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ABSTRACT. We consider the small quantum group u(Gyq), for an almost-simple
algebraic group G over the complex numbers and a root of unity g of suffi-
ciently large order. We show that the Balmer spectrum for the small quantum

group in type A admits a continuous surjection P(N) — Spec(stabu(Gyq))
from the (projectivized) Springer resolution. This surjection is shown to be
a homeomorphism over a dense open subset in the spectrum. In type A; we
calculate the Balmer spectrum precisely, where it is shown to be the projec-
tivized nilpotent cone. Our results extend to arbitrary Dynkin type provided
certain conjectures hold for the small quantum Borel. At the conclusion of the
paper we touch on relations with geometric representation theory and loga-
rithmic TQFTs, as represented in works of Arkhipov-Bezrukavnikov-Ginzburg
and Schweigert-Woike respectively.
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Part I of this paper is now superseded by “The half-quantum flag variety and rep-
resentations for small quantum group”, by the same authors.

1. INTRODUCTION

Let G be an almost-simple algebraic group over the complex numbers and let
g € C be a root of unity of sufficiently large odd order." We consider representa-
tions Rep G, of Lusztig’s divided power quantum algebra, and the associated small
quantum group u(G,) for G at g.

A primary goal of this work is to provide a rigorous analysis of support theory
for the small quantum group. Such support theoretic investigations include, but
are not limited to, a calculation of the Balmer spectrum for the stable category of
finite-dimensional representations

stabu(G,) = D’(repu(G,))/(bounded complexes of projectives).

As introduced in [10], the Balmer spectrum Spec(stabu(G,)) is the spectrum of
thick, prime tensor ideals in the stable category. Hence a calculation of the spec-
trum provides a global picture of the “geometry” of stabu(G,), as a monoidal
category. Such calculations represent just one point within a much broader engage-
ment between geometry and tensor categories of representations, however, both in
the classical and quantum settings. One might think of support theory liberally as
this broad engagement between these two subjects.”

In the present paper, informed by principles coming from geometric represen-
tation theory, we argue that a natural setting for support theory in the quantum
group context is on the Springer resolution N'— N of the nullcone N for G. We
address support for u(G,) by introducing sheaves on the Springer resolution into an
analysis of quantum group representations, at the derived level. This echos results
of Arkhipov-Bezrukavnikov-Ginzburg and Bezrukavnikov-Lachowska [5, 20] which
show that the principal block in the derived category of representations for u(Gy)
is actually equivalent to the derived category of (dg) sheaves on the Springer reso-
lution. A main difference here is that we incorporate the monoidal structure into
our study. We elaborate on the proposed melding of these two topics in Section 1.4
below.

At the heart of this work is a certain approach to the quantum group. Namely,
we propose a means of studying the quantum group via a global object called the
half-quantum flag variety. The Springer resolution is, for us, a derived descendant
of this half-quantum flag variety.

In the introduction, we first discuss our explicit results for support theory in
Sections 1.1 and 1.2, then return to a discussion of the half-quantum flag variety in
Section 1.3. We describe connections to other areas of mathematics in Sections 1.4

LThis restriction to odd order q is inessential. See 19.1.
2At least, this representes one branch of what one might call support theory.



and 1.5, where we consider geometric representation theory as well as logarithmic
TQFTs. These various portions of the introduction represent the contents of Parts
2, 1, and 3 of the text respectively.

1.1. Results in support theory. Calculating the Balmer spectrum, for a given
braided tensor category, is quite a difficult problem in general. The first examples
came from geometry and topology, where the topic still provides an active area of
interest. For an incomplete sampling one can see [114, 68, 108, 64, 67, 57]. Most
representation theoretic cases where this spectrum has been calculated come from
finite groups and finite group schemes [15, 10, 52], although there are examples
which lie slightly outside of this domain as well [21, 43, 17, 50].

In the present text we show that the Balmer spectrum for the small quantum
group is essentially resolved by the Springer resolution, at least in type A.

Theorem (17.1/17.5). Let G be an almost-simple algebraic group in type A. There
is a continuous surjective map of topological spaces

f : P(N) — Spec (stabu(Gy))

which restricts to a homeomorphism P(N)yeg — Spec(stabu(Gy))reg over a dense
open subset in Spec(stabu(Gy)). Furthermore, the map f factors the moment map

for N,

P(N) N Spec (stabu(Gy)) —» P(N).
The same calculations hold in arbitrary Dynkin type, provided some specific conjec-
tures hold for the quantum Borel.

