-category. It follows from
Lemma 6.25 that the relative join is an co-category as well.

Corollary 6.26. For co-categories € and & over another oo-category 7, the
relative join € xz 9 is also an co-category.

To describe the relative join, we have the projection
Exgr D—ECxPD — A

and one the fibers over {0} and {1} are copies of € and & respectively. Furthermore,
for any map o : A! = €x5 P with algoy = *in ¢ and al;1y = y in Z one calculates

Home , (2, y) = Homarx 7 ((0,2), (1, 7)),
where Z and ¢ are the images of  and y in 7, respectively. This latter mapping
space is the product
Homa1(0,1) x Hom & (Z,§) = {*} x Hom & (Z, 7).
So in total we calculate

Homg (z,y) if z and y are in €
Home¢,,9(z,y) = ¢ Homg(z,y) if z and y arein 7
Homg(Z,y) ifzisin ¢ and y in 2.

The mapping spaces vanish when z is in & and y is in %, as there are simply no
1-simplices which begin at x and end in y by the definition of the join.
The proof of Proposition 6.23 relies on the following generic observation.

Lemma 6.27 ([5, 02RH]). Consider a diagram of co-categories

¢ L7

in which q and p are cocartesian fibrations and F preserved cocartesian morphisms.
The the induced map z : € xg T — D xy ¥V is also a cocartesian fibration. Fur-
thermore, a map o : x — y in € xg T is z-cocartesian if and only if one of the
following two conditions holds:

(a) Both x and y are in €, and « is g-cocartesian.
(b) One of x ory is not in €, and the image of « along the map € xg T —
A'' x T — T is p-cocartesian.
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While the proof is not extraordinarily complications, but requires one to touch
on various points regarding the relative join. We refer the reader to [5], and in
particular [5, 0241], for the details.

We now provide our argument for Proposition 6.23.

Proof of Proposition 6.23. Via Lemma 6.22 we reduce to the case of an n-simplex
A = A" and we proceed by induction to observe the conclusions of Proposition 6.23
over such a base. In the case n = 0, the functors F': G : x — %ats just choose oco-
categories and the transformation £ is just a map of oo-categories £ : F'(x) — G(x)
which is specifically a cocartesian fibration. Under the identifications

NP(x) = F(x) and N(x) = G(+)

of Example 6.20 we have N® = £. Since £ is a cocartesian fibration by hypothesis we
obtain condition (1). Condition (2) demands that a map « :  — y in F(x) is N°-
cocartesian if and only if it is &-cocartesian, which is a tautology and in particular
is true.

Suppose now that the result holds over Ay = A™!, and consider A = A" =
Ag * {n}. We take two functors

F,G:A— Gaty
and a transformation £ : F' — G as prescribed. We have natural decompositions
N (A) 2 NP (Ag) *pny F(n) and N (A) = N(Ag) kg (n) G(n)

where the map N¥'(A) — F(n) and N(A) — G(n) are provided by the structural
morphisms F'(m < n): F(m) — F(n) and G(m < n) : G(m) — G(n). Here also
Fy and G are the obvious restrictions.

The map Né : N0 (Ag) — NE(Ag) is a cocartesian fibration by our induction
hypothesis, and £(n) : F(n) — G(n) is a cocartesian fibration by assumption. Also
by assumption the map N (Aq) — F(n) preserves cocartesian edges. It follows
that the map in question

Ng = Ng *g(n)g(n) : NF(A0> *F(n) F(n) — NG(A()) *G(n) G(n)

is a cocartesian fibration by Lemma 6.27. Lemma 6.27 also verifies the proposed
description of cocartesian morphisms in N*'(A). O

6.9. Fibrations over discrete categories via weighted nerves.

Theorem 6.28 ([5, 027J]). Let A be a discrete category and F : A — Gat be a
functor which factors through the discrete category 6ats,. Then there is an equiv-
alence of cocartesian fibrations

NF(A)
NS

A

InF

We describe the functor p: N¥(A) — || 4 I, but leave the verification that it is
an equivalence to the text [5]. Our job here is simple-given an n-simplex in the
weighted nerve we need to produce an n-simplex in the co-category || L F
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We consider an n-simplex w : A" — N*(A), which is specified by a pair (o :
A" — A 1 1 A — F(a;)), where a; = o(i). From w we produce a diagram

W' {~1} % A" — N"(Cat ) = Cat,

with w’'|an = f(0) and w'(—1) = *. Such a diagram corresponds to an n-simplex
in the undercategory (€aty )., so that we have a diagram

A" s (Caty),

|

A — Cat.
F

Since A has image in the pith Gat., = (€ats, )™, any such lift w’ also has image in
the pith Z.%ato = (Cats),/)"™ by Corollary 5.21 and Proposition 5.22. Hence
w'" defines a map into the fiber product A™ — |, , I, and we denote this n-simplex
simply w’ by an abuse of notation.

Let us proceed with the construction of the associated simplex w’ : {—1}
A" — Cat,,. Below we take A the underlying simplicial category for A, so that
A =N"(A). We define, following [5, 027A], ' as the unique simplicial functor

W' Path({—1} x A™) — Cat,

with
W'[path(any = F oo : Path(A") - A — Cat
and w'(—1) = % and each map
Hom(—1,7) = N(Subsets™, ;) — Fun(x, F(a;)) = F(a;)

given as the composite

N(Subsets™, ;) L AT F(ay),
where p is induced by the map of partially ordered sets

Subsets? ; — A, S+ min(5 — {—1}).

One can check that ' is in fact a well-defined simplicial functor, and given a
diagram

A" —“> NF(A)
A™ —= N(A)
one checks directly from the definition the corresponding diagram
Path{—1} x A"~ Cat__

| i

In this way we obtain maps N (A)[n] — (/. 4, F)[n] which assemble into a map of
simplicial sets p: N*(A) — [, F.
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Finally, it is argued in [5, Proof of | that the map p is an equivalence by first
noting that the induced maps on each fiber

. F(a) ~ NF
o Fla) = NF (), = ([ ),

is an equivalence, which is certainly expected from the fiber calculations of 6.7, and
als that u preserved cocartesian edges. This latter point is determined via the ex-
plicit descriptions of cocartesian edges in each co-category provided in Proposition
6.23 and Corollary 6.11.

Lemma 6.29. Let A be a discrete category. Any functor F' : A — Gats, is isomor-
phic to one a functor F' : A — Gat, which factors through the discrete subcategory
Catoo.

Proof. Let Catkan, be the category of simplicial categories which are enriched in
Kan complexes. By [3, Theorem 2.2.5.1] the homotopy coherent nerve provides an
equivalence of homotopy categories

hN" : h Catgan —> hGateo.
In particular, every functor between homotopy coherent nerves F : N"¢(4) —
NP¢(B) is, up to natural isomorphism, identified with N"®(F”) for some simplicial
functor F’. We note finally that any simplicial functor A — Cat® necessarily
factors through the discrete category Cato, = CatZ[0]. O

From Theorem 6.28 in conjunction with a result from Section ?? below, Theorem
77 and Proposition ??, we obtain a classification of all cocartesian fibrations over
a discrete category.

Theorem 6.30. Let A be a discrete category and q : & — A be an arbitrary co-
cartesian fibration. The there is a functor F' : A — Caty C Bats for which we
have an equivalence & = N¥(A) of cocartesian fibrations over A.

7. TRANSPORT II: HOMOTOPY REPRESENTATIONS

7.1. Homotopy transport representations. Consider a cocartesian fibration
q: X — S and an edge o : s — t in S. We then have the fibers X and X; over
these respective points, both of which are oco-categories.

We consider the diagram

{0} x Xy —— X
]

Alx X, ——= 8
where the top arrow is the inclusion and the bottom arrow is the composite of the
projection with «,

A x X, — Al x {s} 8 8.

By Theorem 2.7 the above diagram is split by a transformation

A X X, 5 X

which has a0} x x, equal to the inclusion and has

€a|A1><{s/} : Al X {SI} — X
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a g-cocartesian morphism over «. In particular, the restriction at 1 produces a
functor

Q) = ga‘{l}st : X — Xy

Furthermore, this transformation &, is uniquely determined up to a contractible
space of choices, so that «; is similarly uniquely determined up to a contractible
space as well.

Definition 7.1. Given a cocartesian fibration ¢ : X — S and any edge a : s — ¢t
in the base, we let ay : Xy — X; denote the uniquely determined functor which
comes equipped with a cocartesian transformation &, over «, as above. We call
ay : Xs — X; the homotopy transport functor over a.

Proposition 7.2. Let X — S be a cocartesian fibration. Suppose that we have
a 2-simplex A : A?> — S and take aij = Alawgy + 85 — sj. Then there is an
isomorphism

(wo2)1 = (a12)1(ap1)

in Fun(X,, Xs,).

Proof. Take X; = X,,. Consider a diagram A: A x A! 5 S which appears as

id
S9 —> S§9
OCOQT /0102/ Tam

S0 Top Sy

which we might obtain by expanding A for example. Then we have a lifting problem

apa
Al x Al x Xo - S
Ax{so}

and can take £4 : Al x Al x Xy — X to be the unique cocartesian solution.
Restricting €4 to Al x {0} x X, provides a cocartesian lift of ag; and so is identified
with &4, , and similarly restricting €4 to the edge A! x {1} x Xj is identified with
1d gy, - By the 2-of-3 property for g-cocartesian maps, we also see that the restriction
of £4 to the diagonal A' x X is a cocartesian lift of cge and so is identified with
Eagy as well.

We have only the edge {1} x A! x Xy — X to be identified. By the 2-of-3
property again we see that F4 provides a cocartesian solution to the diagram

Eal...

{1} x {0} ><X0(—>{O}‘><X1

FEwn

{I}xA'x Xg ——— > Al x X ——
’LdX(a[)l)!
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However we have the alternate cocartesian lift

{1}><{O}><X0((X(J—I>{O}‘XX1*>X

T

(P xAlxXg———— > Alx X; —=§
’LdX(a[)l)!

so that there is a unique isomorphism

Ealpiyxarxx, = oy, (id X (ao1)1).

So we restrict further to {1} x {1} x Xj to get

(@02)1 = oz {1} = aliyx{1y = Earz (id X (a01)1) |11y = (@12)1(@o1)r-
Il

Corollary 7.3. Let q : & — € be a cocartesian fibration over an oo-category € .
The functors ay : Xy — X; assemble into a functor into the homotopy category of
oo-categories Gy : hE — hGat .

Definition 7.4. Let g : & — € be a cocartesian fibration over an oo-category % .
The homotopy transport representation for ¢ is the functor on homotopy categories

¢ :h% — h%at

is the functor whose value at each object z : x — % is the fiber ¢ (z) = &, and
whose value at any morphism « : x — y in % is the associated homotopy transport
functor a : & — &.

More generally, we call any functor ' : h4 — h%ut,, which comes equipped
with a natural isomorphism ¢ : F = § a homotopy transport representation for g.

One observes that the homotopy transport representation is natural in diagrams
of cocartesian fibrations.

Lemma 7.5. Let

be a diagram of cocartesian fibrations, i.e. a diagram in which F preserves cocarte-
sian maps. Then for any edge o : t — t' in T the homotopy transport functors fit
into a diagram

Y, —% >V,

‘| |+

Xy ——> Xy
10 e Xrw)

mn Gatss.
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Proof. Follows from the fact that both F§, and () f provide cocartesian lifts for
the diagram

{0} XYtH{O} XXf(t) —_—

X
AIXKHAlx)(f(t)HS.

O

7.2. The h._#an-enriched category of oo-categories. Let A be a simplicial
category whose morphism complexes are all Kan complexes. Via the functor to
the homotopy category 7 : Kan — h #an we obtain a new category mA which is
enriched in h #an. (Here we note that the usual product of Kan complexes endows
h #an with a unique symmetric monoidal structure under which the projection
7 : Kan — h Jan is symmetric monoidal.) We compare this Kan enriched category
to the Kan enriched category WNhC(A) obtained via the mapping spaces in the
homotopy coherent nerve and their associated composition functions of Section I-9.

Proposition 7.6 ([5, 02LN]). Let A be a simplicial category whose morphism com-
pelres are Kan complexes, and let of = NhC(A) denote its associated oo-category.
Then the natural equivalences

Hom 4 (2, y) = Homy (2, y) = Homy (z,y)
supplied by Theorems 5.27 and I-10.3 define an equivalence of h Zan-enriched cat-
egories TA — .ol .

7.3. Enriched homotopy transport. Given a simplicial set S and vertices s, :
* — S we take Homg(s,t) = Fun(Al, S) x s« 5{(s,t)}. For any cocartesian fibration
q: X — S we consider the evaluation map

A' x Homg(s,t) x X, — A' x Fun(A',S) x {s} = S

and the diagram
{0} x Homg(s,t) x Xy —= X

| |

A' x Homg(s,t) x Xy — S.

The top map is the composite of the projection to X, with the inclusion Xy — X.
By Theorem 2.7 there is a unique functor

€: A x Homg(s, ) x Xy — X

which splits the above diagram and sends each edge A x {(a, z)} to a g-cocartesian
morphism in X. The uniqueness claim of Theorem 2.7 tells us that, and each « in
Homg(s,t), € restricts to the transformation £, appearing in the defintion of the
homotopy transport functor ay. So the map

&lq1y : Homg(s,t) x Xy — Xy

provides a paramterized family of morphisms whose fibers are the homotopy trans-
port functors ay.


https://c-negron.github.io/infty_partI.pdf
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Definition 7.7. Given a cocartesian fibration ¢ : X — S, we call the functor [} :
Homg(s,t) x Xs — X; constructed above the parametrized homotopy transport
functor for q.

Note that we can view {|;;} as a functor
st : Homg(s,t) = Fun(X;, X3)

via adjunction. In the case that S is an oo-category, we note that g is a functor
between oo-categories.

Consider now a cocartesian fibration & — % over an co-category %. Recall our
notation 7% for the h . #Zan-enriched category with By similar arguments to those
employed in our analysis of the homotopy transport functors ay : X; — X;, one
sees that these maps assemble into a functor of h Zan-enriched categories

¢ — nCat?

which lifts the homotopy transport functor ¢ of Section 7.1.

Definition 7.8. Given a cocartesian fibration ¢ : & — % over an oco-category %,
we let

q :TE — T6ats

denote the h JZan-enriched functor whose value at any object x : ¥ — % is the fiber
&, and whose values on morphisms

q : Home (2, y) — Fun(é&, é"y)Kan = Homeyat (62, &y)

are the functors induced by parametrized homotopy transport. We call ¢ the
enriched homotopy transport representation associated to q.

We generally, we call any enriched functor F' : 7% — n%at. which comes
equipped with a natural isomorphism ¢ : F = ¢ a homotopy transport representa-
tion for gq.

Note that here we’ve employed the natural identification w%; > %ats, pro-
vided by Proposition 7.6 here when we replace the functor categories with the
Hom-spaces for Gat.

One again sees that the enriched homotopy transport representation is natural

Lemma 7.9. Consider a diagram of co-categories

&S x (15)

in which p and q are cocartesian fibrations and G preserves cocartesian maps. Sup-

pose also that € and 2 are co-categories. Then the maps G|g, : 6, — Hp(y) define
a natural transformation between the enriched homotopy transport representations

Gr:q —pF.
The proof is the same as that of Lemma 7.5. We note that when the diagram

(15) is a categorical pullback diagram then the maps Gls, : & — Hp(y) are

isomorphisms in h #an, so that é! is a natural isomorphism of h J#an-enriched
functors.
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Lemma 7.10. If a diagram (15) is a pullback diagram of cocartesian fibrations,
then the composite functor

¢ 5 g B TCat s
is an enriched homotopy transport functor for q.

7.4. Transport functors induce homotopy transport. We have the following
fundamental result concerning homotopy transport.

hm: transport_v_transport ‘ Theorem 7.11 ([5, 02S5]). Consider the universal cocartesian fibration U : P.Cat oo —
%at~. The equivalences

0:C — (Pbateo)w

from Corollary 5.28 define a natural isomorphism idsus.. — Ur. This isomorphism
realizes the identity functor id : T6at.. — w6ats, as enriched homotopy transport
for the universal fibration.

The proof proceeds by a more general analysis of homotopy transport for co-
cartesian fibrations of the form

(NhC(A)x/)Pith N NhC(A)Pith7

where A a simplicial category which is enriched in co-categories [5, 02RZ]. We omit
the details and refer the reader instead to the text [5].
Now, given an arbitrary cocartesian fibration ¢ : & — % we have a categorical

pullback diagram
PR (16)

|

€ —— Gut
F

which identifies a given functor F' as the transport functor for ¢. Since homo-
topy transport is preserved under categorical pullback, we conclude that transport
functors always induce enriched homotopy transport at the level of the enriched
homotopy category.

or:transport_v_transport | Corollary 7.12. For any cocartesian fibration q : & — €, and classifying functor
F : ¥ — %ats, the induced map on enriched homotopy categories

7F 6 — m6at

is an enriched homotopy transport functor for q. More specifically, the isomor-
phisms &, — F(z) in h Zan provided by the diagram (16) and Theorem 5.27
define an isomorphism of enriched functors mF = q.

7.5. Homotopy transport and enriched Hom functors. For an oo-category
% and an object z : * — €, we recall the oriented fiber product {z} x €, which
is the explicitly the isofibration

{z} Xpun({o},9) Fun(A', %) — Fun({1},%) = .
We have the equivalence of isofibrations

Cr)

~

{z} <@

N

4
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of Theorem I-10.15, from which we conclude that the projection {x} x4 € — € is
in fact a left fibration.

We assess homotopy transport ¢, — ¢ by considering this equivalent fibra-
tion. We note that the fibers of {} X% € over € are simply the mapping spaces
Home (z,y).

Proposition 7.13. Let € be an oo-category and xg : * — € be any object. The
composition functions

o: Homg (z1,x2) X Home (z,21) — Home (z, 22)

from Section I-9.1 are parametrized homotopy transport for the left fibration {x} x
€ — €.

Proof. Take zg = = and ¥ = (wg,71,72). A morphism Al x Hom(xy,xs) x
Hom(zo,z1) — {zo} X € is equivalent to a choice of a morphism

A' x A' x Hom(z1,z2) x Hom(zg, 2,) — €

whose restriction to {0} in the first argument is of constant value zo. Let h :
A x At — A? be the map which sends (0,5) to 0 and (1, ;) to j + 1 and let

w : Hom(z1, 29) x Hom(zg, 1) — Fun(A? %)z
be any section of the trivial Kan fibration
Fun(A?%, %)z — Fun(A?, %)z = Hom(zy,z2) x Hom(zg, x1).
We consider the composite

A x A' x Hom(z1, x5) x Hom(zg, 1) A2 i Hom(z1,x2) X Hom(xg, 1) (17)

X9 A2 x Fun(A2,6): S €.
One sees directly that this composite is of constant value xy when restricted to {0}

in the first argument, and the restriction to {1} in the first argument yields the
map

Al x Hom(z1,x2) X Hom(xg,z1) — A' x Hom(z1,20) S €
since w is a section of the aforementioned fibration. This implies commutativity of
the diagram

{0} x Hom(z1, z2) x Hom(zg, z1) — {z} x&

l/f/i

Al x Hom(z1,z2) x Hom(zg, z1)

v,

where ¢ is adjoint to the composite (17). So therefore realize the restriction
€1y : A' x Hom(zy, 22) x Hom(zo, z1) — Hom(zo, z2)

as enriched transport for the given fibration, which one checks directly is simply
the composition function for Home, i.e. the uniquely determined composite

Hom(z1, z2) x Hom(zg, #1) — Fun(A?,€)z — Fun(A{01} ) (z0,02) = Hom(zo, 72)
in h Zan. ]
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We now find that the Hom-functor
Homeg (x,—) : 7€ — nkan

is the enriched homotopy transport representation for the oriented fiber product
{x} x°" xZE — €, and hence also for the fibration ¢,, — €.

Corollary 7.14. Let € be any oco-category and x : x — € be any object. The
Hom-functor

Homg (z,—) : € — nHan
is an enriched homotopy transport functor for the left fibration ¢, — €.

8. TRANSPORT III: NATURALITY OF TRANSPORT

8.1. Foundations: Weighted nerves in the simplicial setting. In Section 6.8
we introduced the weighted nerve, which produces a cocartesian fibration

NF(A) — NY9(A)

for each pair of functors F,G : A — Caty C %ats from a discrete category A
and transformation F' — G which is appropriately cocartesian. Since the contant
functor x : A — Cat, is terminal, and oo-categories are cocartesian fibrations over
a point, we have the canonical fibration

NF(A) = N*(A) = A
associated to any discrete functor into Cat.,. We recall here a relative version of
this construction.

For any functor F' : A — sSet from a discrete category we can define the simplicial
set N¥'(A) exactly as in Definition 6.19. So, n-simplices in N¥'(A) consist of the
choice of an n-simplex o : A™ — A along with an expanding sequence of n-simplices
7; + A" — F(a;), where a; = o(i) at each i and these 7; are assumed to fit into
diagrams

AZ‘ incl Ai+1

F((ll) m‘ F(al+1)

We have the following apparent generalization of Proposition 6.23.

Proposition 8.1 ([5, 046X]). Let F,G : A — sSet be functors from a discrete
category A, and & : F — G be a natural transformation. Suppose that at each object
a in A the morphism £(a) : F(a) — G(a) is a cocartesian fibration, and that for

any morphism t : a — b the map F(t) : F(a) — F(b) preserves cocartesian edges.
Then the following hold:
(1) The induced map N* : NF(A) — NE(A) is a cocartesian fibration.
(2) An edge X : F(a)(z) — y in NF(A), over an edge t : a — b in A, is
N¢-cocartesian if and only if the underlying map X\ : Al — F(b) is £(b)-
cocartesian.

For the proof one employs the simplicial generalization of the relative join
Kxp L= (K *L) xp.r (A" x T),

observes a simplicial generalization [5, 02RH] of Lemma 6.27, and argues exactly
as in the proof of Proposition 6.23.
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8.2. Foundation: Lifting witnessing data. Given a cocartesian fibration ¢ :
X — S over a simplicial set S, we have the space of transport functors with wit-
nessing data J #it(q), as defined in Definition 6.13. This is the space of diagrams

X F PCat .
S Cats

which witness F' as a transport functor for ¢, or equivalently the space of functors
F : S — %at,, which are paired with a diagram

X—C L [F
x /
S
in which G is an equivalence of cocartesian fibrations.

Proposition 8.2 ([5, 02SK]). Let ¢: X — S be a cocartesian fibration, i : K — S
be an inclusion of simplicial sets, and qx : Xg — K be the corresponding pullback
fibration. Suppose that every vertex in S is in the image of i. Then the restriction
functor i* : TWit(q) = TWit(qk) is a trivial Kan fibration.
We first note that the restriction functor
i Fun(X, Gateo) X pun(s,%at..) Fun(X, 2. %at
— Fun(Xg, Gatoo) Xpun(k,%at.) Fun(Xg, P.6at )

does in fact preserve the subcomplexes of transport data, by Lemma 6.12. So the
functor i* : THit(q) — T Wit(qx) does in fact exist, and is well-defined. We
provide the (somewhat involved) proof of Proposition 8.2 in Section 7?7 below.

8.3. Naturality of transport.

Proposition 8.3. Consider a map of cocartesian fibrations
x—*r .x
N A
S ;
and let T" : S — Gats, and T : S — Gats be transport functors for q' and q

respectively. Consider also the relative join Y = X' xx X and let pp : Y —
SxgS = Al xS be the map induced by ¢ and q. The following hold:

(1) pr is a cocartesian fibration.

(2) There are canonical maps X' — Yy and X — Y] to the fibers Y; =Y X a1xg
({i} x S) which are both isomorphisms of cocartesian fiberations over €.

(3) There exists a transport functor r : Al x € — Gato for pr which satisfies
(Crlo=T" and ((p)1=T.
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Here when we say the maps X’ — Yy and X — Y7 are isomorphisms, we mean
they are isomorphisms in the discrete category of cocartesian fibrations over S. In
particular, they are isomorphisms of simplicial sets.

Proof. (1) Follows from Lemma 6.27, or rather from its simplicial generalization [5,
02RH]. We argue points (2) and (3).

The transport functors F' and F” are equivalently a transport functor [T” T :
SIIS — Gats for the cocartesian fibration ¢'Ilq : X'IIX — SIIS. We consider the
inclusion i : STIS = A xS — Al x S. After specifying witnessing data for F’ and
F', (r is obtained by lifting along the pullback map i* : I ¥#it(pr) — T W#it(¢'Uq),

T Wit(p)
Cro_ -7 \L*

* = TWit(¢ Uq).

[F F)

We note that such a lift exists since ¢* is a trivial Kan fibration, by Proposition
8.2. ([l

We observe that the transformation (r is unique.

Theorem 8.4. Consider a map of cocartesian fibrations
x—r . x
N A
S :
and let T" : S — Gato, and T : S — Gats be transport functors for ¢’ and q
respectively. Suppose we have specified witnessing data

,u’:X'%/T’ and ,u:X:>/T
s s

as well (Definition 6.8), and consider the corresponding fibration ¢’ g : X' I X —
SIS with transport [T" T|: SI1 S — %ats,. Let pr: Y — Al x S be the fibration
from Proposition 8.3 and i : ST1 S = A x S — Al x S be the inclusion. Then
the space

TWit(pr) X gwirqug {1}

of transformations Cr : A' — Gats, with witnessing data pp : Y = fAl (r and
specified restrictions is a contractible Kan complex.

Proof. Follows from the fact that the map i* : T W¥it(pr) — TH#it(¢' 11 q) is a
trivial Kan fibration, by Proposition 8.2, and the fact that the class of trivial Kan
fibrations is stable under pullback. ([

Definition 8.5. Consider a map of cocartesian fibrations
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and suppose T” : S — %ats and T : S — %ats are transport functors with
respective witnessing data

;/:X’Q/T’ and M:X:>/T.
s s
A transformation (r : 7" — T induced by F' is any transformation in the fiber

TWit(pr) X gwirgng) {1 1}

from Theorem &.4.

As demonstrated in Theorem 8.4, the given fiber is contractible, so that the
transformation (g is uniquely specified.

8.4. Does the witnessing data actually matter? One might ask the question:
In determining the transformation (r : T — T associated to a given functor F,
does the choice of witnessing data for 7/ and T actually matter? The short answer
to this question is, in a generic sense no, but in a specific sense yes. The no part
of this answer comes from the observation that, as one varies witnessing data for
T’ and T then one can lift the corresponding paths in . #it(¢’ 11 q) to paths in
T Wit(pr) along the trivial Kan fibration

i* TWitlpi) — TWit(q 11 q).

However, in following this lifted path one actually changes the underlying transfor-
mation (r, though one obviously does stay within a single isomorphism class for
such transformations. To illustrate this one can consider the case of a point S = x.

In order to keep our presentation at least slightly efficient, we leave the proof of
the following to the interested reader.

Proposition 8.6. Let F : € — 2 be functor between co-categories with correspond-
ing fibration pp : € x9 2 = NF(A') — A'. Note that we have an identification
(€ x9 D) x a1 OAY = € 11 2, and consider these underlying categories as functors
€,9 : x — CGaty,. Consider also the sequence of maps

TWit(pr) — TWit(€ 11 2) — Fun(0A', Cat,).

Given another functor F': Al — Gat, with F'(0) =€ and F'(1) = 2, F' and
F both lie in the image of the fiber

y%it(pp) XFun(9A! Gatoo) {(%7 @)} — Fun(Al,%atoo)

if and only if there exist equivalences a: P — 2 and f: € — € at which one has
a natural isomorphism F' = aFB~!.

For fized witnessing data pig : € — [, € and py : Z — [, 2, F' and F lie in
the image of the fiber

TWit(pr) X gwicena) {(be, n2)} — Fun(A', Gato)
if and only if there is a natural isomorphism F' = F.
We note also that the fiber
TWit(pr) Xrun(oar %at.) (€, D)},
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though it is a Kan complex, needn’t be contractible. Indeed, when € = 2 and F
is an automorphism, the forgetful functor

yWZt(pF) X Fun(0Al,€at o) {(%a %)}
— Fun(Al, GatKan)Kan X Fun(9A! ato) (€, €)} = Autegar, (€)

identifies the components of the fiber with the components of the automorphism
group
) AUtsCatoc (%ﬂ) = Auty, Cat oo (%)

In particular the “witnessless fiber” is not even connected when % non-homotopic
automorphisms. One can consider the case ¥ = Sing(7™) for example, where one
has necessarily non-homotopic automorphisms which exchange the generators in
the fundamental group.

8.5. Equivalences and natural isomorphisms. The following can be observed
by checking on the fibers over S and the characterization

Proposition 8.7. Consider a map of cocartesian fibrations

X' r X

S :
and let T' : S — Gat, and T : S — Gats be transport functors for ¢’ and q
respectively. The transformation Cr : A' x S — Gatss induced by F is a natural

1somorphism between T’ and T if and only if F is an equivalence of cocartesian
fibrations.

Given naturally isomorphic maps of cocartesian fibrations Fy, F} : X' — X, with
corresponding natural isomorphism

AlxX’—>X

~,

we can replace ¢ with the corresponding map € : A x X’ — Al x X over Al x §
where £ is specifically obtained as the composite

Al X PG AT AL X X7 S AT
We note that, on objects, we have £(i,x) = (i,£(i,)) and on morphisms we have

€00 < 1,id,) = (0 < 1,&,) £(i,a) = (1, Fy()).

Since the maps &, are isomorphisms in the fiber X, over a specific point in S, we
observe from the above description that £ preserves cocartesian edges.
Taking the weighted nerve then provides a cocartesian fibration

symm x1

ge :NS(AY) 5 Al x (A1 x S) = Al x Al x § Al x Al
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where symm is the symmetry (factor swapping) on sSet. The fibers of ¢ along the
inclusions {i} x Al x § — A' x Al x S recover the nerves N*i(A'), and the fibers
along inclusions Al x {(i,s)} recover the nerves

Al x X, =N (AN and Al x X, = N“x: (A1),

From this information, and Proposition 8.2, one sees that the associated transport
functor
CE:AIXAIXS—)%CMOO

provides a natural isomorphism (g, — (. So we observe the following.

Proposition 8.8. Consider maps of cocartesian fibrations

F,
X ———=X

Fy
S

and transport functors T',T : S — %at for ¢' and q. Suppose that Fy and
Fy are isomorphic as maps between isofibrations over S. Then the corresponding
transformations Cg,,Cr, : T — T are naturally isomorphic as well.

8.6. Composition and homotopy straightening.

Proposition 8.9. Consider maps of cocartesian fibrations

n Fox Flx (18)

\1/

and trasport functors T, T',T : S — Gats for ¢, q', and q respectively. The
induced transformations Cpr, (g and (pp/ fit into a 2-simplex

in Fun(S, Gats, ). This is to say, Cppr is a composite (ppr = Cp o Cpr.

Proof. The sequence of maps FF' : X" — X' — X define a 2-simplex o : AZ —
sSet which factors through Cocart(S), and the diagram (18) defines a natural trans-
formation to the constant diagram ¢ — S which evaluates at each vertex s : ¥+ — A2
to a cocartesian fibration. Hence the induced map

N7 (A?) = N4s(A?) = AZx §
is a cocartesian fibration by Proposition 8.1. The transport functors for the restric-
tions
N7(A%) a0 = NT(A2), N7(A%) a0 = NT(A%), N7(A%) 50 = N7 (A7)
are (p/, (p, and (pps respectively. These transport functors collectively define a

functor

o : OA? x S — Gt oo
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which we fill, using Proposition 8.2, to the proposed 2-simplex ¢, : A2 x § —
Cats. O

We combine Propositions 8.8 and 8.9 to obtain a functor at the homotopical
level.

Corollary 8.10. For any simplicial set S, the assignments

{q¢: X —= S }— { achosen trasport functor T': S — Gat }

~— { the induced transformation ¢z : T" — T }

x__F  _x
>\\%/{
S
provides a well-defined functor h St : h Gocart(S) — hFun(S, €uts).-

Of course, here we have made some choices in order to define the functor h St.
Specifically, we have specified a transport functor for each cocartesian fibration.
However the resulting functor uniquely determined up to a unique natural isomor-
phism via contractibility of the space of such choices. Alternatively, one can replace
the category %ocart(S) with an equivalent category of pairs consisting of a cocarte-
sian fibration over S with a specific choice of transport functor with witnessing
data.

It’s clear that the functor h St is essentially surjective, and it is relatively easy to
argue that it is fully faithful as well. Hence it is an equivalence. The inverse to h St
is provided by a functor h Un which simply pulls back along the universal fibration
univ : L%aty, — Gats, i.e. by the assignment T — fs T, and applies cocartesian
lifts

{O}XISTOHfAleé- = FgZ/STo—)/STl

e
Al x [ Ty —> Al x S

to transformations £ : Al x § — Gate.
One can show that these functors lift to equivalences of oco-categories.

Theorem 8.11. The functors h St and h Un lift to mutually inverse equivalences of
oo-categories St : Gocart(S) — Fun(S, Guts) and Un : Fun(S, Gat,) — Gocart(S).

As we won’t use this refinement of Corollary 7?7, we confine the proof to the
appendix.

Remark 8.12. One of the most fundamental results in the text [3] is the production
of the straightening and unstraightening equivalences [3, Theorem 3.2.0.1]. On
objects it is clear that our functors St and Un agree with those from [3]. We’ve
not been able to explicitly compare our functors with those of [3] at the level
of morphisms or mapping spaces. We expect, however, that this topic will be
reformulated essentially completely in the text [5], in accordance with the general
philosophy exemplified throughout [5, 027M, 028K, 028M].
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8.7. Transformations over a varying base. Consider a diagram

x_F  _x
g ;
S U

in which g and ¢’ are cocartesian fibrations and F preserves cocartesian edges. Then
we have the corresponding map of cocartesian fibrations to the pullback

% XS
Consider transport functors 7" : S — bat., and T : U — Gats, for ¢' and ¢ with
respective witnessing data

X’;/T/ and ,u:X:>/T
S U

We recall from Lemma 6.12 that the composite T'f : S — %uat,, is a transport
functor for the pullback gg, along with the pulled back data ps : Xg — |, sTf.
Take

ool X/*XS XS — Al
the cocartesian fibration associated to Fis (Lemma 6.27).

Definition 8.13. For a diagram of cocartesian fibrations as above, with specified
transport functors etc. The transformation (r : 7' — Tf induced by F is any
element in the contractible space

TWit(pr) X 7wit(qigs) L (s ps)}-

Rather the transformation induced by F is, in the sense of Definition 8.5, the
transformation induced by the pullback Fg : X' — Xg.

8.8. At the homotopy level. Consider a diagram of cocartesian fibrations
g —Fr .
€

over an oco-category ¢, and the corresponding fibration N*'(A!) — A' x S. The
enriched homotopy transport representation

A x 16 = 1(A' x €) = 1Cats

restricts to recover the enriched homotopy transport functors ¢ and ¢ at the points
0 and 1 : * — Al respectively (Definition 7.8), and at each object x : * — € a
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morphism transf, : & — &, which fits into a diagram

Home (2, y) ——— Fun(&,, &,) (19)

q!/ i l (transfy)™

Fun(&), &) Fun(&), &)

x Yy

(transfy ).

over arbitrary points x,y : x — €.
One calculates the transformation in question by evaluating the unique cocarte-
sian solution

{0} x & ———= NF=(Al) (20)

_7
l 3 F, i

Al x &, Al

at {1} x &.

Lemma 8.14. In the above situation, there is a cocartesian solution Fp: Alx &l —
N¥=(A) to the lifting problem (20) which satisfies Folgy = Fp 1 &) — 6.

Proof. We consider the identification N (A') = &’ x5 &,. The unique map A® x
&) — &) % &, which restricts to the identity on {0} x &, and F, on {1} x &/, and
the map idar x Fy : Al x & — Al x &, define a map of simplicial sets to the
weighted nerve

F,: A' x & — NP (A,

By construction F, is a map over Al. Furthermore the restriction F, : Al x
{e} — NF(A') recovers the cocartesian edge (e,idp(ey = F(e) — F(e)) in the
nerve. Hence ﬁx provides the unique cocartesian solution to the lifting problem
(20). Finally, we have by construction ﬁz|{0} = idg and ﬁx|{1} =F,. O

This lemma tells us that the mystery transformations transf, and transf, ap-
pearing in (19) are explicitly given by the fibers F, and Fj respectively. We now
have a complete description of the enriched homotopy transport representation for
the fibration N*(A') — Al x €, and hence for the enriched transformation induced
by F.

Corollary 8.15. Consider a diagram of co-categories

g F e

1)

¢’ ¢

in which ¢’ and q are cocartesian fibrations and F preserves cocartesian edges. Let
T : € — Gate, and T : € — Gats be transport functors, with specified witnessing
data, and Cp : T' — Tf be the transformation induced by F. Then under the
identifications 71" = ¢ : 16" — T6ute and 7T = q : TEC — TGt from
Corollary 7.12, the transformation wlp : q| — qif is calculated by the fibers of F
along €,

(71'(}7)5C = Fz : é: — 5F(x)~
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Example 8.16. Consider a functor between oco-categories f : € — 2 and the
corresponding map of left fibrations

{o} xg {F(x)} x5

| l

€ 7 2,

F

at a given object x : * — %. By Proposition 7.13 the associated enriched homotopy
transport functors are the corepresentable functors

Homg(z,—) : 76 — n#an and Homg(fz,—): 79 — wan

respectively, and by Corollary 8.15 the transformation induced by F evaluates at
each object y to return the expected map

ﬂ-CF = f : Homcg(w,y) - Hom@(fxvfy)

9. INITIAL AND TERMINAL OBJECTS

Before beginning with our study in earnest, with the introduction of Hom func-
tors and the Yoneda embedding for co-categories, we discuss the notions of initial
and terminal objects in an oco-category.

9.1. Initial and terminal basics.

Definition 9.1. Let ¥ be an co-category. An object x in € is called initial if, for
each object z in €, the mapping space Home (z, z) is contractible. An object z in &
is called terminal if, for each object z in ¥, the space Home (z, y) is is contractible.

One sees that an object z is initial (resp. terminal) in % if and only if z is
terminal (resp. initial) in the opposite category €°P. So we can freely translate
between results for initial versus terminal objects. Note also that we can replace
the mapping space Homg (x,y) with either the left or right pinched spaces when
evaluating initial-ness or terminal-ness of objects.

Lemma 9.2. Let € be an oo-category, and let Glniy and Grerm denote the full co-
subcategories whose objects are the initial and terminal objects in €, respectively.
Then each of the categories Giniy and Grerm 1S either empty or a contractible Kan
complez.

This is to say, the initial (or terminal) object in an co-category % is unique,
provided any such object exists.

Proof. We only consider the case of @nit- Let us suppose that this subcategory is
nonempty. Via contractibility of the mapping spaces we conclude that the functor
@it — * is fully faithful and essentially surjective, and hence an equivalence of
oo-categories. So Gt is a contractible Kan complex. O

Lemma 9.3. If x is initial (resp. terminal) in €, then another object x’ is initial
(resp. terminal) in € if and only if «' is isomorphic to x.

Proof. For any isomorphism « : z — 2’ the induced maps

a* : Homyg (x,y) — Homg (7', y) and o, : Homg (y, z) — Home (y, 2')
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are isomorphisms in h Zan, at all y in €. So contractibility of the left-hand spaces
implies contratibility of the right-hand spaces. ([

One also sees that equivalences of oco-categories preserve initial and terminal
objects.

Lemma 9.4. IfF: € — 2 is an equivalence between oo-categories, and x is initial
(resp. terminal) in €, then F(x) is initial (resp. terminal) in 9

Proof. Suppose that x is initial in €. First note that any isomorphism 8 : y — 3/
in & induces isomorphisms

B. : Homg(z,y) = Homg(z,9)

in the homotopy category of Kan complexes. So an object z in Z is initial if and
only if the relevant mapping spaces are contractible at a dense collection of objects
in 2. (By a dense collection we mean a collection which contains a representative
for every isoclass in 2.) Since any equivalence is both fully faithful and essentially
surjective, we have that the mapping spaces Homg (Fx,y) are contractible at all y
in the image of %, and hence at all y in . So F(z) is initial in . The case where
x is terminal is proved similarly. O

Warning 9.5. Initial and terminal objects are not well-behaved under fibering.
Consider for example the cone C' = {22 + y? = z : z,y,2 € R} and its projection
onto the z-axis line R, = R. The projection Sing(C) — Sing(R.) is a Kan fibration
and the objects T = (1,1,1) and 1 are both initial and terminal in Sing(C) and
Sing(R.) respectively, since these spaces are contractible. However, T is not initial
or terminal in the fiber Sing(C); = Sing(S'). In fact, this fiber admits no such
objects.

9.2. Aside: trivial fibrations via the fibers. For the analysis that follows, it is
convenient to have a characterization of trivial Kan fibrations which can be checked
on the fibers.

Proposition 9.6. A map of simplicial sets f : € — S is a trivial Kan fibration if
and only if f is a left (or right) fibration and, at each point s : x — S, the fiber €,
is a contractible Kan complez.

Sketch proof. If f is a trivial Kan fibration then it is both a left and right fibration,
and all of its fibers are contractible. As for the other direction, assume now that
f is a left fibration and that all of its fibers are contractible. (The case of a right
fibrations is then obtained by taking opposites.)

We must show that each lifting problem of the form

OA" ——F

A’VLHS

admits a solution. In the case that n = 0, such a solution exists since the fibers
%, are all non-empty. So we assume n > 0. By replacing S with A™ and € with
A" xXg €, we may assume also that both S and ¥ are oo-categories. For fun we
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can finally replace this lifting problem with the related lifting problem

{0} x HA™ “H ¢ (21)

L

Al x A" — 5,
which is obtained by restricting along the projections
p: AL X A" — A" p(0,i) =14, p(1,i) =n,

and which recovers our original problem after restricting to {0} x A™. It suffices to
solve this second problem.

By [5, 0153] the class of left anodyne maps is stable under the cartesian action
of sSet on itself, so that the inclusion {0} x 9A™ — Al x A" is left anodyne.
Since the map f is left anodyne, it follows that the lifting problem (21) extends to
a problem

Al x 9OA" T = @

|7

Al x A" —> 5,

Since the fibers of f are trivial Kan fibrations, the above problem extends further
to a problem of the form

Y(0) —2—¢%

|

Al X A" —— 5,

where Y(0) is the pushout

Y(0) = (At xoa™) ] (1} xan.
{1} xoAn

By [5, Proof of 00TH] the inclusion Y (0) — A® x A" can be factored into a

sequence Y (0) — Y (1) = --- = Y(n + 1) = Al x A" with each Y (i + 1) fitting
into a pushout diagram

AT V(i)

L

AP S Y (i 1),

Furthermore, this sequence can be constructed so that at Y (n) = A! x A" the
sequence

Al = At AT AL AT

recovers the edge A x {n}.
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Now, since f is inner anodyne we can solve, in order, the lifting problems
Yi-1)——=¢%F
Y (5) S

at all 0 < ¢ < n. For the final lifting problem, along the inclusion Y (n) — Y (n+1),
we need to solve a lifting problem of the form

n+1
AT %

ATl > g

in which o|A{™"+1} is of a constant value s in S. Since the fiber %, is a Kan
complex, the morphism A{mn+1} AZﬂ — % is an isomorphism in €. We can
therefore solve this final lifting problem, by Proposition 1-5.33, and hence obtain
the desired solution to the problem (21). O

When applied to the case of a Kan fibration we have the following, which can
also be deduced from Propositions 1-4.9 and 1-4.21.

Corollary 9.7. A map between Kan complexes [ : X — % is a trivial Kan
fibration if and only if it is a Kan fibration and, at each point y : x — %, the fiber
Zy is contractible.

We recall that a map between Kan complexes is a trivial Kan fibration if and
only if it is a Kan fibration and an equivalence. This is Proposition 1-4.9. We have
the following variant in the co-setting as another corollary.

Corollary 9.8. A left (or right) fibration of co-categories F : € — 2 is a trivial
Kan fibration if and only if it is an equivalence.

Proof. Consider the diagram of fibrations
3 = 9

NS

2

From Theorem 3.8 we conclude that F' is an equivalence if and only if, at each point
y:*x = 9, the fiber ¢ — * is an equivalence of Kan complexes, i.e. if and only if
each fiber %, is contractible. By Proposition 9.6 this occurs if and only if F' is a
trivial Kan fibration. O

9.3. Initial objects and undercategories.

Proposition 9.9. An object in an oco-category x : x — € is initial if and only if the
forgetful functor €., — € is a trivial Kan fibration. Dually, an object y : * — €
is terminal if and only if the functor €, — € is a trivial Kan fibration.

Proof. If z is initial then all of the left pinched mapping spaces are contractible, so
that all of the fibers of the left fibration ¢, — ¢ are contractible. It follows that
this map is a trivial Kan fibration. For the converse, we simply note that trivial
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Kan fibrations are stable under pullback. The arguments in the terminal case are
similar. ([

Let us now give a technical lemma.

Lemma 9.10. For each positive integer n, the map

(A'x0A™) ] {0}xA" = AT x A" = A2
({0}*0A™)

induced by the respective inclusions is an isomorphism onto the horn Ag”.

See [5] for the proof. We have the following characterization of isomorphisms via
initial and terminal objects.

Proposition 9.11. For a map o : © — y in an oo-category €, the following are
equivalent:

(a) « is an isomorphism.
(b) «a is initial when considered as an object in the undercategory €.
(¢) « is terminal when considered as an object in the overcategory.

Proof. We prove the equivalence between (a) and (b). The equivalence between (a)
and (c) is obtained by taking opposites. The implication (b) = (a) just follows by
considering maps between « and id, in the undercategory. So suppose that « is
an isomorphism. By Proposition 9.9, « is initial in €, if and only if the forgetful
functor

%a/ = (%12/)04/ - %x/

is a trivial Kan fibration. Now, via a consideration of the identification from Lemma
9.10, solving a lifting problem of the form

BA”H a/

|

A" ———= G,y
is equivalent to solving the corresponding lifting problem

AP ——F

-

APT2 5

in which the initial edge A%} — % is a. Such a problem admits a solution
by Proposition 1-5.33, so that the forgetful functor is seen to be a trivial Kan
fibration. O

We take a moment to discuss some examples before returning to the theoretical
foundations of this topic.
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9.4. Initial and terminal objects in simplicial nerves.

Definition 9.12. An object = in a simplicial category A is called initial (resp.
terminal) if, for each y in A, the mapping complex Hom 4 (,y) (resp. Hom 4 (y,z))
is a contractible Kan complexes.

The easiest way for this to occur is if the relevant mapping complexes are just
points. For example, one sees immediately that @ and * are initial and terminal in
Kan, respectively.

For A enriched in Kan complexes, and &7 = N"(A), the equivalence

Hom 4 (z,y) = Homl (z,y)

of Theorem 5.27 tells us that an object « is initial (resp. terminal) in A if and only
if x is initial (resp. terminal) when considered as an object in the co-category <.
The analogous claim is seen to hold for terminal objects via a consideration of the
opposite categories.

Lemma 9.13. Let A be a simplicial category which is enriched in Kan complezes.
Then an object x is initial (resp. terminal) in A if and only if the corresponding
object x is initial (resp. terminal) in N"(A).

The following corollary is not an immediate consequence of triviality of the map-
ping categories Fun((), ¢’) and Fun(%, *), when % is an co-category.

Corollary 9.14. The empty set () is initial in both #an and Gat.. The point *
s terminal in both J¢an and Gats.

9.5. Zero objects in pointed spaces. Though we will not use the term explicitly,
a zero object in an oo-category is an object which is simultaneously initial and
terminal. Such objects are familiar from our studies of abelian categories. In the
oo-setting, the theory of abelian categories is, to some extent and in an indirect
manner, reflected in the theory of stable categories. In the stable setting one again
demands the existence of a zero object.

Proposition 9.15. If x is terminal in an co-category €, then x is both initial and
terminal in the category €, .

By x in €, we mean any morphism z — x. Since z is terminal, this lift of =
to an object in €, is uniquely determined up to a contractible space. Practically
speaking, we can just take this lift to be id, : ¢ — z.

Proof. The fact that x is initial in €, follows by Proposition 9.11. For terminality,
we consider the forgetful functor

%w//w%%,

where €,/ /. = (€4/) /2 = (€)2)z/. For any inclusion of simplicial sets A — B, the
existence of a solution to a lifting problem

A—>C//2

|

B——%,,
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is equivalent to the existence of a solution to the corresponding lifting problem

{2} x A ——=C),

L

{z}x*B——%.