Here P(N) and P(N') denote the projectivizations of the conical varieties A and
N, respectively. Also, by factoring the moment map we mean that the composite
po f is equal to the projectivization of the moment map « : N = N.

For the quantum Borel outside of type A, one simply wants to know that coho-
mological support for u(By) classifies thick ideals in the associated stable category.
More directly, these “specific conjectures” claim that cohomological support for
the small quantum Borel is a lavish support theory, in the language of [89]. Such a
result was proved for the quantum Borel in type A in [89], and is expected to hold
in general (see Section 17.3).

We note that Theorem 17.1 specializes in type A; to provide a complete calcu-
lation of the Balmer spectrum.

Corollary (17.2). For small quantum SL(2), the Balmer spectrum is precisely the
projectivized nilpotent cone

Spec (stabu(SL(2),)) S PWV).

We do expect that, in general, the Balmer spectrum for u(G,;) is just the projec-
tivized nilpotent cone. This is a point of significant interest, and one can provide
precise conditions under which A -support for the quantum group collapses to iden-
tify the Balmer spectrum with P(N). The interested reader can see Section 17.4
for a detailed discussion.

In regards to the proofs of Theorem 17.1 and Corollary 17.2, there are two impor-
tant constructions which we employ. Both of these constructions are as functional
in type A as they are in arbitrary Dynkin type. So one needn’t concern themselves
with Dynkin types for the remainder of the introduction.
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1.2. More support theory! As we have just stated, there are two main construc-
tions which we employ in the proofs of the above theorems. First, we produce a
natural support theory for the quantum group which takes values in the Springer
resolution

Supp 7 {finite-dimensional u(Gy)-representations} — {closed subsets in IP’(J\7 )}

This N -support is defined via the supports of certain G,,-equivariant cohomology
sheaves over the Springer resolution, which one associates to u(G,)-representations
(see Section 12.2). The construction of this sheaf-valued cohomology follows from
considerations of the half-quantum flag variety, as described in Section 1.3 below.

Our second construction is that of a complete family of small quantum Borels for
the small quantum group. These quantum Borels appear as a family of Rep u(Gy)-
central tensor categories

resy : Repu(Gy) — %

which are parametrized by points on the flag variety G/B.

At the identity A = 1, the category %, recovers the standard small quantum
Borel Rep u(By) as a Rep u(G,)-central tensor category. Furthermore, the collection
of quantum Borels { £, : points A for G/B} admits a natural transitive G-action by
tensor equivalences under which each Z) is stabilized precisely by its corresponding
Borel subgroup B* in G. In particular, each %, is isomorphic to the standard
positive quantum Borel as a k-linear tensor category, and hence is a finite tensor
category of (Frobenius-Perron) dimension ~ l“‘“k(g)""q’ﬂ7 where | = ord(q). The
categories #) provide the necessary quantum replacements for the family of Borels
B (1) € G(1) in the corresponding first Frobenius kernel in finite characteristic (see
Section 4.4).

Remark 1.1. Many of the G’s and B’s above should really be dual groups G and
B. See Section 3.2. We ignore this subtlety for the introduction.

These two constructions, N -support and our G/ B-family of Borels for the small
quantum group, intertwine in interesting ways. For example, N -support satisfies a
naturality property with respect to the restriction functors resy : Rep u(Gy) — %.
In the following statement iy : ny — N denotes the nilpotent subalgebra over a

given point A : Spec(K) — G/B, and suppff;om denotes cohomological support for
B

Theorem (14.1). Let G be an almost-simple algebraic group (of arbitrary Dynkin
type), and let V be any finite-dimensional u(Gy)-representation. Pulling back N -
support along the map iy recovers cohomological support for By,

P(iy)~! ( suppﬁ(V)) = suppf}iom (resy V).

We recall that cohomological support for a given finite tensor category % is
defined via the tensor actions of Exty(k, k) on Exte(V,V), for varying V in €,
and takes values in the corresponding projective spectrum Proj Ext (k, k). For the
small quantum group and small quantum Borels %), these projective spectra are
the projectivized nilpotent cone N and nilpotent subalgebras ny respectively.