By Proposition 9.9 a solution to the latter problem exists, since « is terminal in €.
It follows that the map €, //, — €, is a trivial Kan fibration, and hence that x is
terminal in €/, by Proposition 9.9. [

Recall form Corollary 9.14 that the 1-point space * is terminal in JZan.

Corollary 9.16. The 1-point space * is both initial and terminal in the co-category
Han,, of pointed Kan complezes.

9.6. Zero objects in derived categories.

Definition 9.17. An object x in a dg category A is said to be initial (resp. ter-
minal) if, at each y in A, the Hom complex Hom} (z,y) (resp. Hom} (y,x)) is
acyclic.

Recall our calculation of the mapping spaces in the dg nerve o/ = Nde (A) via
the Hom complexes in A,

Homy, (z,y) = K(Homj (z,y))

(Proposition 1-12.7). By Theorem I-11.13, the above calculation tells us that the
mapping HomY, (, y) are contractible whenever the complex Hom’ (x, ) is acyclic.
So we observe the following.

Lemma 9.18. Let A be a dg category and take of = N98(A). If an object x
is initial (resp. terminal) in A, then the corresponding object x is initial (resp.
terminal) in o .

Remark 9.19. The converse to Lemma 9.18 holds if we assume that our dg cate-
gory A has a good shift functor (see Section 12.1).

For any abelian category A, the object 0 is both initial and terminal in the
dg category Ch(A) of cochains over A, and hence also in the subcategories of K-
projective and K-injective complexes. We recall that the derived oco-category Z(A)
is defined by taking the dg nerve of the dg category of K-injective objects in Ch(A)
when we have enough such objects, or K-projectives when we have enough such
objects (see Section I-13).

Corollary 9.20. For any Grothendieck abelian category A, the zero complex 0 is
both initial and terminal in the derived co-category Z(A).

9.7. Initial objects and weak contractibility. We phrase all results below in
terms of initial objects. The corresponding results hold for terminal objects via
duality.

Lemma 9.21. A Kan complex 2 admits an initial object if and only if Z is
contractible.
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Proof. If x is initial in 2, then every object in 2" admits a morphism from 2,
and hence is isomorphic to z (since £ is a Kan complex). Since any object which
is isomorphic to an initial object is initial, we conclude that 2" consists entirely of
initial objects. We conclude that 2 is contractible by Lemma 9.2. [

In the case of an co-category ¥ we do not gain such a precise understanding
of € via the existence of an initial object. This is clear from the examples dis-
cussed above. We can, however, constrain certain relative phenomena between
oo-categories via the preservation of initial objects. The remainder of this section
is dedicated to an elaboration on this, somewhat criptic, point.

Lemma 9.22. An object x in € is initial if and only if the forgetful functor €, , —
¢ admits a section F : € — €, with F(z) = id,.

Proof. If z is initial then the forgetful functor is a trivial Kan fibration, by Propo-
sition 9.9. It follows that the lifting problem

idy

|7
C—>C
id
admits a solution s : ¢ — ©,,. This solution provides the desired section. Con-

versely, if we have such a section F' then for each y in % we can split the identity
on the mapping space as

Home (z,y) 5 Home,  (id,, F(y)) "4 Hom (, y).

Since id, is initial in 6, /, by Proposition 9.11, each mapping space Home, , (id., F'(y))
is contractible. Thus each mapping space Home (z, y) is a retract of a contractible
space, and hence contractible itself. O

We record a little lemma.

Lemma 9.23 ([5, 0196]). Ifi: A — B is an inclusion of simplicial sets, then the
induced map
{x}xi:{x}xA—= {x}xB

is left anodyne.

Proof. The class of i at which {} xi is left anodyne is saturated. We we need only
show that it contains the inclusions 0A™ — A™. But in this case the inclusion in
question is identified with the left anodyne map Aj*t — AFL, O

Proposition 9.24. An object x in € is initial if and only if the inclusion x : x — €
is left anodyne. Ify is terminal in €, then the inclusion y : x — € is right anodyne.

Proof. We deal with the initial claim. If x : x — % is left anodyne then we can
solve the lifting problem

idy
* ——> %x/
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and hence obtain a section F': € — €, as in Lemma 9.22. We conclude that x is
initial in €.

Conversely, if x is initial then the section F': ¢ — €, of Lemma 9.22 provides
amap F' : {x} x € — € with F'|¢ = idg, F'(x) = z, and F'(* — z) = id,. In
particular, F” is defined on each simplex outside of 4" by taking

F'({x} x A™) = F(A™).
This map F” gives a diagram

Lk

¢ — (1} xC L7

so that the inclusion {z} — € is a retract of the inclusion {x} x {z} — {*} x¥.
Since this latter inclusion is left anodyne, by Lemma 9.23, we conclude that the
inclusion {z} — % is left anodyne as well. O

As a consequence of Proposition 9.24 we observe a kind of relative triviality for

€.

Corollary 9.25. Suppose f : X — S is a left fibration, and that € admits an
initial object x : x — €. Then the map

Fun(¥¢,X) - X xs Fun(¥¢,S5), F— (F|s, fF). (22)
is a trivial Kan fibration.

Proof. Immediate from Propositions 9.24 and 4.3. d

Let’s consider what Corollary 9.25 is telling, in semi-human terms. In the ex-
treme case where 2~ — * is a Kan complex, the right hand side of (22) is just 2~
and we obtain a trivial Kan fibration

ev, : Fun(%¢,2°) - 2

which just evaluates a functor F' at z : * — %. This says that for any choice of a
point z : x — £ there is a unique functor F, : € — £ which evaluates as F,(z) =
z. Indeed, we can just take the fiber of ev, at z to obtain a space Fun(¥¢, Z).
which parametrizes such functors, and observe that this space is contractible. In
this way % “looks like a point” relative to any Kan complex.

In the relative setting, we consider a left fibration f : X — S and see that for
any choice of a functor F': ¢ — S, and a point z in X which lifts F(x), there is a
unique lift of F to a functor F : € — X with F(z) = z. Rather, we observe that
any lifting problem of the form

* — X
Fl
¢ — =8

admits a unique solution.
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9.8. Equivalences of fibrations via initial objects.

r 7
T
be a diagram of oco-categories in which both of the maps to T are left fibrations. If

€ admits an initial object x, then F is an equivalence if and only if F(x) is initial

n 9.

Proposition 9.26. Let
€

Proof. If F' is an equivalence then it preserves initial objects, by Lemma 9.4. Sup-
pose conversely that F' is such a map, that x is initial in %, and that the image
F(z) is initial in 2. Consider the lifting problem

F(gl e - l

9 —- 7.
By Corollary 9.25 there exists a solution to this problem, and hence there exists
a functor G : 9 — € over  with GF(x) = z. By Corollary 9.25 again the
composition GF' is also seen to be isomorphic to the identity in Fung(%,%). We
also have FG(Fx) = F(x) so that F'G is isomorphic to the identity on ¥. Thus F
is an equivalence. ([l

Again, one observes a corresponding statement for right fibrations and terminal
objects, via the opposite duality.

At first glance this proposition seems ridiculous. Indeed, it suggests that if
f: & — € is a left fibration of co-categories, and e is an object in & with image
x in ¢, then the induced map on undercategories F' : &, — €,/ is an equivalence.
This is because F fits into a diagram

N

and which both maps to & are left fibrations, and F' is seen to send the initial
object id. to the initial object id,. However, one sees that this is as bad as it gets.

Cr)

Corollary 9.27. Let € — 7 be a left fibration, suppose that € admits an initial
object x, and let t denote the image of x in . Then there is an equivalence
F:€ — J; of left fibrations over J which sends x to idy.

So Proposition 9.26, said another way, classifies left fibrations up to equivalence
via isoclasses of objects in 7.

Proof. By Proposition 9.26 the map ¢,, — .7, is an equivalence of left fibra-
tions which sends id, to id;. The proposed equivalence ¢ — .7, is obtained by
composing the equivalence ¢,, — 7, with a section F' : € — %, as in Lemma
9.22. a
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10. ASIDE: SIMPLICIALIFICATION FOR DG CATEGORIES

10.1. Simplicial categories for dg categories. Let k be a commutative ring and
consider the category sSety of simplicial k-modules. This category is symmetric
monoidal with the expected product M ®; N, where

(M ® N)[r] := M[r] ® N|r].

This product admits inner-Homs, so that sSetj, is naturally enriched in itself, and
we obtain the corresponding simplicial category sSet,. Explicitly the morphism
complexes Funy (M, N) are the complexes with n-simplices

Fung (M, N)[n] = Homgget, (EA™ @ M, N).

Since all simplicial k-modules are Kan complexes, the simplicial category sSet,, is
Kan-enriched and we have the forgetful simplicial functor sSet; — Kan.

Definition 10.1. We take .#an; := N*(sSet, ).

Via faithfulness of the functor sSet;,, — Kan we observe that the induced functor
on oo-categories an, — ~£an is an inclusion of simplicial sets.
Recall that we have the Dold-Kan functor

K : Ch(k) — sSety,

which restricts to an equivalence K=C from connective cochains. In particular, K
factors through the truncation

Ch(k) = Ch(k)=°, X (- = X1 52X - 0)

and is identified with the composite of this truncation and the equivalence K<,
We let Ch(k) denote the usual dg category of k-cochains.

Proposition 10.2 ([5, 00SD]). The functor K admits a lax-monoidal structure
myw : K(V) ®, K(W) — K(V ®, W). Furthermore, at each pair of objects
this morphism my.w is a (non-linear) homotopy equivalence.

Proof. This lax monoidal structure is adjoint to the monoidal structure on the
normalized cochain functor provided by the Alexander-Whitney map [5, 00S6].
Since the Alexander-Whitney maps are quasi-isomorphism [5, 00SB], we conclude
that each my - is a homotopy equivalence. In particular, myw is obtained as the
composite

A
K(AW)

KWK (W) S KN(K(V)@uK(W)) K(NK(V)&RNK(W)) 5 K(VepW).

O

In the case that one of V' or W is concentrated in degree 0 one observes natural
identifications K (V) ®, K(W) = K(V @ W) and the aforementioned lax monoidal
structure extends these identifications to arbitrary complexes. In the case where
V is concentrated in degree 0, for example, we have K(V)[n] =V at all n and the
aforementioned identification is explicitly the map

V ®; Homj (NA™, W) — Hom(NA", V@, W), v® f— (x = v® f(zx)).

Corollary 10.3. For any dg category A there is an associated simplicial category
KA obtained by applying the lax monoidal functor K to the morphism complexes.
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The identifications K (V)[0] = V? induce an identification of homotopy categories
hN"(KA)=hKA = H’A =hN%(A).
It’s shown in [4, 5] that this equivalence lifts to the co-categorical level.

Theorem 10.4 ([5, 00SV]). For any dg category A, there is a natural equivalence
of co-categories

34 N'Y(KA) 5 Ni&(A)
which is furthermore a trivial Kan fibration and fits into a diagram over the asso-
ciated discrete category

3a

NEC(KA) NI (A)

~_ 7

Z°A
By naturality, we mean that any dg functor F' fits into a diagram

ng(A) NiE R ng(B)

5| E

N (KA) —NKE Nbe(B).

10.2. Derived Dold-Kan for vector spaces. If one considers dg categories as,
loosely, categories enriched in the oo-category of vector

Lax monoidality tells us that the Dold-Kan functor K enriches to a simplicial
functor K Ch(k)* — sSet;, which just sends a cochain V' to the object KV and
which is defined on morphisms via the unique map

K Homy (V, W) — Hom g, (KV, KW)
which is compatible with evaluation.

Theorem 10.5. Let Ch(k) denote the dg category of cochains. If k is a field, the
simplicial functor

K : KCh(k)* — sSet,,
restricts to an equivalence on KCh(k)<°.

Proof. In this case a map in Ch(k)=° is a homotopy equivalence if and only if
it is a quasi-isomorphism. It follows via the Dold-Kan equivalence, Theorems I-
11.12 & 1-11.13 and Proposition I-11.16, that a map in sSety, is is linear homotopy
equivalence if and only if it is a homotopy equivalence. In particular, the comparison
map my,w : K(V) @, K(W) — K(V ®, W) is a linear homotopy equivalence. It
follows that K induces a monoidal eugivalence on homotopy categories

hK : D(k)<° 5 h #any.

Now, both of the categories D(k) and h J#an; admit inner-Homs, which are just
given by the inner-Homs at the pre-homotopical level Homy and Homg,,, . Since
h K is an equivalence we now obtain a unique isomorphism of inner-Homs

K Homy(V,W) = Hom,g,,, (KV,KW)
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in h any which is compatible with evaluation. This unique isomorphism is the im-
age of the correpsonding map at the pre-homotopical level, from which we conclude
that the original morphism is a homotopy equivalence. This implies that K is fully
faithful, and essential surjectivity just follows form the fact that the non-enriched
Dold-Kan functor is essentially surjective. O

We refer to the enriched equivalence of Theorem 10.5 as the enriched Dold-Kan
equivalence.

Corollary 10.6. Suppose k is a field. Then enriched Dold-Kan provides a functor
between oo-categories K : Vect, — Hany which restricts to an equivalence of
oo-categories

K : ”/ect,%o 5 Hang.

Here ¥ ecty, := N (Ch(k)) denotes the co-category of connective cochains, and
we’ve written simply K for the composite of equivalences

Veet, 5 N (KCh(k)) ¥ sk any,

by an abuse of notaiton.

10.3. Derived Dold-Kan for abelian categories with projectives. Let A be
an abelian category with enough projectives. We recall the following strengthening
of the usual Dold-Kan equivalence.

Theorem 10.7 (Dold-Kan, [4, Theorem 1.2.3.7]). Let A be any abelian category
and A’ be any additive subcategory in A which is closed under taking summands.
Then the Dold-Kan functor K : Ch(A") — Fun(A°P, A") restricts to an equivalence

K : Ch(A")=% 5 Fun(A°P, A)
with inverse given by the normalized cochains functor.

Though our notation is a bit cumbersome, we recall that the category Fun(A°P, A’)
is simply the category of simplicial “sets” T' whose simplicices T'[n] have the struc-
ture of objects in A, and whose structure maps are all maps in A’. In the case
where A’ is the full subcategory Proj, of projectives in A we obtain an equivalence

Proj‘%0 5 Fun(A°P, Proj,).

Definition 10.8. Let k be a field and Vect be the category of finite-dimensional
vector spaces. A k-linear category A is a Vect-module category for which the action
map Vect XA — A commutes with all colimits which exist in either factor.

Remark 10.9. When A is locally finite, i.e. has all objects of finite length and finite
dimensional morphisms, one should replace Vect with the subcategory Vect ¢;y, of
finite dimensional vector spaces in the above definition. Equivalently, one can
consider such A along with a Vect-action on its Ind-category.

Note that when A is k-linear then the category sSety acts on simplicial objects
in A via the expected formula

V @i M[n] .= Vn] ®; Mn].
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Via the same arguments as employed in [5, 00RF, kerodon] one produces the
Eilenberg-Zilber morphisms, Alexander-Whitney morphisms, and (associative and
unital) adjoint morphism

my,nM : K(V) Rk K(M) — K(V@k M)
which compares the Vect-action on Ch(A) with the sSet;-action on Fun(A°P, A).

Lemma 10.10. Suppose A is a k-linear abelian category. Then for an arbitrary
complex of vector spaces V' and complex of objects M in A, the map my @ K(V)®y
K(M)— K(V ®y M) is a quasi-isomorphism.

Proof. One argues exactly as in [5] and Proposition 10.2. However, when necessary,
on should replace the simplicial abelian group Z[A”] with T[A"] in arguments from
[5], where T' is an arbitrary object in A. O

Using the lax structure maps m we can enrich the Dold-Kan equivalence to a
simplicial functor
K : KCh(A) — Fun(A°P A),
where the k-linear simplicial mapping complexes on Fun(A°P, A) are the inner-
Homs relative to the sSetg-action. On objects we simply M take the associated
space KM and the maps

K Homj} (M, N) — Homg, ., (KM, KN)

are adjoint to the evaluation morphisms

K Hom’, (M, N) @ KM 3 K (Hom’ (M, N) @s M) 5’ KN.

Definition 10.11. For a k-linear abelian category A with enough projectives, take
Hany = N" Fun(A°P, Proj, ).

Theorem 10.12. Let A be a k-linear abelian category with enough projectives, and
take Projio the dg category of connective cochains of projectives. The enriched
Dold-Kan functor

K : KProj:’ — Fun(A°P, Proj,)

s an equivalence of simplicial categories.

Proof. Same as the proof of Theorem 10.5. O

Corollary 10.13. For any k-linear abelian category A which has enough projec-
tives, there is an equivalence of co-categories

K : 25°(A) 5 Hany.

11. REPRESENTABLE AND COREPRESENTABLE FUNCTORS

Definition 11.1. Let ¥ be an oo-category. A functor F': € — Jfan is corepre-
sented by an object z in € if I is a transport functor for the left fibration ¢, — %'
We say F' is corepresentable if it is corepresented by some object in .

We say a functor G : €°P — JFan is represented by an object y in % if it is
corepresented by y when considered as an object in €°P, i.e. if it is a contravariant
transport functor for the right fibration ¢, — ¢. A corepresentable functor is a
fnuctor which is corepresented by some object in % .
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We note that if F' and F’ are corepresented by an object x in €, then F and F’
are isomorphic, via the uniqueness of transport functors. We also see, by Corollary
9.27, that a functor F : € — JZan is representable if the corresponding oco-category
Un(F) = [ F has an initial object. It is clear from Corollary 9.27 that h is
representable if, in some sense, it has an “initial object” in some fiber F(x).

Definition 11.2. Given a functor F : € — #an, we say an object 1, : x — F(x)
is an initial object for F, over z, if at each y in % the composite

F, 6=t 1%
Home (x,y) = Homuyan (F(z), F(y)) = Fun(F(z), F(y)) = F(y)  (23)
is an isomorphism in h Zan.

Note that this condition is really a restriction on the induced functor on enriched
categories mF : 7% — m.#an. Since the isomorpihsms 6 of Theorem 5.27 is seen to
preserve identity morphisms, we see that the above composite at x,

Home (x, ) — F(x)

sends the identity id, :  —  to 1,. Since the #~! assemble into an equivalence of
H #an-enriched categories m.#an — mKan (Proposition 7.6), we also observes at
any choice of 1, : x — F(x) a diagram

Flo) — 22 s p(y)

| |

Home (z,2) —— Home (z,y).

Our first aim is to prove the following.

Theorem 11.3. A functor F : € — Jan is corepresented by an object x in € if
and only if F admits an initial object which lies over x, 1, : * — F(x).

11.1. Left fibrations with initial transport. Consider a left fibrationg : & — €
with transport functor F' : € — Jan. The induced functor nF : 76 — w¥an
is determined by paramtrized homotopy transport, according to Corollary 7.12.
Hence the composite of (23) at any object 1, : x — F(z) & &, is identified with
the composite

Homg (z,y) x {1} = Homg (z,y) X & — &, (24)

where the final map is given by parametrized homotopy transport (Definition 7.7).
More precisely, the adjunction

Adj : Homgay, (Hom(z,y), Fun(x, &,)) — Homga, (Hom(z,y) x {*},&,)
the map (23) is identified with the map (24). One sees directly that any map
v : Home (z,y) — Fun(x, &,) = &, fits into a diagram

Adj
Homg () x {x} ——2 g

NT Tu

Home (z,y) Fun(x, &),

5

so that ~ is an euqivalence if and only if Adj(y) is an equivalence. So we see that
an object 1, : * — F'(x) is initial if and only if the maps (24) are all equivalences.

‘eq:initial_fun
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Proposition 11.4. Let F : € — Jan be any functor and take q : & = f% F—%

the corresponding left fibration. For any choice object x in €, any object 1, : x —
F(z), and let T be the image of 1, in &, under the equivalence 6 : F(x) — &,.
Then T is initial in & if and only if 1, is an initial object for F.

Proof. Via the equivalence €, = {2} X 4% we see that the oriented fiber product
admits an initial object. By the specific expression of this equivalence give in
Section I-(10.5) one sees that this equivalence sends id, to id,, so that the identity
specifically is seen to be initial in {z} x&

By Corollary 9.25 there is a unique map of left fibrations t : {z} xZ ¢ — &
which sends id, to . This map is an equivalence if and only if all of the induced
maps on the fibers

t : Home (z,y) — &,
are isomorphisms.

Since enriched homotopy transport for the oriented fiber product is given by
composition on Home (Proposition ??), the diagrams

Homg (z,y) X 6 ————— = &

Homy (z,y) x Home (z, 27 — Home (z, y)

commute at all y in €, where the top map is enriched homotopy transport for &.
Restricting to id, in the second factor produces a diagram

Homy (x,y) x {z} ——— = &,

HOIH%”(ZE, y) X {Zdr} r' HOIHcg(SC, y)

from which we see that ¢, is an equivalence at all y if and only if the maps (24) are
all isomorphisms in h #an. Via the equivalence of enriched functors 7F = ¢ we

observe that these maps are all equivalences if and only if 1, is an initial object for
F. O

Now, for an arbitrary left fibration ¢ : & — %, with transport functor ' : ¢ —
Jan, we have the equivalence of left fibrations & =+ fcg F which is implicit in the
assertion that F' is a transport functor. We therefore see that & admits an initial
object if and only if ﬁg F admits an initial object. So Proposition 11.4 implies the
following.

Corollary 11.5. Let q : & — € be a left fibration between oco-categories. Then
& admits an initial object T over a point x in E if and only if the corresponding
transport functor F admits an initial object 1, : x — F(x).

We now observe the proof of Theorem 11.3.

Proof of Theorem 11.3. By Proposition 11.4 a functor F' admits an initial object
over z if and only if the corresponding left fibration fcg F admits an initial object in
the fiber over x. This occurs if and only if there is an equivalence of left fibrations

%/;/F
€
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over €. The existence of such an equivalence, by definition, characterizes F' as a
transport functor for the fibration ¢, — €. (]

11.2. Corepresentable functors for simplicial categories. Let A be a simpli-
cial category which is enriched in Kan complexes. At any choice of an object x in
A we have the simplicial functor

@A($7 —):A— Kan.
Taking homotopy coherent nerves then provides a functor
Homyne (4(z,—) : N (A) — Han.
Proposition 11.6. Let A be a Kan-enriched simplicial category and take of =

N"(A). At any object x in o the functor Hom ,(x,—) : &/ — Fan is corepre-
sented by x.

Proof. Since the map mA — 7.4/ induced by the equivalences of Theorem 5.27 is an
equivalence of co-categories, we have an identification of h JZan-enriched functors

Hom ,(z,—) = Homy(x, —).

Since the functor Hom g (z, —) admits an initial object over z, so does Hom , (x, —).
It follows that Hom ,(x, —) is corepresented by x. O

Corollary 11.7. For A and </ as in Proposition 11.6, a functor F : o/ — Jan
is corepresentable if and only if F admits an isomorphism

Hom ,(z,—) > F
at some x in A.

11.3. Corepresentable functors for dg categories. Let A be a dg category,
and &/ = N9(A). At any object z in A we have the dg functor Hom’ (z, —) :
A — Ch(k).

Lemma 11.8. Let A be a dg category. At any object V in A the simplicial functor
K o Hom’ (V,—) : KA — KCh(k) 5 sSet,
is equal to the functor Homp 4 (V, —) : KA — sSet,,.

Proof. Take hy = Hom) (V, —) and hy, = Homg a (V, —). On objects these functors
are the same. For the composite, the original map

hy : Homy (W, W') — Homj, (hy W, hy W)
fits into, and is specified by, a diagram
Homiy (W, W') @y, hy (W)
hv®kidi \
Homy, (hy W, hy W') @ hy (W) —== hy (W').
Hence Khy fits into a diagram
K Hom (W, W') @i Khy (W)

K
Khv®kidi \

K Homj (hy W, hy W) @ Khy (W) —> Khy (W').
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Taking inner-Homs for sSet; now gives a diagram

K Hom, (W, W)

Khvl

K Homy, (hy W, hyW') — Homyge,, (Khy W, Khy W').

|>
<

This implies an equality between these two functors on morphism complexes as
well. O

Lemma 11.9. Given a diagram in Gats

|

@?Jﬁfan

in which &€ is an equivalence, then F is corepresentable by an object x if and only if
G is corepresentable by &(x).

Proof. We have an isomorphism of functors F' & G o . Since representability
is stable under isomorphism, we may assume F' = G o . Fix arbitrary points
x,y:* — € and take ' = £(x), v = &(y).

We consider the corresponding maps on mw-enriched categories to observe a dia-
gram

ev

Home (z,y) x F(x) —— Hompan (F(2), F(y)) x F(z) —— F(y)

- ; ;

Homg(2',y") x G({x) — Hom zun(G(2'),G(y')) x G(z') = G(¥)

in h Zan in which all vertical maps are isomorphisms. From this diagram we see
that F' admits an initial object if and only if G admits an initial object. Hence F'
is representable if and only if G is representable. ([

We understand that, at any dg category, the functor
Homge o (V, =) : NP(KA) — Hany, C Han

is corepresented by the given object V. This follows by Proposition 11.6. Naturality
of the equivalence 3 from Theorem 10.4, in conjunction with Lemmas 11.8 and 11.9
above, tell us that the Hom-complexes for dg categories also provide representable
functors, in the only way that makes sense.

Proposition 11.10. Let A be any dg category with associated oo-category o/ =
N9&(A). At any object V in A the functor

K Homj (V,—): & — Vect — FHan
is corepresented by V.

Corollary 11.11. Let A be any dg category with associated co-category o/ =
N9&(A). A functor F : of — Han is corepresented by an object V in < if and
only if F is isomorphic to the functor K Hom (V, —).



cor:simp_rep

sect:twarrows

68 CRIS NEGRON

11.4. Representable functors for simplicial and dg categories.

Lemma 11.12. Let A be a simplicial category which is enriched in Kan complexes.
Then we have N"(A°P) = N"¢(A)°p.

Here the opposite category A°P is simply the category obtained by applying the
symmetry on sSet to the morphisms. The identification of opposites follows from
the identification

Fungcat (Path A”, A°P) = Fun((Path A™)°P, A) = Fun(Path((A")°P), A)

We now consider the functor Hom 4 (—,y), for y in A as a functor from the opposite
category

Lkﬂgé(77y):éfp‘$§ggg

As a corollary to Proposition 11.6 we observe the following.

Corollary 11.13. Let A be a simplicial category which is enriched in Kan com-
plexes. Then at any object y in A, the functor

Hom 4 (—,y) : NPC(A)°P — Fan
is a representable functor which is represented by y.

In the dg setting we also have the opposite category A°P. Here we employ the
Koszul sign rule in the symmetric on Ch(k), so that composition for A°P inherits
a sign

fropgi= (_1)deg(f)deg(g)gf_

One can check the following.
Lemma 11.14. For any dg category A, the maps on n-simplices

N (A)P[n] = N(AP) ], {fr: 1 C [n]} o> {(~)TI-D2p, 0 1 C ]},
define an isomorphism of co-categories N9 (A)°P 5 NI8(A°P),

From Proposition 11.10 and Lemma 11.9 we now observe the following.
Proposition 11.15. For any dg category A, and any object W in A, the functor
K Hom’y (—, W) : N (A)°P — #an

is a representable functor which is represented by W.

Here of course we have abused notation to view the functor Hom’ (—, W) :
NPC(A°P) — Vect as a functor from N98(A)°P, via the identification of Lemma
11.14.

12. TWISTED ARROWS AND BIFUNCTORIAL HOMS

12.1. The twisted arrows category.

Definition 12.1. Given a simplicial set ¥, we define the twisted arrow category
Jw(%¥) as the simplicial set whose n-simplices are

Fw(€)[n] := Homgge (A™)°P x A", %).
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Restricting along the inclusions
(A™)%P — (A™)°P % A" and A" — (A")P x A"
provides a natural map to the product
A Jw(€) > € xE. (25)

To get our heads on straight here, let’s observe directly that an object in Jw(%)
is a choice of a morphism « : x — y in 4. A morphism from an objects a: x — y
to some other o : ' — 3’ is a diagram of the form

€ Yy
x y'.

If we consider the fiber {(z,y)} X (gorxew) Jw(%), a simplex in this fiber can be
visualized as some directed diagram from z to y which is “completely filled in”,
pr—r
N4

We prove below that these fibers are a type of bifunctorial Hom space for %, where
bifunctoriality simply refers to the fact that one has two variables to tune in the
base.

We note that the join (A™)°P x A™ is identified with A?"*! via the bijection

e

X

P
o

) n — ¢ in the first set if i < n
[2n +1] = [n] T [n], ZH{ 1 — n in the second set if 1 > n.

Proposition 12.2 ([5, 03JT]). The restriction map A : Tw(€) — €°P x € is a
left fibration. More generally, if € — S is an inner fibration of simplicial sets, then
the restriction map Jw(€) — (€°P X €) X (goprxs) Jw(S) is a left fibration.

We only outline the main points of the proof. The reader can find details in the
cited text.

Proof outline. We wish to show that any lifting problem of the form
AL Tu(%)

A" (6P X B) X (sonxs) Tw(S),

with i < n, admits a solution. Such a lifting problem admits a solution if an only
if the corresponding problem

Ko—>% (26)

A2n+i S

admits a solution, where Kg C A?"*! is some subcomplex which we descirbe below.
Given a subset J C [2n + 1], the non-degenerate simplex A7 C A2"*! lies in K
if and only if J is contained in one of [n] or [2n + 1] — [n], or J is contained in a

eq:lambda
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subset [2n 4+ 1] — {j,2n + 1 — j} with j # ¢. It is argued in [5] that the inclusion
Ky — A?"T! is in fact anodyne, by factoring this map into a sequence of inclusions

Ky— K| — - = K, = A>"T!

in which each K1 is obtained from K; by attaching a single non-degenerate sim-
plex. Each such inclusion K; — K11 is shown to be anodyne, so that the compo-
sition Ky — A?"*1 is in fact anodyne, and we find that the problem (26) admits a
solution, as desired. O

Since €°P x ¥ is itself an co-category whenever % is an oco-category, we find that
the twisted arrow category Jw(%) is also an oco-category in this case.

Corollary 12.3. If € is an oco-category, the twisted arrow category Jw(€) is also
an oo-category.

Via Proposition 12.2; and the general phenomena of transport for left fibrations
(Proposition 6.17), we understand that the left fibration A : Jw(%€) — €°P x ¢
identifies a associated transport functor

H:6°° x ¢ — Fan.

This transport functor is uniquely determined, up to a contractible space of choices,
by the assertion that H fits into a categorical pullback diagram

Tw(C) — Han,,

L

E°P x %T%/CLTL

Definition 12.4. A Hom-functor for and co-category ¥ is a transport functor
H:6° x €€ — Han
for the left fibration \ : Jw (%) — €°P x €.

The first aims of this section are to provide a calculation of the fibers of the
twisted arrow fibration sufficient conditions which allow us to identify a Hom functor
when we see one. Of interest are Hom functors for nerves of dg and simplicial
categories (e.g. Hom functors for derived categories).

Let us note, as a bit of foreshadowing, that any Hom functor determines maps
into the functor categories

H,:% — Fun(%¢°?, #an) and H" :%°° — Fun(¥, *an).
We will eventually find that these functors are both fully faithful embeddings.

12.2. Fibers of the twisted arrows fibration. At any points in an oco-category
Z % — € we can restrict along the projection (A™)°P — % to obtain an inclusion
into the twisted arrows category

Cu) — {2} Xgor TW(F). (27)
This map fits into a diagram over % .

Lemma 12.5 ([5, 03JW]). At any object x : x — €°P, and isomorphism « : x —
a’, the map « is an initial object in the fiber {x} Xgop Tw(E).
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We note that we can take 2/ = x and a = id,. In particular, we observe that the
fiber of the twisted arrow category over any point in €°P admits an initial object.

Outline of proof. We want to show that the forgetful map
({z} xXgor TW(E))a); — {2} Xgor TW(E)

is a trivial Kan fibration. We note that solving the relevant lifting problem along an
inclusion A" ™! — A"~ is equivalent to extending the boundary of an n-simplex
0 : 0A"™ = Jw(%), with n > 0 and 7|0} = a, to an n-simplex o : A™ = Jw(%).
This problem, in turn, is equivalent to solving a lifting problem of the form

70

K ¢ (28)

A2n+l S~ %

with K the subcomplex in A?"*! which is the union of the J-simpleces A7 —
A?nF1 where J C [2n + 1] is any subset which is either contained in [n] or [2n +
1] = [n] or [2n+ 1] — {i,2n + 1 — i} for some i. The assumption that & lands in the
fiber {x} X@or Jw(€) forces 1o|an to be of constant value z, and the assmuption
that 7|70y = a forces o] ATt} = ¢

Now, one argues that there is a factoring of the inclusion KX — A2"*! into a
sequence of inclusions

K=Ky— K — - — K, =A>

with each Kj;4; fitting into a pushout square

Y —re

|

d;
A% —— K

with each k; < d;, or k; = 0, d; > 1, and A1} - A% 5 A27+1 Janding in the
1-skeleton Sk; A"+l C K. This final condition implies that, in the case k; = 0, and
map 7; : K; — € extending 7y : K — % sends the initial vertex

AL Al S K B w

to an isomorphism in %.
Using the above information, and Proposition 1-5.33, we can produce sequential
solutions to the lifting problems

KiL>rg
4

l Tif1

Ky ——«

in order to produce the desired solution 7 = 7,, : A?"T1 — ¥ to the problem
(29). 0
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Proposition 12.6. The maps (27) deﬁne equivalences of left and right fibrations
{z} Xgor Tw(E)

\/

Proof. The map F' : €,; — {x} X4or Jw(%) preserves the initial object id,, and
so is an equivalence of oco-categories by Proposition 9.26. It follows that F is an
equivalence of cocartesian fibrations, by Proposition 3.5. ([

We recall that the fibers of any equivalence of isofibrations are again equivalences
(Corollary 1-6.24). So Proposition 12.6 tells us that the fibers of the twisted arrows
category Jw(%) are identified with the mapping spaces for %

Corollary 12.7. Let € be an oco-category. At any pair of points x,y : x — € the
natural map

Homl (2, ) = %,/ xi {y} = {a} xor T0(€) x5 {y}
is an equivalence of Kan complezes.

Corollary 12.8. For any Hom functor H : €°° x € — Fan, i.e. classifying
functor for the twisted arrows fibration, the restriction

¢ X' x ¢ 5 Han
at any point x : x — € is a classifying functor for the forgetful functor ¢, — €.
12.3. Recognition for Hom functors.

12.4. Hom functors for simplicial and dg categories.

13. LIMITS AND COLIMITS

Let € be an oco-category and K be a simplicial set. We consider the embedding
% =~ Fun(*, %) — Fun(K, %)

induced by the terminal map K — % and, for any object x in %, let x denote the
corresponding image in Fun(K,%). This map z is just the constant function at z,
i.e. the composite

K—>x5%.

Definition 13.1. Let ¥ be an oco-category and p : K — % be an arbitrary map
from a simplicial set. A transformation [ : y — p is said to exhibit y as a limit of p
if, for each object x in €, the composite

Ly
HOHI%(Z, y) — HomFun(K,%) (éy g) — HomFun(Kﬁ‘f) (&a p)

is an isomorphism in h #an. A transformation c: p — x is said to exhibit x as a
colimit of p if at each z in € the composite

Home (2, z) — Hompyn(rc %) (2, 2) < Hompyn (%) (P, 2)
is an isomorphism in h Zan.

Definition 13.2. Let p: K — ¥ be a diagram in an oco-category . We say an
object y is a limit (resp. colimit) for p if there is a transformation [ : y — p (resp.
c¢:p — y) which exhibits y as a limit (resp. colimit) for p.
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13.1. Characterizations of limits. Having fixed diagram p : K — %, we recall
the oriented fiber product
4 X%{m(K,%) {p} = FU.I’I(Al X Ka (g) XFun(ﬁAlxK,%) (Cg X {p})

Here ¢ maps to Fun({0} x K, ¢) via the constant functions and p maps to Fun({1} x
K, %) as the given diagram. The objects in this oriented product are transforma-
tions z — p in Fun(K, %).

Proposition 13.3. Let € be an co-category and p : K — € be an arbitrary dia-
gram. For a transformation | : y — p in Fun(K, %), the following are equivalent:
(a) 1 exhibits y as a limit of p in €.
(b) 1 is terminal in the category € Xg, k) {p}-
Proof. We have the pullback diagram of right fibrations

G X Pun(k,%) {p} —— Fun(K, %) X Bun(K,%) {p}

f’i lf

€ Fun(K, %)

const

so that enriched homotopy transport for the fibration f’ is the composite of the
constant functor with the transport functor for f,

f{ = ficonst : 7€°° — w.¥an,

by Lemma 7.9. Additionally the fiber of & X Pun(K,%) {p} over a given point z is
the fiber of the fibration Fun(K, %) X Fun(K.%) {p} at the constant diagram z, i.e.
the space Hompy, (k%) (2, p). Hence enriched transport for f’ is the composite

const x1

Home (z,y) x Hompun(x,4)(y,0)  —  Hompun(k ) (2, y) X Hompun (k%) (¥, p)

0°P

- HomFun(K,%) (gap)a
by Proposition 7.13. Hence a transformation I in Homp,y(k,%)(y,p) exhibits y as
a limit for p if and only if [ provides a terminal object for the transport functor
associated to the right fibration € Xg | e ooy {p} — €. Here by a terminal object for
a “contravariant” functor to J£an we simply mean an initial object for the functor
€°P — Han, in the sense of Definition 11.2.

As in the proof of Proposition 11.4, we see that [ is terminal for the transport

functor associated to the given fibration if and only if [ is terminal as an object in
the oriented fiber product €' Xg,, x «) {p}. O

As in the case of a single object K = %, we have at general K the equivalence of
right fibrations

Crp = Xfun(x,%) P}

N,

4

from Theorem I-10.15. On objects this equivalence sends a diagram ¢ : A’x K — €
to the diagram A! x K — ¢ obtained by restricting along the comparison map

A'x K 5 A% K
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of Section I-10.3, which sends the the subcomplex {0} x K to the cone point {0}
and sends {1} x K identically to the subcomplex K.

Corollary 13.4. There exists a transformationl : y — p which exhibits an object y
as a limit of a diagram p : K — € if and only if there is a diagraml' : A« K — €
for which the corresponding object I : x — €y, is terminal and which has 1(0) = y.
Furthermore, if | exhibits y as a limit of p, then a diagram I : A° x K — € is
terminal in €, if and only if its image in € x%{m(K’%) {p} is isomorphic to .

Proof. Follows from Proposition 13.3, the fact that terminal objects are preserved
under equivalence (Lemma 9.4), and the fact that terminal objects are unique up
to isomorphism (Lemma 9.2). O

Corollary 13.5. Consider any diagram p : K — €, and suppose there is an iso-
morphism o :y =y’ in €. Then y is a limit for p if and only if y' is a limit for
p.

Proof. The forgetful functor ¢, — ¢ is a right fibration, and hence an isofibration
by Lemma [-5.31. So if y : ¥ — €, is any lift of y to the overcategory, there is
an isomorphism & : y — ¥’ in €, which lifts the given isomorphism «. Hence ¥ is
initial if and only if ¥’ is initial, by Lemma 9.3. It follows by Corollary 13.4 that y
is a limit of p if and only if ¢ is a limit of p. (]

Corollary 13.6. If y and y' are limits for a diagram p : K — €, then y and vy’
are isomorphic in €.

Proof. By Lemma 9.2 the space of terminal objects in %, is contractible. In
particular, any two initial lifts 4 and 3’ of y and 1y’ are necessarily isomorphic. [

13.2. Characterizations of colimits. The obvious analogs of the arguments pro-
vided in Section 13.1 provide the following characterization of colimits in a given
oo-category € .

Proposition 13.7. Let p: K — % be an arbitrary diagram in an oo-category € .
The following are equivalent:
(a) There exists a morphism ¢ : p — z in Fun(K, %) which exhibits x as a
colimit of p.
(b) There is an initial object c in {p} Xy, (jc4) € which lies over x in €.
(c) There exists an initial object T in 6,, which maps to x in €.

We can furthermore compare objects in the undercategory ¢, and tranforma-
tions in Fun(K, %) via the equivalence of left fibrations

Gy — {p} XFun(k,6) €

N,

€

from Theorem I-10.15. In particular, an object & in %), is initial if and only if the
image ¢:p — z in {p} X Pun(,) € 1s initial, by Lemma 9.4. Finally ¢ is initial in
the oriented fiber product if and only if ¢ exhibits = as a colimit of p, in the sense of
Definition 13.1, by similar arguments to those employed in the proof of Proposition
13.3.
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Corollary 13.8. Given a digramp : K — %, and isomorphic objects v, x’' : x — €,
x 18 a colimit of p if and only if ' is a colimit of p. Furthermore, any two colimits
of p are isomorphic in €.

Proof. Follows from the fact that the forgetful functor €,,, — % is an isofibration
and stability of initial objects under isomorphism. O

13.3. Limit and colimit diagrams. Given the conclusions of Corollary 13.4 and
Proposition 13.7, the following definition now makes sense.

Definition 13.9. Let p : K — % be a diagram in an oo-category. We call a
diagram I’ : A® x K — ¢ a limit diagram for p if I'|r = p and I’ is terminal when
considered as an object in the overcategory €,. We call a diagram ¢’ : K * A0 = ¢
a colimit diagram if ¢/|x = p and ¢ is initial when considered as an object in the
undercategory 6,

We say a diagram [ : x — %/, exhibits an object y as a limit of p if [ is terminal
and /(0) = y. Similarly, we say c: * — %), exhibits an object = as a colimit of p if
¢ is initial and ¢(0) = z.

13.4. Limits and colimts under equivalence. We record an expected result.

Proposition 13.10. Let F: € — 2 be an equivalence of co-categories.

(1) A diagram p : {0} x K — € is a limit diagram in € if and only if the
diagram Fp: {0} x K — 2 is a limit diagram in 9.

(2) A diagram p' : K x {1} — € is a colimit diagram in € if and only if the
diagram Fp' : K % {1} — 2 is a colimit diagram in 2.

Proof. (1) Take p = p|k. By Corollary 1-6.22 and Proposition 1-6.23 the induced
map on oriented fiber products

G XPun(k,%) P} = 2 XPun(k,2) {10}

is an equivalence. By naturality of the slice diagonal equivalence (Theorem I-
10.15) we find that the induced map €, — Z,r, is an equivalence as well. Since
equivalences preserve and detect terminal objects, by Lemma 9.4, we see that p :
* — €y is terminal if and only if Fp: x = 9/p), is terminal. (2) Follows by taking
opposites. O

As one sees from the proof, the analogous result holds for limit and colimit
transformations as well.

Proposition 13.11. Let F : € — 2 be an equivalence of co-categories and let
p: K — & be any diagram.

(1) A transformation | : x — p exhibits an object x in € as a limit of p if and
only if Fl: F(x) — Fp exhibits the object Fx in 2 as a limit of Fp.
(2) A transformation c : p — y exhibits and object y in € as a colimit of p if

and only if Fc: Fp — F(y) exhibits the object Fy in 9 as a colimit of Fp.

Proof. Refer to Propositions 13.3 and 13.7 and proceed as in the proof of Proposi-
tion 13.10. (]
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13.5. Some results for change of diagrams. We recall that a map of simplicial
sets i : K — L is called a categorical equivalence if, for each oco-category €, the
induced map

iy mo(Fun(L, €)%*™) — mo(Fun(K, €)%*™)

is an equivalence of co-categories (Definition I-10.11 and Lemma 1-10.12).

Example 13.12. If i : K — L is inner anodyne, then i is a categorical equivalence
by Corollary I-5.8.

Example 13.13. If F' : A — B is an equivalence of discrete categories—or more
generally oo-categories-then F' is a categorical equivalence.

Proposition 13.14. Suppose that a map i : L — K is a categorical equivalence,
and let p : K — € be a diagram in an oo-category. A transformationl :y — p
exhibits an object y as a limit if p if and only if the corresponding transformation
llL : y — plL exhibits y as a limit of p|,. Dually, a transformation ¢ : p —
exhibits x as a colimit of p if and only if c|r, : p|L — x exhibits x as a colimit of
ple.

Proof. We have the diagram

-
Hom (2,y) — Hompun(x %) (2, y) ——= Hompun(x %) (2, p)

T~

Hompun(r,¢)(2, y) —— Hompun(z,4)(2, p)

in h Zan, from which we conclude that the top composite is an equivalence if and
only if the bottom composite is an equivalence. Hence [ is a limit transformation
if and only if 7 is a limit transformation. The case of ¢ versus ci is similar. (]

Corollary 13.15. Let K be a category, or more generally an oo-category. If K
has an initial object a : * — K, then for any diagram p : K — € the value p(a) is a
limit for p. Similarly, if K has a terminal object z : x — K, then for any diagram
p: K — € the value p(z) is a colimit for p.

Proof. 1If a is initial or terminal then the inclusion a : * — K is inner anodyne, by
Proposition 9.24. O

Corollary 13.16. Suppose i : L — K is a categorical equivalence and let p : K —
€ be a diagram. Takep' =pi: L — €.
(1) For any object | : x — €, | is a limit diagram if and only if the image of
I under the forgetful functor €, — €, is a limit diagram.

(2) For an object ¢ : x — 6/, c is a colimit diagram if and only if the image
of ¢ under the forgetful functor 6,, — €,/ is a colimit diagram.

Proof. We prove (1). Consider the diagram

Cp—>C X Fun(k,%) (P}

| |

Cly —=C X Bun(L,%) {r'}.
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By Propositions 13.3 and 13.14 we see that an object in €' x5 | ¢ o) {p} is terminal
if and only if its image in € X, 1 {p'}. By preservation of terminal objects
under equivalence, Lemma 9.4, we therefore find that a diagram [ is initial, i.e. a
limit diagram, if and only if its image in 6,/ is initial. O

Proposition 13.17. Suppose that p,p’ : K — € are diagrams in an oo-category,
and that & : p — p' is a morphism in Fun(K, €) for which, at each vertexx : x — K,
the map &(z) : p(x) — p'(x) is an isomorphism in €.
(1) A transformation | : y — p exhibits y as a limit of p if and only if the
transformation £l exhibits y as a limit of p'.
(2) A transformation ¢ : p' — x exhibits © as a colimit of p' if and only if
c€ . p— x exhibits © as a colimit of p.

Proof. By Proposition I-7.9 the map £ is an isomorphism in the co-category Fun(K, %).
So (1) follows from a consideration of the diagram

Hompyy(k,%)(2,y)

Exlu
L

&
HomFun(K,(g) (57 p)

HomFun(ng) (ga p/)
in h Zan. One similarly observes (2). O

Proposition 13.18. Let € be an oo-category.

(1) If F : A' — Fun({0} x K, %) is an isomorphism of diagrams, then the
restriction Flgoy is a limit diagram in € if and only if F|qy is a limit
diagram in € .

(2) If F' : A' — Fun(K x {1},€) is an isomorphism of diagrams, then F'|o
is a colimit diagram in € if and only if F'|;1y is a colimit diagram in €.

Proof. We deal with the case of a limit, the case of a colimit being similar. Take

p:F|{O}><K7 p/=F|{1}xK’ $=F|(0,0)’ $/:F|(1,0)
and
E=Flaixg :p—=p, a=Flaigz—2.

We have the unique map ¢ : A x K — {0} x K which is of constant value 0 on
{0} x K and the identity K — K C {0} x K on {1} x K. The transformation F'
therefore determines a map

A:AY x Al x K5 Al x ({0}« K) 5 %,

which we might interpret at a morphism A : Al x A! — Fun(K, %).

Let I: 2z — pand (' :2" — p’ denote the transformation associated to F|{; and
Fy1y, under the slice diagonal equivalences ¢/, — ¢ ><°F{m( K.%) {q}. This morphism
A has restrictions

A|(0,0) =Z, A|(1,0) = E/, A\(o,l) =D, A|(1,1) = P/
and

Aljoyxar =1, Algyxar =1, Aaigpoy =, Alaixqy =&
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Hence the non-degenerate 2-simplices in the square A x A! exhibit the diagonal
as the simultaneous composites

fl=la:z—p

in the enriched category m Fun(K,%).

We recall that, by our assumption that F' is a natural isomorphism, and Propo-
sition I-7.9, the maps « and £ are isomorphisms. Hence o provides an isomorphism
between ' and I’ in € X%{ln(K,%) {p'}. Specifically, the diagram

expands to a degenerate diagram

/

p/
compT
Zz /

which provides the claimed isomorphism. Hence [’ is terminal in the oriented fiber
product if and only if I’ is terminal in the oriented fiber product. Consequently, I’
exhibits o’ as a limit of p’ if and only if I’ exhibits = as a limit of p, by Proposition
13.3. So we see finally

de/
_—
CO\Tp/
a

4

R —

/

F|foy is a limit diagram <> [ exhibits  as a limit of p (Proposition 13.3)
& &l(=Ua) exhibits = as a limit of p’ (Proposition 13.17)
& I’ exhibits 2’ as a limit of p’
& F|{y is a limit diagram (Proposition 13.3).
O
We leave the details for the following related result to the reader.