The point of Theorem 14.1 is that A -support for the small quantum group can
be reconstructed from cohomological support over the Borels. Hence we can reduce
a study of support for u(G,) to a corresponding study for the categories 4.



In addition to the naturality properties with respect to the restriction, recalled
above, N -support has strong connections to cohomological support for the small
quantum group as well. At Theorem 15.1 we show that N -support localizes coho-
mological support for u(G,), in the sense that pushing forward along the moment
map K : N SN provides an equality

chom

% (supp (V) = suppig®™ (V).

Here, as expected, Suppf\}/‘om denotes cohomological support for the small quantum

group.

In total, we achieve the approximate calculation of the Balmer spectrum IP’(/\? ) —
Spec(stabu(G,)) appearing in Theorem 17.1 via an application of the naturality re-
sult of Theorem 14.1, the analysis of the quantum Borel provided in [89] (where the
type A bottleneck occurs), and a projectivity test for infinite-dimensional quantum
group representations via the Borels, which we now recall.

Theorem (13.1). Let G be an almost-simple algebraic group. A (possibly infinite-
dimensional) w(Gg)-representation V' is projective if and only if its restriction
resy V' at each geometric point X : Spec(K) — G/B is projective in By .

For the finite characteristic analog of this result one can see [94]. The proof given
here is conceptually different from the one given in [94].

Having relayed our support theoretic results, we now turn our attention to N-
support itself, and a preceding localization of Rep u(Gy) over the flag variety.

1.3. Localizing Rep G, via the half-quantum flag variety. Our construc-

tion of N -support relies fundamentally on a monoidal localization of the category
Rep u(G,) of small quantum group representations, over the flag variety. Formally,
this localization appears as a monoidal enhancement for Repu(G,) in the cate-
gory of quasi-coherent sheaves over G/B (see Section 2.5). We explain here how
such an enhancement for the small quantum group comes into being. Our implicit
claim is that such a localization arises naturally when one studies quantum group
representations via the quantum Borels ).

As a starting point, we consider the category QCoh(G/B,) of By-equivariant
sheaves on G. Here one might consider B, as a noncommutatively ringed space,
and we act on G via the quantum Frobenius Fr : B, — B composed with the
translation action of B on G. The category QCoh(G/B,) is the category of sheaves
for our half-quantum flag variety (cf. [8]).

The category QCoh(G/By) is monoidal under the product ® = ®4,, and has
an additional QCoh(G/B)-linear structure provided by a central tensor embedding
¢* : QCoh(G/B) — QCoh(G/B,) from the category of sheaves on the classical
flag variety. This central embedding is obtained directly from the quantum Frobe-
nius functor. We think of QCoh(G/By,) as a flat sheaf of tensor categories over
G/ B whose fibers are the small quantum Borels %) introduced in Section 1.2 (see
Sections 4.4 & 10).

We show in Section 6 that the restriction functors resy : Repu(Gq) — %, all
“glue” to form a fully faithful, exact monoidal embedding Rep u(G,) — QCoh(G/By,)
into the category of sheaves for the half-quantum flag variety. We show furthermore
that the induced functor on unbounded derived categories remains monoidal and
fully faithful

Kempf : D(u(Gyq)) — D(G/By).
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We refer to the above embedding as the Kempf embedding.

Now, the subcategory Rep u(G4) C QCoh(G/B,) is not stable under the ambient
QCoh(G/B)-action, and so does not inherit a sheaf structure over the flag variety.
However, taking inner morphisms for the QCoh(G/B)-action on QCoh(G/By) pro-
vides a tensor categorical enhancement J#omg, g, for QCoh(G/By) over G/B (cf.
[46, §3.2]). This enhancement restricts to an enhancement for the full monoidal sub-
category Repu(G,). Hence we obtain sheaf-valued morphisms J#om,g,) for the
small quantum group which are a posteriori compatible with the tensor structure
on Repu(Gy). Specifically, these sheaf-morphisms J#om, ¢, inherit natural com-
position and monoidal structure maps which localize those of the linear category of
small quantum group representations (see Section 7).