Proposition 13.19. Let € be an co-category.

(1) Let F : A' — Fun({*} x K, %) be a transformation of diagrams which
restricts to a natural isomorphism on K, and suppose that F|oy is a limit
diagram. Then F|g1y is a limit diagram if and only if F' restricts to an
isomorphism at the cone point in {x} x K.

(2) Let F' : A — Fun(K * {x},%) be a transformation of diagrams which
restricts to a natural isomorphism on K, and suppose that F'| oy is a colimit
diagram. Then F'|{1} is a colimit diagram in € if and only if F' restricts
to an isomorphism at the cone point in K % {x}.

Idea of proof. For (1), for example, one argues as in the proof of 13.19 and refers to
uniqueness of terminal objects in the oriented product ¢ x| x ) {p'} (Lemmas

9.2 and 9.3). O

Proposition 13.20. Suppose we have diagrams po,p; : K — €, an isomorphism
Co : po = P, and limit diagrams p,p' : {0} x K — €. The following hold.
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(1) There is an isomorphism ¢ : p — p’ with {|x = .

(2) The full subcategory Y C Fun(Al x {0} x K,€) spanned by such isomor-
phisms C lifting (o is a contractible Kan complex.

Furthermore, the analogous result holds for colimit diagrams in €.

Proof. The result for colimits follows by taking opposites. (1) In the case of limits,
we consider the isofibration Fun({0} x K, %) — Fun(K, ¥) provided by restriction
(Corollary 1-6.14). Hence we can lift pj, to an object p” : {0} x K — % and (
to an isomorphism ¢’ : p = p”. From Proposition 13.18 we conclude that p” is a
limit diagram. Thus p” and p’ are terminal in ¢, and we have an isomorphism
n:p” —pinCy.

Translating the information above, we have a diagram 71 : Al x K — % and we
have the unique map

7 A x ({0}« K) — A% K
which, when interpreted as a map A! — Fun({0} x K, Al x K), restricts to the

inclusion {0} x K — A! % K at 0 and the inclusion {0} * K = {1} x K — A x K at
1. Restricting along ,

7 : Fun(A' « K, %) — Fun(A' x {0} x K, %),

we obtain an transformation 7*(n) : p” — p’ in Fun({0} x K, ¢) which evaluates at
each object as

™ (n)(z) = { Z’C‘ﬁ O O] wen @ :?([0].

In particular, 7*(n) evaluates to an isomorphism at all vertices, and is therefore a
natural isomorphism by Theorem [-7.6. We obtain the claimed isomorphism ( as
the composite 7*(n)¢" : p — p'.

(2) By Proposition 1-5.33 the map ¢ is a cocartesian lift of the map ¢ along
the isofibration Fun({0} » K,%4) — Fun(K,%). By Proposition 2.4, the space
Y’ C Fun(A! x {0} x K,%) spanned by cocartesian lifts ¢’ : p — p” of (p is
contractible. Since all isomorphisms lifting (, are cocartesian, by Proposition I-
5.33, this subspace Y is precisely the full subcategory of isomorphisms over (.

We now consider the isofibration

Y' C Fun(A' x {0} x K, %) — Fun({1} x {0} x K, %)

and take the fiber Y = Y” X pyun({13x{0}+k,%) 1p'}. This fiber is the full subcategory
in Y’ spanned by the objects p and p’. Contractibility of Y’ implies contractibility
of Y. Hence the isomorphism ¢ : p — p’ is seen to be unique up to a contractible
space of choices. O

13.6. Limits and colimits under adjunctions. As in the discrete setting, one
can show that any left adjoint respects colimits and any right adjoint respects
limits. We begin this discussion with a result concerning exponentiation of natural
transformations. For each functor F' : ¥ — 2 between oo-categories, and simplicial
set K, we have the induced functor

F, :Fun(K, %) — Fun(K, 2).

This assigment F' — F, extends to a map of simplicial sets.
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Proposition 13.21. Let 6; and P be oo-categories, and K be a simplicial set.
Take &% = Fun(K, &) for any oo-category &. There is a map of oo-categories

(=)s : Fun(%, 2) — Fun(¢X, 2%)
which is natural in K, which is the apparent isomorphism when K = %, and which

on objects sends a functor F to the induced map F,. Furthermore, for any triple
of co-categories the diagram

Fun(%1, %2) x Fun(%y, 61) O Xy Fun(¢E, €5 ) x Fun(¢f, )

Fun(%y, 6) = Fun(6, €X)

commutes.

Construction 13.21. This is a general fact about simplicial categories. For any
n-simplex F' : A™ — Fun(%, ) we define F via composition in Cat_,

F, = (A" x €K ™5 pun(@, 2) x €% 2 QK) .

At each vertex {i} and F; = F|{;; we have directly Fi|y = (Fi)«.
As for composition, following around the left of the proposed diagram produces
from a pair of simplices (G, F) : A™ — Fun(%1, 62) x Fun(%p, ¢1) the simplex
x ¢ I pun(41, %) x Fun(%, 61) x €K ° 3 @K,

Proceeding along the right of the proposed diagram produces the n-simplex

o @K O Bun(@, %) x Fun(%, @) x €5 °50 ¢k

By associativity of composition these simplices are equal. O

We note that the composite of a natural transformation ¢ : Al x 6, — €, with
a functor F : €, — %> is recovered as the composite of 1-simplices

F¢ = (sgF)n

where 5o : A? — A0 is the degeneracy map. Similarly the composition of ¢ with a
functor G : €-1 — %) is identified with a composite of 1-simplices

((idar x G) = ((50G)-

It follows that the functor from Proposition 13.21 respects these compositions be-
tween natural transformations and functors. We therefore observe preservation of
adjoints under exponentiation.

Corollary 13.22. Suppose a functor F' : € — D is left adjoint to a functor G :
9 — €. Letn :idg — GF and € : FG — idg be the associated unit and counit
transformations. Then for any simplicial set K, the transformations 1. and €,
exhibit the functor F, : Fun(K, %) — Fun(K,2) as left adjoint to the functor
G, :Fun(K,2) — Fun(K,¥).

We use the above information to prove that left adjoints preserve colimits.
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p: K — € be a diagram in €. If a given transformation ¢ : p — z exhibits an
object x as a colimit to p in €, then the transformation Fc: Fp — F(z) exhibits
F(z) as a colimit to the diagram Fp: K — 9.

Proof. By Corollary 13.22 the functor F : Fun(K,%) — Fun(X, Z) admits some
right adjoint G, which is induced by a right adjoint G : 2 — % to F. We therefore
have, at each z in 2, a diagram

(Fuc)”
HOHl@(F(JZ), Z) - HomFun(K,@) (F*Qv g) - HomFun(K,@) (F*p7 é)

| .

HOIH<,5((E, G(Z)) I HomFun(ng) (£7 G*Z) ?’ HomFun(K,Cg) (pa G*§)7

in hZan by Corollary 1-14.4. It follows that the top row is an isomorphism in
h #Zan since the bottom row is an isomorphism in h #an by hypothesis. O

Similar arguments establish the analogous result for limits and right adjoints.

Proposition 13.24. Suppose a functor G : 9 — € admits a left adjoint, and let
q: K — 2 be a diagram in 2. If a given transformation | : y — q exhibits an
object y as a limit to q in D, then the transformation Gl : G(y) — Gq exhibits G(y)
as a limit to the diagram Gq : K — €. S

13.7. Co/completeness and co/continuity.

Definition 13.25. A simplicial set K is called finite if K has only finitely many
non-degenerate simplices. We call K small if, for each n > 0, the set of n-simplices
K|[n] is small.

Definition 13.26. We say an co-category % is complete (resp. cocomplete) if, for
each diagram p : K — % from a small simplicial set, p admits a limit (resp. colimit)
in €. A functor F : € — 2 from a complete (resp. cocomplete) category is called
continuous (resp. cocontinuous) if F' commutes with limits (resp. colimits).

From Propositions 13.23 and 13.24 we observe the following.

Proposition 13.27. Suppose € and 2 are both complete and cocomplete, and let
F: € — 2 be any functor. If F' admits a right adjoint then F' is cocontinuous. If
F admits a left adjoint then F is continuous.

13.8. Limits and colimits in functor categories.

Proposition 13.28. Let € be a complete oo-category and L be any simplicial set.
Then the co-category Fun(L, €) is complete and for any diagramp : K — Fun(L, %)
an extension {0} x K — Fun(L,€) is a limit diagram if and only if, at each = in
L, evaluation

{0}« K — Fun(L, %) 5> ¢

produces a limit diagram in €.

Proposition 13.29. Let € be a cocomplete oco-category and L be any simplicial
set. Then the co-category Fun(L, %) is cocomplete and for any diagram p : K —
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Fun(L, %) an extension K x {1} — Fun(L, %) is a colimit diagram if and only if,
at each x in L, evaluation
{0y« K — Fun(L, %) 5 ¢

produces a colimit diagram in €.

14. LIMITS AND COLIMITS IN %ats, AND #an

14.1. Limits in co-categories. Consider an arbitrary diagram p : K — %uat, and
the corresponding cocartesian fibration & — K. One can take explicitly & = [ KD
here. A limit diagram for p is a particular diagram from the join p : A°*xK — Gato,
which is then specified by the corresponding fibration &’ — A%« K, which fits into
a pullback diagram

E——= &'

o

[——\ e 'g

Definition 14.1. For any cocartesian fibrations X — S and Y — S, take Fun§“*"* (X, V)
to be the full co-subcategory in Fung(X,Y’) spanned by those functors which pre-
serve cocartesian edges.

Notation 14.2. For any simplicial set K, we take K< := A% x K. We refer to the
vertex {0} in K< as the cone point in K <.

We have the following general result.

Lemma 14.3 ([5, 018Q)]). Consider inclusions of simplicial sets f : A — A’ and
g : B — B’, and the corresponding inclusion
p:(AxB) J] (A*B)— A'xB.
(A%DB)

If f is anodyne, then u is left anodyne. If g is anodyne, then p is right anodyne.
In considering the extreme cases where f = id4 and B = () we find the following.
Corollary 14.4. The inclusions {0} — K< is left anodyne.
We also have the following basic result, whose proof we omit.

Proposition 14.5 ([5, 035S]). For any cocartesian fibration q¢ : X — S, left an-
odyne morphisms of simplicial sets Sy — S, and Xg = X Xg Sy, the restriction
functor

Fun§“™* (S, X) — Funggjart (So, Xo)

is a trivial Kan fibration.
Note that in the case of a cocartesian fibration over a point € — *, i.e. an
co-category, we have FunSC (x, @) = Fun(x, %) 2 ¥.

*

Corollary 14.6. Let K be any simplicial set. For any cocartesian fibration & —
K< the restriction functor

Fun (K<, &) — Fun{co(j#;art({O}7 &) = &

s a trivial Kan fibration.
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Proof. By Corollary 14.4 the inclusion {0} — K< is left anodyne, and hence the
result follows by Proposition 14.5. (]

lem:extend_transp‘ Lemma 14.7. Suppose that we have a pullback diagram of cocartesian fibrations

E— &'

‘Ii lq'
K——=K'

where K — K' is a monomorphism and let F : K — %ats, be the transport functor
for q. There exists a transport functor F' : K! — €ats for ¢ with F'|ix = F.

Proof. Let G : K' — %at,, be any transport functor for ¢’. Then there is an
isomorphism ¢ : G|x — F by uniqueness of transport and Lemma 6.12. We have
now the restriction functor

Fun(K’, ¢ats) — Fun(K, Gat )

which is an isofibration by Proposition I-??. Hence there exists a functor F’ : K —
%at . which extends F and an isomorphism &’ : G = F’ which lifts the isomorphism
€. Tt follows by unstraightening, Section ??, that there is an equivalence & =
f K I’ of cocartesian fibrations over K and hence that F” is a transport functor for
q. O

We have the following characterization of colimit diagrams in %at ...

Theorem 14.8 (Diffraction criterion, [5, 02T8]). Given any diagram p : K — 6at .,

an extension p’ : K< — Gat, is a limit diagram if and only if, for the corresponding
cocartesian fibrations & = pr and &' = fK< p’, the restriction functor

Fun{ (K<, &) — Fun$o (K, &)
is an equivalence of co-categories.

Lurie then shows that such extensions p’ always exist [5, 02TG], so that we
obtain completeness of the co-category Gat -

Theorem 14.9. Any diagram p : K — %ats admits a limit. Furthermore, for the

associated cocartesian fibration & = fK p, the co-category Fun%ca”rt (K, &) is a limit
for the diagram p.

Proof. Existence of the limit follows by the Diffraction Criterion of Theorem 14.8,
and for any limit diagram p’ : K< — %at, with corresponding cocartesian fibration
&' we have equivalences

P(0) 3 & 5 PG (K<, &) S Pun$o Y (K, &).
Here the first equivalence follows by the fiber calculation of Theorem 5.27, the
second equivalence is from Corollary 14.6, and the third equivalence follows by the

Diffraction Criterion. By definition p’(0) is a limit for p, and by Corollary 13.5 we
find that the oo-category Fun%cart(K , &) is also a limit for p. O

To clean the situation up slightly, in the setting of Theorem 14.9 we know
that there exists a colimit diagram p’ : K< — %at, and an equivalence Fy :
Fun$°* (K, &) — p/(0) which is uniquely determined up to a contractible space.
We have the right fibration ¢, — ¢ along which we can lift the equivalence Fy to
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a uniquely associated diagram p” : K< — Gato, with p”(0) = Fun (K, &) and
an equivalence p” = p’. In particular, p” is also a limit diagram for p’. So for any
diagram p : K — %at. we can find, specifically, a limit diagram p’ : K< — %at
with cone point p'(0) = Fung (K, &) for & = [, p.

We now restrict our attention to small diagrams K — %at,, to observe com-
pleteness.

Corollary 14.10. The oco-category of co-categories Gato, is complete.

14.2. Describing limits in %ut.,. From the description of the cocartesian fibra-
tion || I — K provided in Section 6.2 we can understand objects in the co-category
Fun%cart(K, fK F), to some minimal extent. A section ¢t : K — fK F specifies, at
least, a choice of an object t, : * — F(x) over each vertex x in K, and over each
edge o : ¢ — y we have a morphism ¢, : F(a)(t;) — t,. Since every edge in K is
cocartesian, the section ¢ lies in Fun G (K, [ K) if and only if each map ¢, is an
isomorphism in F(y). Apply ¢ to 2-simplices in K provide compatibilities for the
to.

In the special case where K is a discrete category, this relatively shallow de-
scription of objects in the space of sections can be filled out completely. First, by
Lemma 6.29 we may assume that F' : K — %at is a strictly commuting diagram of
oo-categories, i.e. is the nerve of a simplicial functor from the underlying plain cat-
egory. The co-category [ i I’ can then be replaced with the weighted nerve NF (K)
by Theorem 6.28. A section ¢ : K — N¥(K) in Fun$°*" (K, N¥(K)) specifies for
each compatible collection of morphisms a;; : z; = z; in K for 0 <i < j <, ie.
each n-simplex o : A™ — K, an expanding sequence of simplices

Al AJ
Ti("‘)i lﬁ'(a)
F(xi) F(z;)

Faij)

in which each constituent morphism 7;(a)|ata.ey : A — F(z;) is an isomorphism
in the co-category F(z;). Said imprecisely, an object in Fun$* (K, N (K)) is
just a choice of objects t, : * — F(x) for each x in K, a choice of an isomorphism
ta : F(a)(ty) — ty over each morphism « :  — y in K which enjoy arbitrarily high
levels of compatibility under composition. The easiest way for this compatibility
to occur is for each compatibility to be degenerate. We discuss this case below.

14.3. Comparing limits in %ut., to discrete limits. Let us take, for any strictly
commuting diagram p : K — %at,, indexed by a discrete category K. Take
1im°(p) := the limit of p in the discrete category sSet .

We make no claim that this limit is an co-category at general p, however we do
claim that there is a comparison map
A :1im(p) — Fun§o"Y (K, &) (29)

where & is the weighted nerve.
For each object z let 7, : lim"(p) — p(z) be the corresponding projection. For
an n-simplex o : A" — limo(p) define the simplex

AMo) A" x K = &

‘ eq:comp_lambda
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as follows: Consider an m-simplex 7 = (71, 72) : A™ — A™ x K and take
vy =1a(i), iy =T1o(i <j) x> xy, & =p(a;), =T,

We define \(o)(7) : A™ — & = NP(K) to be the sequence of simplices {o; : A" —
&; : 0 < i < m} with each o; equal to the composite

o= (A™ 5 A" x K — A" 5 &).

The assignment 7 +— A\(0)(7) is compatible with restriction and so defines a map
of simplicial sets A(o) : A™ x K — &. These A(0) are furthermore compatible
with restriction in the A™ factor, so that we obtain the proposed comparison map
Az 1im°(p) = Fun$Y (K, &) of (29).

Definition 14.11. For any discrete category K and strictly commuting diagram
p: K — ato we let lim° (p) denote the corresponding limit in the discrete category
sSet and

A 1im°(p) — Fun{ (K, &)

denote the comparison morphism constructed above.

There are some obvious cases where the discrete limit lim" (p) is an co-category.
For example, one might consider the limit of a sequence of inner fibrations --- —
©» — €1 — 6y, or the pullback of a pair of inner fibrations. In this case we obtain
an easy extension of the given diagram p : K — %ats to a strictly commuting
diagram over the cone of K.

Definition 14.12. Suppose p : K — %aty, is a strictly commuting diagram of
oo-categories, and suppose the discrete limit limo(p) in sSet is an co-category. We
define

P’ K< — Catoo C Batoo
to be the discrete limit diagram associated to lim"(p) in Cate.

Remark 14.13. The limit limo(p) is an actual limit for the corresponding map of
discrete categories Plain(p) : K — sSet, in both the “classical” and co-categorical
sense. So we are interested in probing continuity of the inclusion Caty, — Gatoo,
and the failures of continuity. This lim° notation is just used to indicate where a
specific limit occurs.

Proposition 14.14. Let K be a discrete category and p : K — Gaty, is a strictly
commuting diagram of oco-categories. Suppose that the discrete limit limo(p) 18

an co-category, and take & = NP(K) and &° = NPO(K<). Then the trivial Kan
fibration

Fun$S* (K<, £°) — Fung< ({0}, £°) = 1lim°(p)
admits a section \° : 1lim®(p) — FunSS* (K<, &9). This section is an equivalence

of co-categories and fits into the diagram
Fun%cf”rt (K<,6%) —— Fun(;(CaLrt (K, &)
20 T /
lim" (p)

Proof. The discrete limit lim®(p) is also the limit for the diagram p°. So we can
take AY to be the comparison map for the strictly commuting diagram p°. [
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The diffraction criterion, Theorem 14.8, now provides a necessary and sufficient
criterion for determining when the discrete limit of a strictly commuting diagram
in Gat, is an oco-categorical limit.

Corollary 14.15. Let K be a discrete category and p : K — %ats, is a strictly
commuting diagram of oo-categories. Suppose that the discrete limit lim° (p) is an
oo-category. Then the corresponding strictly commuting diagram p° : K< — %at
with cone point limo(p) is a limit diagram in Gals, if and only if the comparison
map

A 1im°(p) = FunY (K, &)

of Definition 14.11 is an equivalence of co-categories.

Example 14.16 (Products). Let K be a discrete set, K = J] x{z}. For any
diagram p : K — %ats the weighted nerve N?(K) is simply the coproduct I, ¢ g &,
where &, = p(x). This is because every n-simplex in K is constant, so that every
n-simplex in the weighted nerve factors through a unique fiber A™ — &, — NP(K).
Consequently,

FunfO (K, N?(K)) = Fung (I {z},11.&) = [] &
reK
This limit agrees with the usual limit, the map A is an isomorphism, and we see
that products in Gat, are just the usual products from Cat,.

14.4. Colimits in co-categories. We again outline a construction of colimits in
the oco-category of oco-categories. We provide the basic rationalle, but omit argu-
ments for some of the technical pinch points. Of course, one can find all details in
the original text [5]. We begin with a brisk discussion of localization. Recall that
a marked simplicial set (E, W) is a simplicial set E with a prescribed collection
W C E[1] which contains all degenerate edges.

Definition 14.17. For a marked simplicial set (E, W) a (Dwyer-Kan) localization
of E relative to W is a map of simplicial sets F' : E — 2 into an oco-category 2 for
which, at each oo-category &, the restriction functor

F* :Fun(2,%¢) — Fun(E, %)
is an equivalence onto the full subcategory of all maps E — % which send all edges
in W to equivalences in €.

It is the case that such localizations always exist and are unique.

Lemma 14.18. For any marked simplicial set (E, W), a localization functor 0 :
E — 9 exists. Furthermore, any two localizations F : E — 2 and F' : E — 9’
admit an equivalence ¥ : 9 — 2’ which fits into homotopy commuting diagram

U

Nz

Proof. Take 2 a fibrant replacement for (E, W) in the model category of marked
simplicial sets, with respect to the cartesian model structure [3]. Uniqueness follows
by the expected nonsense argument. [

2

@/
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In the event that we do not have a specific realization of the lecalization in mind,
we write &[W 1] for the localization of a simplicial set E relative to a collection of
edges W.

Given a pullback diagram of cocartesian fibrations

&E—L & (30)

I

K—— Kx*{1}
we have the unique solution the lifting problem

{0} x 6 ——=¢ (31)

Al x & ——= K x {1}

where the bottom map is the unique map of simplicial sets which is ¢ on {0} x &
and the terminal map & — {1} on {1} x & (see Section 6.8). We recall that there

is a unique cocartesian solution s : A! x & — & to this problem by Theorem 2.7,
i.e. one which sends each edge A' x {e} to a cocartesian morphism in &.

Definition 14.19. Given a pullback diagram of cocartesian fibrations (30), and an
equivalence & X (k. q1}) {1} — &1, a refraction diagram for & is a map of simplicial
sets Rf : & — &1 which appears as the restriction Rf = s|13s of a cocartesian

solution s : Al x & — & to the lifting problem (32).

By uniqueness of s, we see that the refraction diagram Rf : & — &7 is uniquely
specified by the fibration ¢ : & — K % {1} and the choice of identification & = &3.

Theorem 14.20 (Refraction Criterion, [5, 02UU]). Let F' : K — %ats be a di-
agram of oco-categories, and q : & = fKF — K the corresponding cocartesian
fibration. An oco-category & is a colimit for the diagram F if and only if there is a
pullback diagram of cocartesian fibrations

E—-s &

K——Kx*{1}

for which the fiber g’l admits an equivalence goq 5 &, and for which the refraction
diagram Rf : & — & exhibits & as a localization of & relative to the class W of
q-cocartesian morphisms.

We note that the transport functor F:Kx* {1} — %at associated to such a
cocartesian fibration & — K{1} has F|x 2 F and has F(1) equivalent to & . Since
the forgetful functor (Fats) Fle) %ato we see that the diagram F determines,
up to isomorphism, an object ey : * — %ﬁ‘K/ over &1. Now, by Proposition 13.17,
e1 realizes &1 as a colimit of F |k if and only if & is a colimit of F'. So the assertion
of Theorem 14.20 at least makes sense. Furthermore, by considering refraction
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diagrams one can intuit the nature of the refraction criterion and the necessity of
the proposed localization.

We refer the reader directly to [5] for a precise accounting of Theorem 14.20 and
its proof.

Proposition 14.21. Given any cocartesian fibration q : & — K over a simplicial
set K, there exists a cocartesian fibration q: & — K {1} for which the refraction
diagram Rf : & — &1 exhibits &1 as a localization of &.