Similarly, at the derived level, the action of D(G/B) on D(G/By) provides sheaf-
valued derived morphisms for the quantum group %Z#om,g,) which again carry
a localized monoidal structure (see Section 9). In this way we obtain monoidal
enhancements for both the abelian and derived categories of quantum group repre-
sentations, over the flag variety.

At the derived level, the Springer resolution manifests naturally via the sheafy
derived endomorphisms of the unit. Namely, via work of Ginzburg and Kumar we
obtain an identification

a* (%}fomu(cq)(l, 1)) = p. Oy

where p is the affine bundle map p : N =G /B. The natural actions of the sheaf-
morphisms Z#om,,)(1,1) on each Z#Hom,q,)(V, V), provided by the localized
tensor structure, can then be used to define a support theory

supp (V') := Supp gy H* (% omy ) (V,V)) /G

which takes values in the projectivized Springer resolution. This is our N -support.
We invite the reader to see Section 12 for more details.

1.4. Relations with geometric representation theory. Given the comments
of the previous subsections, one might ask about the relationship between our
approach to support for the small quantum group and the canonical studies of
Arkhipov-Bezrukavnikov-Ginzburg and Bezrukavnikov-Lachowska [5, 20] in geo-
metric representation theory. We would conjecture that the results of [5, 20], which
relate quantum group representations to sheaves on the Springer resolution, can be
approached naturally from the perspective of the half-quantum flag variety.

One can look at the situation as follows: the right adjoint to the monoidal
embedding ¢* : QCohgy,(G/B) — QCohy,(G/By), which we now consider at an
infinity categorical level, provides a pushforward functor

G i= RHomg) B, (1, —) : QCohy, (G/B,;) — QCohy, (G/B).

This functor is no longer monoidal, but is a map of stable infinity categories. Mod-
ulo a certain formality claim (Conjecture 18.4), the global action of the endomor-
phisms of the unit endow the values (. (V') with a natural action of p. 0. By taking

account of this action we obtain a functor &, : QCohy,(G/B,) — QCoh g, (N).

Via the Kempf embedding we embed the principal block DG (u(Gy))o of dg repre-
sentations for the small quantum group into the category of sheaves QCohy, (G /By),
and so obtain a functor

£*|blocko : DG(U(GQ))O — QCOhdg(N)v (1)



which again is non-monoidal but is a map between stable infinity categories. We
have conjectured that the map (1) recovers the equivalence of Bezrukavnikov-
Lachowska [20], and also that of Arkhipov-Bezrukavnikov-Ginzburg [5] when we
restrict to G-equivariant objects. Further elaborations on this topic are given in
Section 18 below.

1.5. Comments on logarithmic TQFT and modular functors. In the fi-
nal section of the text, Section 19, we explain how one might view our G/B-
enhancement in the light of derived approaches to logarithmic, or non-semisimple,
topological quantum field theory. We consider in particular a derived modular
surface invariant

F, : Surf®(q) — Vectyg (2)

constructed by Schweigert and Woike [106]. This functor takes as inputs (2-
dimensional real) surfaces with certain labels from Rep u(G), and outputs cochain
complexes. The value F,(X) on a given surface is determined by cohomology
Fy(¥) = RHomyg,)(Vs, Ws), and the value on 52 in particular is the derived
endomorphism algebra of the unit RHomy g, (k, k) = O(N).

A main point of consideration here is the “singular” nature of the functor Fj. In
particular, the values F,(X) are non-dualizable not only as dg vector spaces, but also
as dg modules over the state space for the sphere F,;(S?) = ¢(N). This failure of
dualizability follows from the fact that the nilpotent cone itself is singular, and these
singularities obstruct ones ability to extend the functor F, up from 2-dimensions
to produce meaningful values F, f"te“ded (M) on 3-manifolds. (See Observation 19.5
below.)

In Section 19 we explain how one might use our QCoh(G/B)-enhancement for
the quantum group (discussed above) to replace the target category Vectqy in (2)
with QCohg,(G/B), and also to replace N with its desingularization N. We argue
that, in principal, such a global desingularization provides a means of overcoming
some obstructions to dualizability present in the functor Fj,. The interested reader
can see Section 19 for more details.