Proof. Take any localization F : & — & and corresponding cocartesian fibration
&W 1 — {1}. Then we have the diagram

TJ>£[W1]
K—{1}

where the top map F preserves cocartesian edges. By Lemma 6.27 we then obtain
a cocartesian fibration

a: g;: g*gl (521 — K*{l} {1}
We have K (13 {1} = K x {1}, and identifications of the fibers
& E) g X(K*{l}) K, éal E) (;(: X(K*{l}) {1}

We have the unique map A! x & — & x & which is the identity & — & C &+ &
at {0} and the localization F': & — & C & & at {1}. We also have the map
idx F: Al x & — A x &. These two morphisms fit into the appropriate diagram

Al x & —= Al x &

L

g*g’l 4>c591*5’1

and so define a morphism to the relative join s : Al x & — & which sends each
edge A! x {e} to the pairing of the unique edge e — F(e) in & x & with the edge
Al x {F(e)} in & . By the characterization of g-cocartesian edges in & provided in
Lemma 7?7 we see that s provides a cocartesian solution to the lifting problem

{0} x & —; & (32)
Al x & —— K % {1}.
Since s|1yxe = F, we see that F is realized as the refraction diagram for g. O

We combine Theorem 14.20 with Proposition 14.21 to see that %at., arbitrary
colimits.

Corollary 14.22. The co-category Gats is both complete and cocomplete.
Proof. Follows by Corollary 14.10, Theorem 14.20, and Proposition 14.21. (]
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Example 14.23 (Coproducts). Let K be a discrete set, K =[], {z}. We have
already argued in Example 14.23 that for any diagram p : K — %at, the corre-
sponding fibration ¢ : & = NP(K) — K is just the coprodct

&= 1] &

zeK

where &, = p(x) in the above expression.

Since K is a discrete set, and hence has only identity morphisms, the g-cocartesian
morphisms in & are precisely equivalences, so that the localization with respect to
cocartesian edges simply returns & itself, &[W 1] = &. Hence the discrete colimit
diagram for & in Cat., C %ats is a colimit diagram, by Theorem 14.20, and we
find that coproducts in %at., are just the usual coproducts of co-categories.

Remark 14.24. It is a bit odd that we’ve, apparently, shown that %at. admits
limits and colimits indexed by arbitrary simplicial sets, rather than all small sets.
However we recall our sizing conventions. All simplicial sets, oco-categories, and
Kan complexes, are in our universe of “medium sized” sets, while we make special
exemptions for the oo-categories %at., and Jfan, which lift in our universe of
“large” sets. So all simplicial sets are small relative to our large categories Gato
and #an, and the claim that at., admits all colimits indexed by medium sized
simplicial sets poses no philosophical or material error. In any case, we are only
concerned with the existence of small limits and colimits in %at..

14.5. Limits and colimits in spaces. Our ultimate conclusion here is that JZan
is complete and cocomplete, and is in fact closed under both limits and colimits in
the ambient category %at .

Theorem 14.25. The co-category an is complete and the inclusion Han —
Cats 15 continuous.

Proof. Given a diagram p : K — J#an we have the inclusion Zan,, — (¢ats)
which identifies #an, with a full co-subcategory in (%at),,. Furthermore,
Han, is seen to fit into a pullback diagram

Han,, — (Catso) /p

|

Han bat -

It follows that the limit diagram [ : ¥ — (6at~)/p is a limit in #an , if and only
if the cone point lim(p) in Gat is a Kan complex.

Take & = pr — K the left fibration associated to p. By the calculation of
Theorem 14.9 we must show that the functor category FunSo (K, &) is a Kan
complex, and for this it suffices to show that the oo-category Fung (K, &) is a
Kan complex. Since the fibers of &, over K are all Kan complexes, it follows that
for any natural transformation ¢ : A! x K — & between functors F' and G the
maps ((z) : F(z) — G(z) are isomorphisms in &,. Hence each transformation in
Fung (K, &) is an isomorphism by Proposition 1-7.9, we see that Fung (K, &) is a
Kan complex, and since Fun%ca”(K ,&) is a full oco-subcategory in Fung (K, &) we
conclude that Fun$ (K, &) is a Kan complex. O
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Theorem 14.26. The co-category Jan is cocomplete and the inclusion Han —
Cats 15 cocontinuous.

Proof. Fix a diagram p : K — Jan. Since %at, is cocomplete by Corollary 14.22,
it suffices to show that the colimit € = colim(p) is a Kan complex.

Let i : an — %at,, be the inclusion, and recall from Proposition 1-14.15 that
this functor is left adjoint to the associated Kan complex functor. The counit of
this adjunction is provided by a transformation idegys.. — i(—)¥®* which is just the
inclusion %" — % on objects. This counit transformation realizes these functors
as adjoints at the level of the enriched homotopy categories as well, by Corollary
7?7, and we have an induced adjunction for the functors

iy : Fun(K, #an) — Fun(K, €ats,) and (—)5%: Fun(K, €ats) — Fun(K, #an)

by Proposition 13.21. Here 4. is just the inclusion.

Take ¢ : i,p — € a transformation which exhibits an co-category % as a colimit
for i.p in Gats and take 2 = €%, Let € : Z — € be the inclusion. Then we
have the diagram

}I()Irl<€cttOC (%7 %-) — HomFun(K,%”atoo) (fa K) cﬁ) HomFun(K,Jifan) (pa g)

Homfatoo ((ga Cg) — HomFun(K,CKatm) (ﬁ7 ﬁ) T> HomFun(K,%atoo) (Z*pa i)
Since ¢ exhibits ¥ as a colimit to p both the top and bottom composites are
isomorphisms. It follows that the map

€ : Homyy: (¢, ) — Homyye (€, %)

is an isomorphism. Take f : 4 — 2 a homotopy lift of the identity on ¢, so that
we have a 2-simplex

A

VN
- €.
id
in Gatse.

By definition, this 2-simplex is a simplicial map
Path(A?) — Cat__

¢

with the appropriate restrictions, which is then a choice of an isomorphism ef —
id¢ in Fun(%,%¥). Via the identification

6 :Fun(2, 2°) 5 Fun(2, €)%
from Lemma I-10.10 this natural isomorphism restricts to a natural isomorphism
fe S ide.

So, by definition, the inclusion 2~ — % is an equivalence with inverse f : € — 2 .
Consequently, % is a Kan complex and so is in fact equal to 2 . O

By Theorems 14.25 and 14.26 we can calculate limits in JZan via the semi-explicit
expressions from Theorems 14.9 and 14.20.
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cor:lim_calckan‘ Corollary 14.27. Let p : K — Jan be a diagram of Kan compleres and & =

pr — K be the associated left fibration. Let W be the collection of all morphisms
in &. We have lim(p) = Fung (K, &) and colim(p) = &[W 1.

We note that it is not obvious that the localization &[W ~!] is a Kan complex.
However, this is simply forced by the conclusion of Theorem 14.26.

Proof. Both formula follow from the fact that all morphisms in a left fibration are
cocartesian. (]

14.6. oo-pullback vs. homotopy pullback vs. discrete pullback in spaces.
We deal with the case of Kan complexes first, then discuss the co-setting. Let

7 &2

|

Zo——>Y
fo
be a diagram of Kan complexes, which is equivalently a functor Plain(A%) — Kan.
We can then calculate the limit of the corresponding diagram p : A2 — #an via
the weighted nerve & = N”(A2). We have the identifications of the fibers

gog’%v éalgf%vla (”@22@

A section of the weighted nerve A2 — & is the information of a choice of objects
Zg, 1, and z in 2y, 271 and ¥ respectively, and morphisms «g : g — 2z and
a1 : 1 — z in the weighted nerve. These morphisms are explicitly isomorphisms
a; ¢ fi(x;) = z in &, and since all morphisms in # are isomorphisms we needn’t
concern ourselves with this restriction. So we find that objects in the functor
category Funyz (A2, &) are identified with objects in the fiber product

Fun(A3, %) Xpun({o1},2) (20 x 27).

Here we have {0,1} = 9A% and the map Fun(A3, %) — Fun({0,1},%) is re-
striction to the boundary. This map is a Kan fibration by Corollary I-3.12. The
map

(Zo x 21) > Fun({0,1}, ) =2 ¥ x &
is the product fy x fi.

Now, an n-simplex in Fun,; (A2, &) is the data of a pair of n-simplices o; : A™ —
Z;, an n-simplex 7 : A" — % and transformations & : f;(c;) — 7. This data
specifies an n-simplex in the aforementioned fiber product, so that we obtain an
identification

lim(p) = Funyz (A3, &) = Fun(A3, %) Xpun(f0,13,2) (20 X 21) (34)
Though this description of the limit is explicit, it is somewhat inefficient. We

can, in particular, replace the functor space Fun(A%, #) with the space Fun(A®, )
via “composition”. In particular, we have the anodyne maps

Al >~ A{(]’2} A%

.

A2
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which induce trivial Kan fibrations
Fun(A2, %)

T

Fun(Al, %) Fun(A3, %),
by Corollary 1-3.12. These trivial Kan fibrations fit into a diagram of Kan fibrations
over Fun({0, 1}, %) so that we obtain, via Proposition I-6.3, an induced equivalence
Fun(A17@) XFun({0,1},%) (Zo x Z1) = Fun(A%, ) X Fun({0,1},%) (Zo x Z7).

We recall finally that the left-hand fiber product is the homotopy pullback from
Section 1-6.3,

2o x5 27 = Fun(AY, %) Xpuncro1y.2) (Zo x 21).

Proposition 14.28. Given a diagram p : A2 — #an, which explicitly appears as

(33), the homotopy pullback Z1 xk‘@t‘)p 21 is a limit of p.

We recall that the homotopy pullback is isomorphic to the standard pullback in
the event that one of the maps f; is a Kan fibration by Proposition I-6.5.

Corollary 14.29. Consider a diagram p : A3 — Han, which explicitly appears as
(33). If one of the maps f; is a Kan fibration, the the usual fiber product Z1 X a Z2
is a limit of p in Han.

We also have the comparison morphism
2o X 212U X (@xa) (2o x 21) = Fun(A3, %) Xpan(jo,1},2) (20 X 21)

given by restricting along the terminal map A3 — x, and a similar restriction map
for Fun(A2%, %) XFun({0,1},2) (Zo x Z1). These maps fit into a diagram

Fun(A?, %) Xpun({o,1},2) (2o x 21)

e

Zo X?/’top 24 Fun(A3, %) Xpun(jo,1},2) (20 X 21)

\/

Zo xar 21
from which we conclude the following.

Corollary 14.30. If one of the maps f; in a diagram (33) is a Kan fibration, then
the comparison functor

2o X 21— Fun(A3, %) Xpun(f0,13,2) (Zo X 21)
is an equivalence.
One can check directly that, under the identification
Funyz (A3, &) = Fun(A3, %) Xpun(go},2) (20 X 21)

from (34), the comparison map employed in Corollary ?? is identified with the
comparison map A from Definition 14.11. So Corollary 14.15 provides a strong
refinement of Corollary 14.29.
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Corollary 14.31. Consider a diagram p : A2 — Han, which explicitly appears as
(33). If one of the maps f; is a Kan fibration then the (strictly commuting) pullback
diagram

%OX@.%A >35/1

| Lk

Zo 4

f1
is a limit diagram in Jfan.

One can use this explicit result to determine the precise co-categorical pullback
diagram for Fun(A3, %) Xpun({0,1},2) (Zo x 21).

Exercise 14.32. Consider arbitrary maps of Kan complexes f; : Z; — #,i =0, 1,
and corresponding functor p : A2 — #an. Prove that the “obvious diagram” in

Jan,
FUH(A;@) XFun({O,l},?}/) (% X &/Vl) — %1

i

Zo 4

is a limit diagram. Furthermore, determine what the “obvious diagram” is.

14.7. Replacing limits with discrete limits. We have just seen how one can
compute an oo-categorical pullback in JZan by first replacing a diagram with an
isomorphic one in which some maps are Kan fibrations. Specifically, for any diagram

21

|

Zo——=Y

we can factor the map 2y — % into a composite of an equivalence 2y — 24 and a
Kan fibration 2§ — % (Proposition 1-6.2). The above diagram is then isomorphic
to the diagram

21

|

2y W

in Fun(A3, #an), so that they have the same limits by Proposition 13.17. Corollary
14.31 now tells us that the limit for the latter diagram is computable via the discrete
limit. This is not an isolated phenomena. 7.5.3.12

Definition 14.33. Let A be a plain category and let p : K — Caty, be a strictly
commuting diagram. We say p is isofibrant if for each functor F' : K — Cato
which is paired with a subfunctor F’ C F' in which the inclusion F'(z) — F(z) is
a equivalence at each x in K, and each natural transformation & : F' — p, the
transformation £’ admits an extension to a transformation £ : F — p.

We say a strictly commuting diagram p : K — %aty, is isofibrant if it, in the
implicit factorization K — Caty, — %at, the corresponding diagram K — Cat,
is isofibrant.
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We have an alternate characterization of isofibrant diagram via functor cate-
gories. In the statement below, for functors Fp, F; : A — sSet we employ the
simplicial structure on the collection of natural transformations Nat(Fy, Fy) estab-
lished in Section 7?7 above.

Proposition 14.34 ([5, 034H]). A diagram p : K — Caty, is isofibrant if and only
if, for each functor F : K — Caty, and subfunctor F' C F which is a pointwise
categorical equivalence, the restriction map

Nat(F,p) — Nat(F',p)
is a trivial Kan fibration. Furthermore, in this case, for any choice of functor
G : K — Cat; nfty and subfunctor G' C G the restriction map

Nat(G, p) — Nat(G', p)
is an isofibration.
Corollary 14.35. For any isofibrant diagram p : K — Caty the discrete limit
limo(p) in sSet is an oco-category.

Proof. For the first claim take G = * and G’ = () in Proposition 14.34. O

Lurie also establishes the following.

Proposition 14.36 ([5, 034S]). Let p : K — Kan be an isofibrant diagram. Then
the discrete limit im®(p) in sSet is a Kan complex.

Though it is not our primary point of view, one can also look at these issues from
the perspective of the existence or non-existence of limits in the discrete categories
Cat, and Kan.

Corollary 14.37. The discrete categories Cato, and Kan admit all limits which
are indexed by isofibrant diagrams.

In considering diagrams indexed by partially ordered sets, we have the following
example.

Proposition 14.38 ([5, 034D)]). Let K = (Ko, <) be a partially ordered set in
which every non-empty subset K' C K admits a (not necessarily unique) maxi-
mal element. Then a strictly commuting diagram p : K — Gats is isofibrant if and
only if, at each x in K, the map to the discrete limit

p(z) = lim°(K~, — sSet)
is an isofibration of simplical sets.
Example 14.39. Any tower of isofibrations %;1; — %; which is indexed by the
non-negative integers,

~'~—><g2—><51 —)%0,

defines an isofibrant diagram p : ZOZPO — Caty,. Similarly, any tower of Kan fibra-
tions - -+ — Z5 — Z1 — Z defines an isofibrant diagram of Kan complexes.
Example 14.40. Consider a diagram of co-categories

©1

lﬂ

cgoﬁy
F

0
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in which each of the F; are isofibrations. The corresponding diagram in %ats, is
isofibrant.

It is in fact the case that any strictly commuting diagram in %at., admits an
isofibrant replacement.

Theorem 14.41 ([5, 03AT]). Let p: K — Gats be a strictly commuting diagram
of oco-categories. Then there is an isofibrant diagram p’ : K — %ato, which admits
a natural isomorphism p = p'.

It’s furthermore shown in [5, 03B1] that, when p : K — %ats is isofibrant, the
comparison map from the discrete limit

A lim° (p) — Fun%cart(K, /Kp)

of Definition 14.11 is an equivalence of oo-categories. So Corollary 14.15 implies
that the discrete limit is a limit of p in %ats,, and that the discrete limit diagram
provides a limit diagram in 6af.

Theorem 14.42 ([5, 03B1]). If p : K — %ats be an isofibrant diagram then the
discrete limit limo(p) is a limit for p, and the corresponding strictly commuting
diagram p° : K< — Gats, with cone point lim? (p) is a limit diagram in Catso-

As an corollary we obtain an weak analog to Corollary 14.31 in the co-categorical
context.

Corollary 14.43. Consider a diagram of oo-categories A3 — Gats, as in Evam-
ple 14.40, in which each of F; : € — T is an isofibration. Then the (strictly
commuting) pullback diagram

cgo Xy%lﬁcfl

o T

s a limit diagram in Gat .

As in the case of Kan complexes, one can argue directly that it suffices to have
only one of the F; an isofibration in order to obtain the above computation.

Example 14.44. Let 4y — %1 — %> — --- be a sequence of injective maps of
oo-categories, p : Z>og —+ Gat the corresponding strictly commuting diagram, and
consider the discrete colimit
%€ = colim®(p).
We see that € is an oo-category by directly checking the lifting criterion.
For any other co-category £, the functor Fun(—, #") : Cato, — Cato, produces
a sequence of isofibrations

-+« = Fun(és, #) — Fun(%y, #) — Fun(%,, %)

by Proposition I-6.13, and hence has a limit in Cat,. The functor Fun(—, ¢") seen
to commute with discrete colimits via the sequence of natural isomorphisms

Homgas_ (2, Fun(colim® —, %)) = Homcy_ (colim’ —, Fun(Z, %)
= Jim" Homcg; (—, Fun(Z, %)) = lim° Homg,, (2, Fun(—, .%)).
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Hence Fun(%, %) = lim{ Fun(%;, #'). By Theorem 14.42 we find that Fun(%, .#")
is a limit of the corresponding diagram Fun(p—, ) : Z;po — %ats at each J in
Gat. We will see later that this implies € = colim(p).

14.8. Geometric realization of spaces. We cover one particular instance of a
colimit.

Proposition 14.45. Let & be a Kan complex, and consider the corresponding
simplicial object

Ze : AP — Set C Han, Z.([n]) = Z'[n].

Then there is a transformation Zs — Z which exhibits Z as a colimit of the
diagram Z,.

15. KAN EXTENSION

We give a bare bones presentation of Kan extensions, which we only provide as
a foundation for our subsequent analysis of the Yoneda embedding. A significant
amount of our textual landscape here is dedicated to a discussion of size constrains
on oo-categories and fibrations. The point being, a Kan extension might be thought
of as a varying family of (co)limits. The existence of the requisite (co)limits, in
advantageous settings, should depends only on vary course size restrictions imposed
on the emergent diagrams in such a setting.

15.1. Kan extensions. Before beginning, let us establish some notations. Con-
sider a map of simplicial sets ¢ : K — %, where % is an oo-category, and let
T,y : % — € be any objects in €. We take
K/w =K Xg¢ Cg/x and Ky/ =K X¢ %y/,

These simplicial sets are, respectively, left and right fibrations over K. We have
the slice diagonal morphisms K/, — ¢ x¢ {x} and K, — {y} x& ¢ which define
natural transformations

viilk,, —»z and vy —ilk,, (35)
respectively.
Definition 15.1. Consider a simplicial set K and a pair of maps to co-categories
i1: K — % and F: K - 2. A left Kan extension of F' : K — 2 along i is the

data of a functor F' : € — 2 and a transformation ¢ : F' — Fi for which, at each
object x in ¥, the transformation

_ . r
Fli,. = Filx,. "3 F(a)

exhibits F'(x) as a colimit of the diagram F\K/z Ky — 9.
‘We have the obvious dual notion.

Definition 15.2. Consider a simplicial set K and a pair of maps to co-categories
i: K — % and F': K — 2. A right Kan extension of F': K — & along i is the
data of a functor F’ : € — 2 and a transformation ¢’ : F'i — F for which, at each
object y in ¥, the transformation
FOY) ¢ 5
F'y) =% Flilg,, — Flx,,

exhibits F'(x) as a limit of the diagram F|Ky/ Ky, — 9.

‘ eq:kan_ext_transf
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To orient ourself, we can consider the case of a point ¥ = *. Then the functor
K — x carries no information, we have K,, = K, = K, and a left Kan extension
for a functor F' : K — 9 is simply the choice of a colimit colim(F) : x — 2.
Similarly, a right Kan extension is a choice of a limit. We recall that colimits and
limits are unique up to a contractible space of choices, so that these choices of left
and right extensions are uniquely determined.

In the case of a single edge ¥ = A!, the map i : K — A! splits K into
subcomplexes K; = K X1 {i} in which all edges in K either occur in one of the
K; or move from Ky to K;. The important subcomplexes here, however, are K
and K<; = K itself, as we have

K():K/O and KgK/l

since 1 is terminal in Al

Consider a map F: K — 2 and let Fy denote the restriction Fy = F‘|K0. A left
Kan extension for F along i is then a choice of colimits colim(Fy) and colim(F')
and a choice of a particular morphism

f : colim(Fy) — colim(F).

This morphism is the left Kan extension itself f : Al = 2, and the map f is the
unique morphism obtained via the universal property of the colimit for F. Namely,
the implicit transformation F|g, , = F — colim(F) restricts to a tranformation
F|g, — colim(F') and this transformation determines such a map f. This situation
can be depicted coarsely in a diagram

F ——— colim(F)

/Tf

F|r, — colim(Fyp).

Similarly, a left Kan extension of F is a choice of limits and corresponding morphism
f':lim(F) — lim(F}) which we can place in a coarsely depicted diagram

lim(F) —— F|g,

fT/

hm(Fo) — F|K0 .

A similar analysis holds when ¥ = A! is replaced with any simplex A™. In the
case that the (oco-)category ¥ admits more complicated collections of morphisms,
the indexing category at each point, K,, or K, expands to account for variances
in morphisms and endmorphisms at the given vertex. However we can still think of
the left Kan extension, say, as codifying relationships between a family of colimits
in & which are parametrized, more-or-less, by the “bundle of fibrations” K, over

€.

15.2. Size constraints on co-categories and simplicial sets. Recall, from Def-
inition 13.25 above, that a simplicial set K is called small if, at each nonnegative
integer n, the collection of n-simplices K[n| is a small set.
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Definition 15.3. An oco-category % is called essentially small if 4" is equivalent
to a small oco-category, and € is called locally small if for each pair of objects
x,y : * — € the Kan complex Home (z,y) is essentially small.

Locally small co-categories are the “normal” co-categories which one expects to
arise from everyday studies in algebra and representation theory. We record some
apparent examples.

Example 15.4. By a dg category we mean a category enriched in dg vector spaces,
and all dg vector spaces are small by definition. Hence, for any dg category A, the
dg nerve N8(A) is a locally small co-category. This follows by the calculations of
the pinched mapping spaces from Proposition I-?77.

For specific examples, we find that the homotopy oco-category % (A) of any
additive category A is locally small, and the derived oco-category Z(A) of any
Grothendieck abelian category is locally small.

Example 15.5. Let A be a simplicial category which is enriched in small Kan
complexes. Then, via the equivalence of Theorem 5.27, the homotopy coherent
nerve N"(A) is locally small.

For a specific example, let € and 2 be essentially small co-categories. Then we
have an equivalence of Kan complexes between Fun(%¢, 2)%%" and Fun(¢”’, 2")K»
for some small co-categories %’ and 2’. One sees directly that at each non-negative
integer n the set

Homggset (A" x €', 9") = Fun(¥€’, 2')[n]

is small. Hence the functor category Fun(%¢”’, 2’) is small, as is its associated Kan
complex, and it follows that the Kan complex Fun(%, 2)X" is essentially small. So
we see that the co-category 6ut’? of essentially small co-categories is locally small.
Similarly, we find that the co-category ~#an*™ of essentially small Kan complexes
is locally small as well.

One can establish the expected relation between local smallness and essential
smallness.

Proposition 15.6 ([5, 03TW]). For an oo-category €, the following are equiva-
lent:

(a) € is essentially small.
(b) € is locally small and the set wo(€X*™) is finite.

One can employ this characterization to provide sufficient conditions for local
smallness of functor categories.

Lemma 15.7. If € is an essentially small oo-category and 2 is a locally small
oo-category, then the functor category Fun(€, 2) is locally small.

Proof. Since the endofunctor Fun(—, &) preserves equivalences we can assume %
is small. Then for any two functors F, F' : € — 2 there exists a small (full) oo-
subcategory 2’ C 2 through which both F' and F” factor. We can take in particular
2’ the full oo-subcategory spanned by the small set of objects F(€[0]) U F'(€[0]),
and observe essential smallness of 2’ as an application of Proposition 15.6. We
now find that any two functors exist in the full co-subcategory Fun(%¢, 2’). It was
argued in Example 15.5 that the oco-category Fun(%, 2’) is essentially small, and
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in particular locally small. Since the embedding Fun(%,2’) — Fun(¥¢,2) pre-
serves mapping spaces, via full faithfulness, we conclude that the functor category
Fun(¥, 2) is essentially small. O

It will be helpful to have a notion of essential smallness for simplicial sets. Recall
that a map of simplicial sets K — L is called a categorical equivalence if, for each
oo-category %, the induced map of oo-categories Fun(L, %) — Fun(K,¥) is an
equivalence.

Definition 15.8. An simplicial set K is called essentially small if there K admits
a categorical equvialence K — % to a small co-category.