1.6. Organization. The paper has three main parts, which are preceded by the
introductory sections 2—4. These introductory sections cover the necessary back-
ground materials for quantum groups. In Section 4.4 in particular we introduce the
G/B-family of small quantum Borels %) referenced above.

In Part I of the text produce monoidal localizations for Rep u(Gy) and D(u(Gy))
over the flag variety. One can see Theorem 7.7 and Proposition 9.2 respectively.
These localizations appear as consequences of a monoidal embedding Rep u(G,) —
QCoh(G/By), which is discussed in Section 6. At Theorem 10.3 we calculate the
fibers of the localized derived category for u(G,) over G/B, and relate these fibers
to the small quantum Borels £,.

In Part II of the paper we explain how the localizations of Part I imply the
existence of an N -valued support theory for the small quantum group, and a sub-
sequent resolution of the Balmer spectrum for stable u(G,)-representations. In
Part I1I we discuss relationships between the materials of Part I, fundamental re-
sults from geometric representations theory, and emergent studies of logarithmic
TQFTs.
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2. NOTATION GUIDE AND CATEGORICAL GENERALITIES

Throughout & is an algebraically closed field of characteristic 0, and G is an
almost-simple algebraic group over k. We take h to be the Coxeter number for G,
and B C G is a fixed choice of Borel, which we recognize as the positive Borel in

G.

e ¢ € kis a root of unity of odd order ord(q) > h. When the Dynkin diagram
for G has a component of type G2 we also assume 3 1 ord(q).

e 7:G — G/B is the quotient map. (Often we employ a dual group G with
Borel B and have the corresponding quotient 7 : G — G/B.)

e £ : N — N is the moment map for the Springer resolution and p : N =
G/B is the projection to the flag variety.

e A geometric point = : Spec(K) — Y in a (k-)scheme Y is a map from the
spectrum of an algebraically closed field extension K of the base k.

e The symbol ®; denotes a vector space tensor product, and the generic
symbol ® indicates the product operation in a given monoidal category
%. So this product can be a product of sheaves, or a product of group
representations, etc. We also let ®; denote the induced action of Vecty on
a linear category.

e 1 is the unit object in a given tensor category % .

2.1. Finite-dimensional vs. infinite-dimensional representations. For our
study it has been convenient to work with cocomplete categories, where one gen-
erally has enough injectives and can freely use representability theorems. For this
reason we employ categories of arbitrary (possibly infinite-dimensional) represen-
tations Rep A for a given Hopf algebra A. This is, by definition, the category of
locally finite representations, or equivalently representations which are the unions
of their finite-dimensional subrepresentations.

One recovers the category rep A of finite-dimensional representations as the sub-
category of objects in Rep A which admit left and right duals. Since tensor functors
preserve dualizable objects [45, Ex. 2.10.6] restricting to the subcategory of dualiz-
able objects rep A C Rep A is a natural operation with respect to tensor functors. In
this way one moves freely between the “small” and “big” representation categories
for A.

When we work with derived categories, we take

D(A) := { the unbounded derived category of (generally } .

infinite-dimensional) A-representations
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We have the distinguished subcategories D®(A), DT (A), etc. of appropriately bounded
complexes of (generally infinite-dimensional) representations, and a distinguished
subcategory of bounded complexes of finite-dimensional representations, which one
might write as D?(rep A) or Dg,(A). In following the philosophy proposed above,
one can view Dy, (A) as the subcategory of dualizable objects in D(A).

2.2. Relative Hopf modules. For a Hopf algebra A, and an A-comodule algebra
0, we let sM* denote the category of relative (¢, A)-Hopf modules, with no finite-
ness assumptions. This is the category of simultaneous (left) &-modules and (right)
A-comodules M, for which the coaction M — M ®y A is a map of &-modules. Here
O acts diagonally on the product M ®j A, a- (v ® b) = a1v ® agb.

For a basic example, we consider an affine algebraic group H acting on (the
right of) an affine scheme Y. This gives the algebra of functions & = 0(Y) a
comodule structure over A = &(H). The fact that the action map Y x H — Y is a
scheme map says that & is an A-comodule algebra under this comodule structure.
Relative Hopf modules are then identified with equivariant sheaves on Y via the
global sections functor,

I'(Y,-): QCoh(Y)" 5 45 M7,

2.3. Descent along H-torsors. Suppose an algebraic group H acts on a scheme
Y, that the quotient Y/H exists, and the quotient map 7 : Y — Y/H is a (faithfully
flat) H-torsor. For example, we can consider an algebraic group G and a closed
subgroup H C G acting on G by translation. In this case the quotient G — G/H
exists, is faithfully flat, and realizes G as an H-torsor over the quotient [84, Theorem
B.37].

For Y as prescribed, pulling back along the quotient map 7 : Y — Y/H defines
an equivalence of categories

7* : QCoh(Y/H) 5 QCoh(Y)# (3)

from sheaves on the quotient to H-equivariant sheaves on Y. The inverse to this
equivalence if provided by faithfully flat descent, or simply “descent”

desc : QCoh(Y)# — QCoh(Y/H).

For details on faithfully flat descent one can see [62, Exposé VIII] or [107, Tag
0306]. One may understand descent simply as the inverse to the equivalence (3),
which we are claiming exists under the precise conditions outlined above.

For any scheme Y with an H-action, we have a pair of adjoint functors

E_:RepH — QCoh(Y)? and — |g:QCoh(Y)# — Rep H,

where for V € Rep H we set Ey to be the vector bundle on Y corresponding to the
H-equivariant €(Y)-module 0(Y) ®; V', with (YY) acting on the left factor and
H acting diagonally. By construction, Ey is locally free; it is coherent if and only
if V' is finite-dimensional. The right adjoint —|g is given by taking global section
I'(Y, —) and then forgetting the action of &(Y).

For an affine algebraic group Y = G and a closed subgroup H C G, the descent
of the equivariant vector bundle FEy,, defined as above, is the familiar bundle from
[70, 1.5.8], [110, 3.3)].


https://stacks.math.columbia.edu/tag/03O6
https://stacks.math.columbia.edu/tag/03O6
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2.4. Compact and perfect objects. A compact object V in a cocomplete tri-
angulated (resp. abelian) category T is an object for which Hom(V, —) commutes
with set indexed sums (resp. filtered colimits). Given a monoidal triangulated cat-
egory T = (T,®), we reserve the term perfect to refer to objects in T" which are
dualizable for the product ®-although we won’t use this term with any frequency
in this text. (By a dualizable object we mean an object which admits left and right
duals, in the sense of [9, Definition 2.1.1].) This language is adapted from geometry,
where we might view the category of H-representations for a group H, for example,
as sheaves on the classifying stack BH, see for example [13, 65, 80].

2.5. Enriched categories and enhancements. By a category T enriched in
a given monoidal category Q we mean a collection of objects objT for T and
morphisms Hom(M, N), which are objects in Q, for each pair of objects M and N
in T. We suppose, additionally, the existence of associative composition morphisms

o: Hom(M,N)® Hom(L, M) — Hom(L,N)

for each triple of objects in T. Basics on enriched categories can be found in [98,
Ch 3], though we recall some essential points here.

Given any lax monoidal functor £ : @ — Q' we can push forward the morphisms
in T along & to get a new category &(T') which is enriched in @' [98, Lemma 3.4.3].
As one expects, the objects in £(T") are the same as those in T, and the morphisms
in £(T) are given as f(?—lom(M SN )) The composition maps for £(T) are induced
by those of T and the (lax) monoidal structure on the functor &.

Of particular interest is the “global sections” functor I'(Q, —) = Homg(1,—) :
Q — Set, with lax monoidal structure on I'(Q, —) provided by the monoidal and
unit structure maps for Q,

['(Q,A4) xI(Q,B) » I'(Q,A® B), (f,9)— f®g.

For any enriched category T over Q the global sections I'(Q, T') are then an ordinary
category [98, Definition 3.4.1]. Note that the category of global sections I'(Q,T)
also acts on T, in the sense that any morphism f € I'(Q, Hom(M, N)) specifies
composition and precomposition maps

fx: Hom(L,M) — Hom(L,N) and f*:Hom(N,L)— Hom(M,L)

via the unit structure on @ and composition in 7.