It is in fact the case that any small simplicial set is essentially small.

Proposition 15.9 ([5, 03SN]). Any small simplicial set K admits an inner an-
odyne morphism K — & to a small co-category £ . In particular, any small
simplicial set is essentially small.

We omit the proof. As in the case of oco-categories, one can show that expo-
nentials of locally small co-categories by essentially small simplicial sets are again
locally small.

Lemma 15.10. If K is an essentially small simplicial set, and € be a locally small
oo-category, then the functor category Fun(K,€) is locally small.

Proof. Similar to the proof of Lemma 15.7. d

One also sees that completeness and cocompleteness for co-categories can be
rephrased in terms of essentially small diagrams.

Proposition 15.11. For any co-category €, the following are equivalent:

(a) € admits all limits (resp. colimits) indexed by small simplicial sets.
(b) € admits all limits (resp. colimits) indexed by essentially small simplicial
set.

Proof. The implication (b) = (a) follows from essential smallness of any small
simplicial set, by Proposition 15.9. Suppose now that (a) holds, and consider a
diagram p : K — % from an essentially small simplicial set. By definition we can
find a categorical equivalence i : K — J¢ to a small co-category, and can therefore
find a functor P : # — ¥ whose restriction P|x is isomorphic to p. By Proposition
13.17, p admits a limit (resp. colimit) in ¥ if and only if Pi admits a limit (resp.
colimit) in ¥. Furthermore, by Proposition 13.14 P admits a limit (resp. colimit)
in ¢ if and only if Pi admits a limit (resp. colimit) in ¢. Since P admits a limit
(resp. colimit) in € by assumption, it follows that p admits a limit (resp. colimit)
in € as well. Hence ¥ admits all limits (resp. colimits) indixed by essentially small
simplicial sets. ([

We also have a notion of smallness for inner fibrations.

Definition 15.12. An inner fibration of simplicial sets X — S is called essentially
small if, for each n-simplex A™ — S, the fiber product A™ xg X is an essentially
small co-category. Similarly, X — S is called locally small if each fiber A™ x g X is
a locally small co-category.

We have the following fiberwise, and global characterizations of essentially small
and locally small fibrations.
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Proposition 15.13 ([5, 047P, 047Q]). For an cartensian or cocartesian fibration
q: X — S, the following are equivalent:

(a) q is essentially small.
(b) For each vertex s: * — S, the fiber X is essentially small.

Furthermore, if the base S is an essentially small co-category, then these conditions
are also equivalent to the following:

(¢) The co-category X is essentially small.

The analogous results hold when one replaces essentially small with locally small in
all of the above statements as well.

One can see [5] for a proof of Proposition 15.13.

Example 15.14. An oco-category % is locally small if and only if the left fibration
Cr) — € is essentially small at all z in ¢, or equivalently if and only if the right
fibration €/, — € is essentially small at all z in €.

Example 15.15. A cocartesian fibration X — S is essentially small if and only
if the classifying functor S — %at,, has image in the locally small subcategory of
essentially small co-categories €at?. Conversely, for any functor F': S — Gatis C
%at~ the corresponding cocartesian fibration | g — S is essentially small. A
similar analysis holds for left fibrations and functors in JZan®™ C JZan.

Let us record a supporting lemma which will aid in our analysis of smallness for
fibrations.

Lemma 15.16 ([5, 025H]). Let € — 2 be a cartesian or cocartesian fibration, and
consider a diagram of maps of simplicial sets

E- Y p_ ¢

L

K—sK ——-¢%

in which each of the squares is a pullback square. If the map f is a categorical
equivalence then the map F is a categorical equivalence as well.

Now, it is obvious, simply from the definition, that essential smallness of inner
fibrations is stable under pullback. We prove a stronger version of such stability
for cocartesian fibrations.

Lemma 15.17. Let & — € be an essentially small cartesian or cocartesian fi-
bration over a locally small co-category, and F : K — € be a map of simplicial
sets. Suppose that K is an essentially small simplicial set. Then the simplicial set
K X & is essentially small.

Sketch proof. Take a categorical equivalence i : K — J# to a small oco-category and
let ' : # — % be a functor with F'i = F. It follows, by Proposition ??, that
the two pullbacks for F’i and F are categorically equivalent. So we can assume
F't = F. Take now %’ the full oo-subcategory whose vertices are those in the
image of F'[0] : Z[0] — €[0]. Since % is small the set mo(%¢”) is small, and hence
¢’ is essentially small by Proposition 15.6. By Proposition 15.13 there is a small
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oo-category &’ with an equivalence of fibrations & x4 €' = & over ¢’. We then
have an equivalence of fibrations

%X%éa:%Xg/ (5 Xcg%/)g%Xcg/ &' (36)

Note that the simplicial set % x4 &” is a subset of the small simplicial set % x &”,
and hence is small. By Proposition ?? he equivalence (36) now pulls back to an
equivalence of fibrations

Kng:)KX%/éB’,

and the induced map K X &' — ¥ x4 &' is a categorical equivalence by Lemma
15.16. Hence we obtain a categorical equivalence to a small co-category K X & —
K Xegr &' O

Corollary 15.18. If K is an essentially small simplicial set and p : K — Gats
is a functor with image in Gatdy, then the corresponding simplicial set pr 18
essentially small.

Proof. Take
PEat’) = Catly Xgur,, PCatil.

This co-category is, equivalently, the pith over the undercategory (€atl'),, where
Cat’l is the homotopy coherent nerve of the simplicial category Cat®.' of essentially
small oco-categories. By the fiber calculation of Proposition 6.7 and Proposition
15.13 we see that the cocartesian fibration Z.€atdy — Gati? is essentially small.
Hence the pullback || P — K is an essentially small cocartesian fibration, and the

simplicial set [ ¢ P s essentially small by Lemma 15.17. (]

15.3. Existence of Kan extensions.

Proposition 15.19 ([5, 0300]). Consider a simplicial set K and a pair of maps to
oo-categories i : K — € and F: K — 2. The following hold:

(1) F admits a left Kan extension along i if and only if, at each = in €, the
diagram F|K/I Ky — 9 admits a colimit in 9.

(2) F admits a right Kan extension along i if and only if, at each y in €, the
diagram F|Ky/ : Ky — 2 admits a limit in 9.

For details the reader should consult the original text [5, 02Z7Z]. We simply take
this result for granted. We are most interested in the following corollary.

Corollary 15.20. Leti: K — % be a map from an essentially small simplicial set
into a locally small co-category € .

(1) If 9 is cocomplete, then any map F : K — 9 admits a left Kan extension
along i, F: ¢ — 9.

(2) If 2 is complete, then any map F : K — 9 admits a right Kan extension
along i, F' : € — 9.

Proof. We prove (a), the proof of (b) being similar. Since % is locally small the
left fibration €, — € is essentially small at all x in ¢, and hence the simplicial
set K, is essentially small at all x by Lemma 15.17. By completeness of &, and
Proposition 15.11, we see that & admits all K ,-colimits at all z in €. It follows
by Proposition 15.19 that a left Kan extension F': 4 — & exists. (]
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15.4. Uniqueness of Kan extensions.

Proposition 15.21 (Universal property for LKE, [5, 0309]). Suppose i : K — €
is a map from a simplicial set to an co-category, and let F : K — 2 be another
map into an oo-category. Suppose that we have a functor F' : € — 2 and a
transformation ¢ : F — Fi which exhibits F as o left Kan extension of F. Then
for every functor G : € — 2 the composite

. N CF = .
Hompyn(#,2)(F, G) — Hompuk,2) (Fi, Gi) > Hompuyk,2) (F, G1)
is an isomorphism in h Fan.

As with existence, we omit the proof and direct the interested reader to [5] for
any details. We note that the identifications

Homygget ((A™)P x K, Z) = Homgget (A" x K°P, 9°P)

provide an identification of co-categories Fun(K, 2)°P = Fun(K°P, 2°P). So by
applying opposities we obtain the apparent analog of Proposition 15.21 for right
Kan extensions.

Proposition 15.22 (Universal property for RKE). Leti: K — ¢ and F : K — 9
be as in Proposition 15.21. Suppose that we have a functor F' : € — 2 and a
transformation ¢’ : F'i — F which exhibits F' as a right Kan extension of F. Then
for every functor G : € — 2 the composite

HomFun(Qg’@) (G7 F/) — HomF\ln(K@) (Gi, F/i) % Hompun(K’@) (Gi, F)
is an isomorphism in h Zan.

Corollary 15.23. Take i : K — ¢ anc{F’ : K — 2 as in the statement of
Proposition 15.21. If ¢ : F' — Fi and ¢’ : F' — F'i realize functors F,F' : € — 9
as left Kan extensions of F, then there is an isomorphism « : F = F' which fits

into a diagram

F14>F’

in the functor category Fun(K, 2).

The analogous uniqueness result holds for right Kan extensions as well, though
we won’t record it explicitly.

Proof. We have the map of h Zan-enriched categories
i* : mFun(¥¢, ) — mFun(K, 2)

and we lift the transformations ¢ : F' — Fi and ¢’ : F — F'i which exhibit F and
F' as left Kan extensions to unique morphisms a : ' — F' and o : ' — F’ which
recover ¢ and ¢’ under the compositions F — F'i — Fi and F — Fi — F'i. The
composites F — F' — F and F' — F — F’ then restrict to ¢ and ¢’ respectively,
so that they are the respective identity morphisms in 7 Fun(%¢, 2) by Proposition
15.21. [
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We observe in Section 77 below a kind of global uniqueness for Kan extensions.
Namely, if 2 is cocomplete then the collection of all left Kan extensions to 2, along
some map i : K — % with K essentially small and % locally small, assemble into
a left adjoint

Lan; : Fun(K, 9) — Fun(¥, 2)
to the restriction functor Fun(¥¢,%) — Fun(K, ). Indeed, one can view the
universal property for left Kan extensions as a type of local claim for adjunction.
Similarly, we find below that completeness of & implies the existence of a right
adjoint

Ran; : Fun(K, ) — Fun(¥, 2)
to restriction which is realized, on objects, via right Kan extension.

15.5. Kan extension under base change. We only record the following results
for left Kan extensions. The interested reader might translate immediately to their
rightward facing analogs.

Lemma 15.24. Leti : K — € be an arbitrary map from a simplicial set to an
oo-category, and F,F' : K — 2 be isomorphic functors to another oo-category.
Then for any isomorphism o : F' — F, and any transformation ¢ : F — Fi
which exhibits a functor F : € — 9 as a left Kan extension of F, the composite
Ca: F' = Fi exhibits F as a left Kan extension of F'.

Proof. Follows from stability of colimits under isomorphisms of diagrams, as ex-
pressed specifically in Proposition 13.17. d

Lemma 15.25. Let i/ : K' — % be a map to an oco-category, t : K — K’ be
a categorical equivalence, and i = i't : K — % be the corresponding composite.
Let F' : K' — 2 be an arbitrary functor and F : K — 2 be the corresponding
composite. A transformation (' : F' — Fi exhibits a functor F : € — 2 as a left
Kan extension of F' if and only if the composite ('t : F — Fi exhibits F as a left
Kan extension of F.

Proof. By Lemma 15.16 the induced map K,, — K }$ is a categorical equivalence
at each x in €. So the result follows by Proposition 13.14. O

15.6. Kan extensions along embeddings.

Proposition 15.26 ([5, 02YV]). Leti: % — € be a fully faithful functor between
oo-categories, and F' : &~ — 9 be arbitrary. If a transformation ¢ : F' — Fi exhibits
a functor F : € — 2 as a Kan extension of F then ( is a natural isomorphism.

Proof. By Lemmas 15.24 and 15.25 it suffices to prove the result in the case where
A is a full oo-subcategory in . In this instance our claim is implied by [5,
02YV]. O

In the case of a fully faithful functor i : %~ — ¢, and a Kan extension F' : € — 7
of a given functor F : # — 2, we now understand that composition function

HomFun(%,@) (Gv FZ) % HomFun(%,@) (Gv F)

is an isomorphism in h Zan. It follows by the universal property from Proposition
15.21 that the restriction functor

HomFun(‘K,@)(Gv F) - HomFun(%,@)(Gia FZ)
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is an equivalence whenever a functor F': ¢ — 7 is a left Kan extension for some
functor F': & — 9.

Corollary 15.27. Suppose # — € is a fully faithful functor, and that F : € — 9
is a left Kan extension of some functor & — 2. Then at each functor G in
Fun(€, 2) the restriction map

HomFun(%,@) (Gv F) — HomFun(X,Q) (GZ, FZ)

is an equivalence.

16. YONEDA EMBEDDING

We recall that, for any oo-category ¢, a Hom functor H : €°P x € — Fan is a
classifying functor for the twisted arrow fibration Jw(%€) — €°P x €.

Theorem 16.1 (Yoneda embedding). Let € be any oo-category. For any Hom
functor H : €°P x € — JFan the associated functor

h:% — Fun(¢°?, #an), h(z):= H(—,x),
is fully faithful.

Via the identification of cocartesian fibrations Jw(%) = Jw(€°P) we under-
stand that Hom functors for ¥ are Hom functors for ¢°P, and vide versa. So the
Yoneda embedding is symmetric in the two factors. In particular, Theorem 16.1
has its opposite expression.

Theorem 16.2 (Yoneda embedding v.2). Let € be any co-category. For any Hom
functor H : €°° x € — JHan the associated functor

B’ €°? — Fun(¥, #an), W (z):=H(xz,—),
18 fully faithful.
16.1. Colimits over constant diagrams.

Definition 16.3. For objects x and y in an co-category, a morphism of simplicial
sets B : K — Home (x,y) is said to exhibit y as a tensor product of x by K if, for
any z in %, the composition

Homg (y, z) x K — Home (y, z) x Home (z,y) = Home (z, 2)
induces an isomorphism Home (y, z) — Fun(K, Homg (2, 2)) in h Zan.

Now, the above definition unfortunately does not strictly make sense as stated,
since the composition function for the mapping spaces is only explicitly defined
in h Zan, while K does not exist as an object in JZan. However, composition is
defined up to natural isomorphism in Kan, so that the map

Homg (y, z) x K — Homg(z, 2)

is defined up to a natural isomorphism. Subsequently, the induced map Home (y, z) —
Fun(K, Hom(z, z)) is defined uniquely as a morphism in h Zan, and we see that
evaluating this condition is independent of the choice of representative for the com-
position function.

For an example [5, 03F4], we can consider the case where K is a discrete set,
so that a map K — Home(z,y) is defined by a K[0]-collection of maps i : © —
y. These maps then define an object in the undercategory ¢,,, where z : K —
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% is the constant functor. We expect in this case that the original map K —
Home (z,y) exhibits y as a tensor product of by K if and only if y is initial in
this undercategory, i.e. if and only if y is a coproduct Il g[gjz. We show that this
colimit interpretation of tensoring is valid in complete generalization.

Let us first, however, do some bookkeeping. A map 8 : K — Home (z, y) defines,
and is equivalent to, a map 8 : Al — Fun(K,%¥) which sends 0 to the constant
diagram z : K — % and sends 1 to the constant diagram y. In this way 8 can be
understood equivalently as a transformation between constant diagram 3 : z — y.

Proposition 16.4 ([5, 03F3]). A map : K — Homy(z,y) exhibits y as a tensor
product of x by K if and only if the corresponding transformation 3 : x — y between
constant functors on K exhibit y as a colimit of x in €.

Proof. Consider objects a,b : * — %. We the inclusion
Hompyun(k,%)(a,b) € Fun(A', Fun(K, %)) = Fun(K, Fun(A', %))

which naturally identifies the morphisms Hompuy,(x «)(a,b) with the Kan com-
plex Fun(K,Home(z,y)). This just follows from naturality of the adjunction
Fun(—, Fun(L, M)) = Fun(L, Fun(—, M)).

Under this identification the composition

5"
Home (yv Z) — HomFun(K,%) (gv g) — HomF‘un(K,%) (Qa g) (37)

appearing in Definition 13.1 is identified with the composition
Home (y, 2) — Fun(K, Homg (y, 2)) — Fun(K, Home (z, 2)), (38)

where the first map is dual to the terminal function K — * and the second map is
induced by . One checks directly that this map induced by S takes an n-simplex
s: A™ x K — Home (y, z) to the composite simplex

(o2 T o
A" x K 170 Home (y, z) x Home (2, y) — Homg (z, 2),

where here we abuse notation to let 8 denote the composite of the projection
A' x K — K with 3. Hence the composite (38) sends an n-simplex s : A" —
Homg (y, z) to the n-simplex

A" x K 28 Hom (y, z) x Home (z,y) ~ Home (z, 2).

So the map (38) is adjoint to the composite

Home (y, z) x K 116; Home (y, 2) x Home (2, y) N Home (z, 2),

We now conclude that the composition (37) is an isomorphism in h #an if and
only if the map Home(y, z) — Fun(K, Home (z, z)) appearing in Definition 16.3 is
an isomorphism in h.#Zan. Rather, the transformation § : x — y exhibits y as a
colimit of the constant functor z : K — % if and only if the corresponding map
B : K — Home (z,y) exhibits y as a tensor product of x by K. O

We cover some quality of life results before closing out the subsection.

Lemma 16.5. (a) Let 3,8 : K — Homg(z,y) be isomorphic morphisms. Then
B exhibits y as a tensor product of x by K if and only if 5’ exhibits y as a tensor
product of x by K.

(b) Let K — K’ be a categorical equivalence, 8 : K — Home (x,y) be an arbitrary
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map and B : K — Home (x,y) be the corresponding composition. Then ' exhibits
y as a tensor product of x by K’ if and only if B exhibits y as a tensor product of
r by K.

Given a Kan-enriched category A, the following is a consequence of the identifi-
cation of h.#an-enriched categories mA = 7 N"(A) from Proposition 7.6.

Lemma 16.6. Suppose A is a simplicial category which is enriched in Kan and take
o = N'(A). Let 6 : Hom ,(x,y) — Hom,,(z,y) be the equivalence of Theorems
5.27 and 1-10.17. For a morphism 8 : K — Hom 4 (z,y), the composite map 00 :
K — Homg/ (z,y) exhibits y as a tensor product of & over K if and only if, at all
z in A, the composite

Hom 4 (y, 2) x K — Hom 4 (y, z) x Hom 4 (, y) = Hom 4 (z, 2)
induces a homotopy equivalence Hom 4 (y, z) — Fun(K, Hom 4 (7, 2)).
We consider an example.

Example 16.7 (][5, 03F8]). We consider the case of the category of spaces € =
Jan. Let % be an arbitrary Kan complex and consider a morphism g : K —
Hom 4, (%, %). Up to equivalence we can assume that g factors through the equiv-
alence % = Fun(*, %) — Hom yun (%, %), and take 5 : K — % the corresponding
map to %. We claim that g exhibits & as a tensor product of the point * by K if
and only if B : K — % is a weak homotopy equivalence.

To see this it suffices to show, according to Lemma 16.6, that at each Kan
complex Z the map

B*: Fun(%, %) — Fun(K, &)

is an equivalence if and only if /3 is a weak homotopy equivalence. However, this is
simply the definition of a categorical equivalence [5, 03PJ, 03PJ]. We conclude now
that an arbitrary map 8 : K — Hom yqn (%, %) exhibits % as a tensor product of
x by K if and only if § is a categorical equivalence.

16.2. Yoneda’s lemma and proof of Yoneda embedding.

Lemma 16.8. Let ¢ be an co-category and F : € — Han be any functor. A map
1, : * = F(x) exhibits F as corepresented by an object x in € if and only if the
map 1, exhibits F as a left Kan extension of the constant functor A° : x — Fan
along the inclusion x : x — €.

Proof. The functor F' is corepresented by x, via the map 1., if and only if the
composite

Homg (2, y) LN Hom yon (F(x), F(y)) E) Hom yon (*, F(y))

is an isomorphism in h Zan. This follows by Proposition 11.4.
On the other hand, we have

%1, = Hom{ (z, y) = Home (z,y)

at each y in ¢, and 1, exhibits F as a left Kan extension of A% if and only if the
transformation

1 F(y)
A0|Hom<g(axc,y) =% F(£)|Hom<g(x,y) *’; F(y)|Hom<g(x,y) (39)
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realizes F'(x) as a colimit of the constant diagram A" : Home (7, y) — #an. Here
v : A' x Hom(z,y) — €

is adjoint to the inclusion Hom(z,y) — Fun(Al, %), i.e. the evaluation map, and

F(v) is the composite of evaluation with F. So F(y) is adjoint to the map F :

Home (z,y) — Hom yun(F(2), F(y)), and the above composite (39) is adjoint to

the composition of F' with 1% : Hom yq, (F(2), F(y)) — Hom yun (%, F(y)).

By Proposition 16.4 the above transformation (39) realizes F(y) as a colimit
of the constant diagram at A® if and only if the map 1:F : Homg(z,y) —
Hom yun (*, F(y)) exhibits F(y) as a tensor product of * by Home (z,y). As we
saw in Example 16.7 this occurs if and only if the map 1:F : Homeg(x,y) —
Hom 4, (*, F(y)) is an equivalence, i.e. if and only if 1, exhibits F' as corepre-
sented by x. (I

Theorem 16.9 (Yoneda’s lemma). Let F' : € — #an be a corepresented by an
object x : x — €, with corresponding initial vertex 1, : * — F(x). For any other
functor G : € — Han the composition

Hompyn (e, xan) (F, G) _—>‘Z Hom yon (F(2), G(x)) X Hom g, (*, G(x)) 6;; G(z)
is an isomorphism in h Fan.

Proof. By Lemma 16.8 the map 1, : * — F(x), which we interpret as a tranfor-
mation in Fun(x, #an), exhibits h : € — Fan as a left Kan extension of the
constant functor of value * in JZan. Hence the composition under consideration
is an isomorphism in h Zan by the universal property of the left Kan extension,
Proposition 15.21. (|

Applying this result to €°P yields the following.

Theorem 16.10 (Yoneda’s lemma v.2). Let F' : €°P — JFan be a represented by
an object x : x — €, with corresponding initial vertex 1, : * — F'(x). For any
other functor G : €°P — Jan the composition

Hompyn(gor, san) (F', G) s Hom o (F'(z), G(z)) Ly Hom x4, (%, G(x)) o G(z)

is an isomorphism in h Zan.
We now prove that the Yoneda embedding, Theorem 16.1.

Proof of Theorem 16.1. Let H : €°P x € — Jan be a Hom functor for &, i.e.
a transport functor for the twisted arrow fibration. By Lemma 12.5 the identity
morphism id,, : ¥ — Jw(%) is initial in both of the fibers

{2} Xgoo Tw(€) and JTw(¥) x¢ {z}.

This implies that the corresponding vertex 1, : x — H(x,x) is initial for both of
the functors H(z,—) : € — #an and H(—,z) : €°° — Fan, i.e. simultaneously
exhibits H(z, —) as corepresented by x and H(—,x) as represented by x.

Take h : € — Fun(€°P?.#an) proposed embedding, h(x) = H(—,z). By Theo-
rem 16.10 the map

h: Homﬁf(xa y) — HomFun(‘KOP,%’an)(h(x)a h(y))
is an equivalence if and only if the composite

Hom%(:r, y) ﬁ) HomFun(%OP,Jﬁfan)(h(x)v h(y)) E) h(y)(:ﬂ) = H(xa y) (4())
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is an isomorphism in h JZan, where the map v is the composite of Theorem 16.10.
By Proposition 7.6 the composite ¢ is equal to the composite

HomFun(‘g”P,fan) (h(l’), h(y)) ;IL HomK%fan(H(xa :C), H(l’, y))

" Pun(H(x,), H(z,y)) =5 H(x,y),
as a morphism in h #an. Thus, for H, : € — H#an given by H, = H(x,—) the
composite condences to the sequence
H, 1
Home (z,y) =5 Hom yun (Hy(x), Hy(y)) = Fun(H, (x), Hx (y)) = H(y).

This sequence is in fact an isomorphism in h J#an, since H, is corepresented by ,
and we see now that the map

h: H0m<g($, y) — HomFun(%OP,lfan)(h(x)’ h(y))

is an isomorphism at all pairs of objects z,y : * — . It follows, by the definition,
that the functor h : € — Fun(%°P, #an) is fully faithful. O

16.3. A useful characterization of limit diagrams.

Lemma 16.11. Any map of simplicial sets A — B admits a factorization A —
A" — B in which the first map A — A’ is a monomorphism and the second map
A" — B is a trivial Kan fibration.

We have the following oco-analog of Proposition 1-4.8 which charactarizes those
equivalences which are trivial Kan fibrations.

Proposition 16.12. A functor between co-categories F : € — 2 is a trivial Kan
fibration if and only if it is both an isofibration and an equivalence.

Proof. If F is a trivial Kan fibration then it is conservative, and hence any lift of
an isomorphism in Z is an isomorphism in %. In particular F is an isofibration.
Consider now any simplicial set K and the equivalent lifting problems

A5 Fun(K,¢)Ken AXxEK—>¢% (41)
7 7

zi \LF* ixKl ) L

B T> Fun(K, 2)Kan Bx K —> 2

in which ¢ is injective.

Since F'is a trivial Kan fibration the second lifting problem admits a solution, and
so there exists a map g : B — Fun(K, €) which restricts fo go on A and has F,g =
g1. We need only show that g has image in the subcomplex Fun(K, %)%2". However,
since F' is conservative, the characterization of natural isomorphisms provided in
Proposition I-7.9 tells us that the induced map Fy : Fun(K, %) — Fun(K, 2) is
conservative. Hence the diagram

Fun(K, €)% —— Fun(K, %)

| |

Fun(K, 2)% —— Fun(K, 2)
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is a pullback diagram. It follows that our splitting map g : B — Fun(K,%)
necessarily has image in Fun(K, %), and so we solve the first lifting problem in
(41).

We have now established that the induced map F, : Fun(K, €)% — Fun(K, 2)Kan
is a trivial Kan fibration at each simplicial set K, and hence an equivalence at each
K by Proposition 1-4.8. By Theorem [-5.43 we conclude that the original map
F: € — 2 is an equivalence.

For the converse, suppose that F' is both an equivalence and an isofibration.

Factor F as a composition of an inclusion ¥ - %’ and a trivial Kan fibration
F': ¢ — 2. In this case ¢’ is an oo-category, F’ is an equivalence by the above
findings, and thus i is an equivalence as well.
The functor
Fun(¢",€) — Fun(%¢',2) Xrun(e,2) Fun(%,€)

is now a isofibration by Proposition 1-6.13 and an equivalence by Corollary 1-6.24.
In this case all objects in the fiber product lift to objects in Fun(%”,%¢), and we
can lift the pairing (F’,id% in particular to a map 7 : €’ — € which splits the
diagram

¢ Mo

1l

%Iﬁ@
F

The above diagram, and the fact that F’ is a trivial Kan fibration, implies that F'
is also a trivial Kan fibration. O

Corollary 16.13. Letp: K — € be a diagram in an co-category and p : {0}xK —
% be an arbitrary extension of p. Then p is a limit diagram for p if and only if the
forgetful functor €5 — €, is an equivalence.

Proof. Note that p specifies an object in 6, by the defintion of the overcategory.
The claim now follows by Proposition 16.12 and the fact that the forgetful functor

(€rp) /5

is a right fibration, and in particular an isofibration. ([

prop:lim_funcat‘ Proposition 16.14. Let p : K — % be a diagram in an oo-category and p :

{0} x K — € be an arbitrary extension of p. Then p is a limit diagram for p if and
only if, at every object x in €, the forgetful functor

HomFun(K< ,6) (§7 m — HomFun(K,%) (§7 p) (42)

Proof. We have the diagram
Gy Cp

| |

C XBun(K<,%) {p} —=< X Fun(K,%) {p}

is an equivalence.

in which the vertical maps are equivalences. Here the vertical maps are, in par-
ticular, the slice diagonals from Section I-10.5. Hence the map €53 — 4/, is an
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equivalence if and only if the map 6" Xg, r< o) {p} = @ X Fun(K,%) {p} is an
equivalence. Therefore, by Corollary 16.13, the latter map is an equivalence if and
only if p is a limit diagram for p.

Since this latter map, let’s call it f, fits into a diagram of right fibrations

!

C X Pun(k<,%) {p} G X pun(,%) 1P}

~.

€

we see that f is an equivalence if and only if all of its fibers over ¥ are equivalences
(Theorem 3.8). However, the fiber of f at a given point z : * — € simply recovers
the original morphisms of interest (42). So we see that p is a limit diagram if and
only if, at each z in ¥, the maps (42) is an equivalence. a

16.4. Yoneda embedding and limits.

Theorem 16.15. Let h : € — Fun(é°P, #an) be a Yoneda embedding for an oo-
category €, and p : K — € be a diagram in €. For any extensionp: {0} x K — €
of p the following are equivalent:

(a) p is a limit diagram in €.

(b) hp is a limit diagram in Fun(€°P, Zan).

Proof. By Proposition 16.14 p is a limit diagram if and only if, at each z in €, the
map
HomFun(K< %) (£7 ]5/) — HomFun(K,Sg”) (gv p)
is an equivalence. For & = {z} xZ € the above map is identified with the restriction
functor Fung (K<,8) — Fung (K, &).
For B/ = & x4 K< and E = & X4 K we have the pullback diagram of left
fibrations

and identifications
Fung (K<,&) 2 Fung<(K<,E’), Fung(K,&) = Fung (K, E)
under which the above restriction functor becomes the restriction functor
Fung<(K<,E") — Fung (K, E).
This final map is an equivalence if and only if the composite

Fun(€°P, #an)

7
h -~ ~ _zF
~ ~
-
- N
-

K< &€ Han

is a limit diagram for the restricted map K — J#an, by the diffraction criterion of
Theorem 14.8 and Theorem 14.25.
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We now understand that the extension p is a limit diagram in % if and only if,
at each x in €, the composite

K< — Fun(€°P, #an) % Han

is a limit diagram in #an. However this occurs if and only if the map K< —
Fun(€°P, #an) is a limit diagram, by Proposition 13.28. O

As we saw in the above proof, the characterization of limits in Fun(%, #an)
provided in Proposition 16.14 implies the following alternate expression of Theorem
16.15.

Corollary 16.16. Let p : K — € be a diagram in an oo-category. An extension
p: {0} x K — € of p is a limit diagram in € if and only if, for each object x in €
and functor h* : € — JHan which is corepresented by x, the composite

{0} x K 2@ " Han
is a limit diagram in Jfan.

We apply this result in the simplicial setting, in conjunction with Proposition
11.6, to obtain the following

Corollary 16.17. Let A be a Kan-enriched simplicial category, o/ = N"(A), and
p: K — o be an arbitrary diagram. An extension p: {0} x K — o/ of p is a limit
diagram in < if and only if, for each object x in <7, the composite

Hom_, (x,—)op: {0} x K — HFan
is a limit diagram in Jfan.

We note that, since the Yoneda embedding is fully faithful and hence conser-
vative, Theorem 16.15 is equivalent to the statement that the Yoneda embedding
commutes with all limits in 4. Applying the above theorem to %°P provides a
corresponding characterization of colimit diagrams in % .

Theorem 16.18. Let b’ : €°P — Fun(¥, #an) be a contravariant Yoneda embed-
ding for an oo-category €, and q : K — € be a diagram in €. For any extension
q: Kx{1} = € of q the following are equivalent:

(a) ¢ is a colimit diagram in €.

(b) R(q)°P is a limit diagram in Fun(€°P, Zan).

16.5. Aside: limits and colimits of essentially small spaces.

Lemma 16.19. The full subcategory £ an®™ C Fan of essentially small Kan com-
plexes is closed under the formation of all limits and colimits in Jan.

Proof. Given a small diagram p : K — #an®™ C #an we have an inner anodyne
map K — JZ to a small oco-category by Proposition 15.9. We can lift the given
diagram to a diagram p : # — Jan®™ #an and find that the limits over K and
J agree, by Proposition 13.14. For & = f%p we have the explicit expression

lim(p) = Fun (¢, &)
in Zan by Corollary 14.27.

Now, since p has image in JZan®™ the fibration & — JZ is essentially small and
& itself is therefore essentially small by Proposition 15.13. So after replacing &
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with an equivalent co-category we may assume & is small. In this case the functor
category Fun(.#, &) is small as well, so that the limit of p is essentially small.

As for the colimit of p, we have colim(p) = &[W ~!] where the localization can
be produced by fibrant replacement in the model category of marked simplicial
sets. This fibrant replacement occurs specifically in the model category sSet™ of
marked simplicial sets in our medium sized universe. However, since & is small we
can perform such a fibrant replacement & — &[W ~1]*™ in the subcategory of small
marked simplicial sets. By the small object argument [3, Proposition A.1.2.5] the
localization map & — &[W ~1]*™ can furthermore be chosen to be marked anodyne
[3, Proposition A.1.2.5] in the category of small marked simplicial sets. Since the
inclusion of small marked siplicial sets into medium sized marked simplicial sets
preserves marked anodyne morphisms we see that & — &[W ~1*™ remains marked
anodyne in this larger category, and hence remains a Cartesian equivalence in the
larger category [3, Remark 3.1.3.4]. So we can take &[W 1] = &[W "™ and we
observe that colim(p) is essentially small. O

16.6. Yoneda embedding in the locally small setting. We consider the case of
a locally small co-category €. Then for any Hom functor H : €°P x € — J£an the
values H (z,y) are essentially small, since they are equivalent to the corresponding
mapping spaces Home (z,y) by Corollary 12.7. Hence the Yoneda embedding for
€ factors as

h:% — Fun(€, Zan®™) — Fun(¥€, #an).
Lemma 16.20. Let 2’ be a full co-subcategory in an co-cateqory 9. Then for any

simplicial set K the inclusion Fun(K, 2') — Fun(K, 2) identifies Fun(K, 2') with
the full co-subcategory of functors in Fun(K, 2) which take values in 2’.

Proof. Consider a map F': A" x K — 2 whose restrictions F|;3xx : {i} x K = 2
have image in 2’. It suffices to show that F itself has image in &’. Since 2’ is
full in 2, F has image in 2’ if and only if F(z) has image in 2’ for each object
z :x — A" x K. However, the objects in A™ x K are specifically pairs of objects
(4,2) with ¢ in A"[0] = [n] and z in KJ0], and hence each object lies in some
subcomplex {i} x K. By our assumption on F it follows that F' sends each object
in A" x K to an object in &, and therefore has image in 9’ as desired. O

Lemma 16.20, in conjunction with Theorem 16.1 and the preceding discussion,
provide a refinement for the Yoneda embedding in the locally small setting.

Theorem 16.21. Suppose € is a locally small co-category. Then any Hom functor
H :%°P x € — Han has image in Zan®™ and the associated functor

h:%€ — Fun(€°?, #an®™), h(x):= H(—,x),
is fully faithful.
We can apply this finding specifically in the essentially small setting.

Corollary 16.22. If % is essentially small, then any Hom functor H : €°P X ¢ —
Jan has image in Han®™ and the associated functor

h:%€ — Fun(€°?, #an®), h(x):= H(—,x),
18 fully faithful.
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We note that, by Lemma 16.19, the full co-subcategory Fun(¥, #an®™) is both
complete and cocomplete, and the inclusion Fun(%, #Zan*™) — Fun(¥, #an) is
both continuous and cocontinuous. So Theorems 16.15 and 16.18, in conjunction
with Theorem 16.21, provide the following.

Corollary 16.23. Suppose € is a locally small co-category. Then the Yoneda
embedding h : € — Fun(¥, #an™) both preserves and detects limits in € .

Though the relevance of this refinement is not immediately clear, within the
context of this text at lease, one of the primary implications is the following.

Corollary 16.24. Any essentially small co-category € admits a fully faithful func-
tor F : € — €' into an co-category €' with the following properties:

(a) €' is locally small, complete, and cocomplete.
(b) F commutes with all limits which exist in €.

The embedding of Corollary 16.22 forms the foundations of various cocompletion
constructions which appear in [3, §5.3.5, 5.5.8]. Local smallness of the functor
category Fun(%€°P, #an®™) is essential in assuring the existences of Kan extensions
from various subcategories €” C Fun(%°P, #an®™) along the Yoneda embedding.

APPENDIX A. PROOF OF PROPOSITION 8.2

We now provide the details for our primary foundational result. We recall the
situation: We have a cocartesian fibration ¢ : X — S and an injective map of
simplicial sets ¢ : K — S. For g : X — K the fiber of ¢ along i, we have the
pullback functor on the spaces of transport functors with witnessing data

P TWit(q) » TWit(qx).

We’ve claimed in Proposition 8.2 that ¢* is a trivial Kan fibration.

We decompose the proof of Proposition 8.2 into two subclaims. First, we claim
that i* is an inner fibration. We then argue that it is an isofibration, and hence a
Kan fibration since both spaces in question are Kan complexes. Triviality follows
since both spaces are contractible. Let us demonstrate this first claim.

A.1. Restriction is an inner fibration.

Lemma A.1. Under the hypotheses of Proposition 8.2, the restriction functor i* :
TWit(q) — TWit(qr) is an inner fibration.

Proof. Suppose we have a transport functor F : A™ X K — %ats for A™ X qi
with witnessing data

9K

AnXXK

m%

A" x K ,

Ex

where &k = | anx i P with its associated pullback fibration px to A™ x K. Recall
that, by definition, gk is an equivalence of cocartesian fibrations. This data defines
an n-simplex

(Fr,9x) : A" — TWit(qx).
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Suppose now that we have an inner horn (Fa, ga) : A} — J#it(q) which re-
stricts to (Fk,grk)|ap along i. Equivalently, we have a choice of functor Fj :
A xS — Gats and a witnessing data

ga

AP x X

m%

Al xS

EN

where &’ = [, o Fa.

Consider the union

M=(A"xEK) [] (A} x9).
(A7 XK)
By Lemma I-5.4 the inclusion M — A™ x S is inner anodyne, so that the restriction
functor
Fun(A" x S, %at) — Fun(M, Gat,)
is a trivial Kan fibration by Corollary I-5.8. Hence the pair of functors
(Fi, Fp) : * = Fun(M, Gat )

extend uniquely to a functor F': A™ x § — Gat,,. Let us take now

g:/ F,
A xS

and note the identifications A} xan & = &p and K xg & = 6k
Now, the inclusion A" x X — A" x X is inner anodyne and the map A" x Xg —
A™ x X is injective so that the map from the union

V=A"xX) J] (A"xXp)—»A"xX
(A"XXK)
is inner anodyne as well, again by Lemma I-5.4. Hence the induced map
Fun(A" x X, &) — Fun(Y, &) Xpun(v,anxs) Fun(A™ x X, A" x §)

is a trivial Kan fibration, by Proposition 1-5.7. It follows that the compatible
collection (gx, ga, A" % S) : x — Fun(Y, &) extend uniquely to amap G : A" x X —
& of isofibrations over A™ x S.

We claim that G preserves cocartesian edges, and hence is a map of cocartesian
fibrations over A™ x S. To see this, we note that the sequence

AP x X 2 6 2 ¢

preserves cocartesian fibrations, since both of the constituent maps preserve co-
cartesian edges. Since, for any simplicial set T', T' X g-cocartesian edges in T x X
are precisely edges those edges of the form («, 8) where « is arbitrary in T and
is g-cocartesian in X. From this we see that all cocartesian edges in A™ x X are
realized as composites of cocartesian edges which exist in the subcomplex A} x X.
Since cocartesian edges are preserved under composition it follows that the functor
G : A" x X — & does in fact preserve cocartesian edges.

Finally, we claim that the functor G is an equivalence. This property can be
checked on the fibers over A™ x S, by Theorem 3.8, and so can be checked after
pulling back to the subcomplex A™ x K. (Recall that all vertices in S are in the


https://c-negron.github.io/infty_partI.pdf
https://c-negron.github.io/infty_partI.pdf
https://c-negron.github.io/infty_partI.pdf
https://c-negron.github.io/infty_partI.pdf

KERODON REMIX II [IN PREPARATION] 115

image of the inclusion K — S by hypothesis.) However, pulling back G along the
inclusion A" x K — A™ x S recovers the functor gx : A™ x K — &k, which was
already chosen to be an equivalence. So we see that G is an equivalence, and the
pair (F,G) therefore defines an n-simplex

(F,G): A" — TWit(q)
which splits the given diagram

(Fa,ga

Am L 7Wit(q)

/(F,G/ |+

A" TWit(qk).

(Fr,9K)

We conclude that ¢* is an inner fibration. O
A.2. Proof of Proposition 8.2. We now return to the proof of Proposition 8.2.

Proof of Proposition 8.2. By Lemma A.1 the restriction functor i* : I ¥#it(q) —
T Wit(qx) is an inner fibration. Since the spaces 7 #it(q) and 7 #it(qk ) are Kan
complexes the functor * is then a Kan fibration if and only if it is an isofibration.
This follows by Corollary 1-5.34, for example. Triviality is then a consequence of
contractibility of both spaces (see Proposition 1-4.9).

Consider a pairing of a functor Fx : Al x K — %ats which defines a nat-
ural isomorphism in Fun(K,%ats,) and an equivalence gx : Al x Xx — &k of
cocartesian fibrations over A! x K, where & = fAlxK Fi. This data defines a
map Al — T W¥it(qx) whose image in Fun(K, %ats,) along the forgetful functor
TWit(qx) — Fun(K, 6ats) is an isomorphism. (All maps in .7 #it(qx) have this
property, as they are all isomorphisms, but whatever.)

Fix a pairing of a functor Fy : S — %ut, and an equivalence gy : X — &y, where
& = |, s I, and suppose that restricting along the inclusion i : K — S recovers the
pair (Fk|{oyxk,9r|{o}xxx ). Equivalently, we consider a lifting problem

0y — 9 2iiq)

AL TYit(gx)

(Fr,9x)

By Corollary 1-6.14 the restriction map Fun(S, ¢ats) — Fun(K, %aty) is an
isofibration, so that Fy lifts to a natural isomorphism F : Al — Fun(S, %at..),
which we might also view as a functor F' : Al x S — %at,. We consider the
associated cocartesian fibration

p:& = F—>A'x S
AlxS
and note that we have the two inclusions
Jo:6y — & and jg:Ex — &

which recover the implicit fibrations pg : & — S and px : & — Al x K upon
restriction.
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By Theorem 2.7 there is a unique transformation G’ : Al x X — & which fits
into a diagram

{xX—m =&

| ]
A'x X — > Al x §
Alxq
and which sends each edge (a,z) : A — Al x X, at any given vertex z : * —
&y, to a cocartesian edge in &. We note that G’ restricts to such a cocartesian
transformation on A! x Xy as well. Since g : A! x Xg — & provides another
such transformation, the uniqueness claim of Theorem 2.7 implies the existence of
an isomorphism gx = G'|a1x k-
Take L = ({0} x X) U (A! x K). Since the restriction functor

Fun(A' x X, &) = Fun(L, &) Xpun(r,a1xs) Fun(A! x X, A! x )

is an isofibration (Proposition I-6.13) we can therefore replace G’ with an isomorphic
transformation G : A! x X — & which also fits into a diagram of the form (??)
and has G|aixx = gk -

We claim that G is a map of cocartesian fibrations. Since cocartesian edges
are preserved under isomorphism, it suffices to prove that G’ : Al x X — &
preserves cocartesian edges. However, this is clear since G’ sends each edge of the
form (a,z) : A = Al x {z} — A! x X to a cocartesian edge in &, and since
go preserves cocartesian edges we also see that G’ sends each edge of the form
(0,8) : Al = A! x X with 3 cocartesian in X to a cocartesian edge in &. Since
every cocartesian edge in A' x X is a composite of such basic coartesian edges, and
cocartesian edges are stable under composition, we see that G’ preserves cocartesian
edges. Hence GG preserves cocartesian edges as well.

Finally, we claim that G : A x X — & is an equivalence. Since this property
can be checked after taking fibers over the base A! x S, by Theorem ?7?, it suffices
to show that the pullback along the inclusion A' x K — Al x K is an equivalence.
(This follows from the fact that every vertex in Al x S lies in the subcomplex
A' x K, by hypothesis.) However, this pullback is just g, by construction, and
gk was chosen to be an equivalence. So G is in fact an equivalence of cocartesian
fibrations. We have now found the required solution

{0}

| /F,G/ |

Al TWit(qx)

(Fo,90)

TWit(q)

Fg,9kx

to our lifting problem. O

APPENDIX B. PROOF OF THEOREM 8.11

A foundational result from the foundational text [3] is the straightening and
unstraightening theorem, which proposes (after some translation [1]) the existence
of mutually inverse equivalences

St Gocart(S) — Fun(S, Gats,) and Un™™ : Fun(S, Gat,) — Gocart(S).
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These equivalences are produced via some sequence relatively opaque manipula-
tions with the model categories of marked simplicial sets over S and functors into
simplicial sets. Or rather, manipulations which are relatively opaque to me.

However, the ultimate conclusion that the oo-category of cocartesian fibrations
over a given base S is equivalent to the co-category of ut~.-valued functors from
S seems unavoidable from the discussions we’ve had above. Let us explore these
higher issues from the perspective of this text.

B.1. Lifting to h.#an. The functor h St from Corollary 8.10 admits a canonical
h J#an-enrichment 7 St : m6ocart(S) — wFun(S, éat~,) which is obtained by ap-
plying a transport construction to the mapping spaces. One similarly obtains an
enrichment 7 Un : 7 Fun(S, 6ate,) — m%ocart(S) via an application of Corollary
2.8, and one can show that these enriched functors are again mutually inverse.

Having approached the topic in this manner, it is relatively clear that we should
have mutually inverse equivalences at the level of co-categories

St : Gocart(S) — Fun(S, ats) and Un : Fun(S, Gats,) — Gocart(S)

which lift the equivalences appearing in Corollary 8.10 and the above discussions.
Since both of the h Zan-enriched functors w St and 7 Un are equivalences, it suffices
to demonstrate the existence of a lift for one of either 7 St or 7 Un.

B.2. Lifting to the oco-setting. If we consider the supposed functor St, the cat-
egory Gocart(S) is obtained as the localization of the discrete category Cocart(S)
relative to the class of equivalences

Gocart(S) = Cocart(S)[Equiv "]

[3, Proposition 3.1.3.7, Corollary 3.1.4.4] [4, Theorem 1.3.4.20]. So producing a
functor Gocart(S) — Fun(S, Gat ) is equivalent to producing a functor Cocart(S) —
Fun(S, ¥at) which preserves equivalences, this in turn is equivalent to producing
a functor S x Cocart(S) — %¥ate which sends equivalences in the second factor
to equivalences in %at,, and this final claim is equivalent to the construction of a
cocartesian fibration
dst : Fgy — S x Cocart(5).
On obvious choice for the fibration E is given by the weighted nerve
Egs, = N7o9¢ (Cocart(9))
of the forgetful functor Cocart(S) — Cats,. The structure map
Eg; = NTo9¢ (Cocart(S)) — NZ(Cocart(S)) = S x Cocart(S)

is provided by the natural transformation to the constant functor forget — S
induced by the structure maps on objects in Cocart(.S).

Note that the fibers of Eg; over each point ids x ¢ : S — S x Cocart(S) returns
the chosen fibration ¢, i.e. we observe a pullback diagram

X Egq

Ql iqsu

S —— > 8 x Cocart(9),
1xq
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and similarly see that pulling back along any map of cocartesian fibrations F :
A — Cocart(S) returns the fibration

Egy X Cocart(S) Al = NF(Al) — Al x S.

We take St : S x Cocart(S) — %ats, the corresponding transport functor, observe

from Proposition 8.8 that St preserves equivalences in the second factor, and take
St : .S x Bocart(S) = Cateo

the unique extension of St to the localization S x %ocart(S) = Sx Cocart(S)[Equiv_!].
Take qgt : sy — S X Gocart(S) the cocartesian fibration corresponding to |opnSt.

It is clear from construction that the induced map on homotopy categories h St,
which is calculable from the restricted functor St, recovers our equivalence from
Corollary 8.10. The action of the functor St on mapping spaces can be calculated
by applying transport to the pullback fibration

éox’y é‘aSt

| |

S x A x Homegpears(X,Y) S x Gocart(9).

1xev

This fibration has &x y |0 = Homepeart (X, Y) x X and &x y|1 = Homepeart (X, Y) X
Y, and the unique cocartesian lifting

{O}XHOIH(X,Y) x X gXY

s

i l

Al x Hom(X,Y) x X ———— Al x Hom(X,Y) x S

provides maps
Hom(X,Y) x X = {1} x Hom(X,Y) x X — Hom(X,Y) x Y

which appear as [p; ev’], where ev’ is some map ev’ : Hom(X,Y) x X — Y. These
maps ev’ provide, via adjunctions, a unique morphism

Homepeart (X, Y) — FunS(X, Y)

which fits into a
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