Suppose now that Q is symmetric. By a monoidal category enriched in Q we
mean an enriched category T' with a product structure on objects, unit object,
and associator, where the unit and associator structure maps appear as global
isomorphisms for T'. We require the existence of tensor maps

tens™ : Hom(M, N) @ Hom(M',N') — Hom(M @ M', N @ N’)

which are associative relative to the associators on @ and T, and appropriately com-
patible with composition. This compatibility between the tensor and composition
morphisms appears as an equality

(g1 ®g2) o (f1® f2) = (910 f1) ® (920 f2) :
G ®F1 ®Gs ® Fo —>7—l0m(L1 ® Lo, N1 ® Na)

for maps f; : F; — Hom(L;, M;) and g; : G; — Hom(M;, N;). Such a monoidal
structure on 1" implies a monoidal structure on its category of global sections.
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By an enhancement of a (monoidal) category T in Q, we mean a choice of en-
riched (monoidal) category T and a choice of (monoidal) equivalence T = T'(Q,T).

3. QUANTUM GROUPS

We recall basic constructions and results for quantum groups. We also recall
a geometric (re)construction of the small quantum group via de-equivariantization
along the quantum Frobenius functor.

3.1. Lusztig’s divided power algebra. We briefly review Lusztig’s divided power
algebra, leaving the details to the original works [82, 83]. Let g be a semisimple Lie
algebra over the complex numbers, and fix some choice of simple roots for g.

To begin, one considers the generic quantum universal enveloping algebra

Q(v){Ey, Fo, KX : a is a simple root for g)

ryeen _
() (v-analogs of Serre relations)

)

where the v-Serre relations are as described in [82, §1.1]. These relations can be
written compactly as

ady(Ea)' (P (Eg) = 0, ad,(Fo)' = (Fg) =0, KzE.K;' =v*PE,,
KpFo K3t =v (@A F,  [Eq, F3] = bap(Ka + K31/ (0 —v7h).
The algebra Ug®"(g) admits a Hopf algebra structure over Q(v) with coproduct
A(E,) = Ea®Ko+10E,, A(F,) = Fa@1+K,'@F,, A(K,) = Ko®@K,. (4)
We consider the distinguished subalgebra of “Cartan elements”
U™ (9)° = Qu)(Ka, K " ¢ a simple) € US™(g),
which we refer to as the toral subalgebra in Ug*"(g).

In U2*"(g) one has the Z[v, v~1]-subalgebra U, (g) generated by the divided pow-

ers

EY = E [lila,!), FY =Fi/[i]a,!, and K1,
Here d,, = |a|?/|short root|? and [v]g,! is the v¥i-factorial (see [32, §1 and Theorem
6.7]). The subalgebra U,(g) furthermore has a Hopf structure induced by that of
Ug(g), which is given by the same formulas (1). We define the toral subalgebra
as the intersection U, (g) N U (g)°. This subalgebra not only contains powers of
the K, but also certain divided powers in the K.

For any value ¢ € C* we have the associated Z-algebra map ¢, : Z[v,v"] — C
which sends v to ¢, and we change base along ¢, to obtain Lusztig’s divided power
algebra

Uq(g) =C ®Z[v,v*1] Uv(g)
at parameter q. An important aspect of this algebra is that, at ¢ of order [, we have

EL =[lq'EY =0 and F! =[l]q 'FY =0.

Hence the elements E,, and F,, become nilpotent in U,(g). One should compare with

the distribution algebra associated to an algebraic group in finite characteristic.
In Section 4 we also consider the divided power algebra U,(b) for the Borel.

This is the subalgebra U, (b) C U,(g) generated by the toral elements as well as the

divided powers E,(f) for the positive simple roots.
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3.2. Big quantum groups. We follow [83] [3, §3]. Fix G almost-simple with
associated character lattice X. Let g be of finite odd order [. We consider the
category of representations for the “big” quantum group associated to G,

ren G finite-dimensional representations for Uy (g)
P& "=\ Which are compatibly graded by the character lattice X

Here when we say a representation V' is graded by the character lattice we mean that
V' decomposes into eigenspaces V = @ cx V), for the action of the toral subalgebra
in U,(g), with each V), of the expected eigenvalue. For example one requires K, -v =
q%e (@) for homogeneous v € Vy (see [3, §3.6]). The category rep G, is the same as
the category of representations of Lusztig’s modified algebra U,(G) [83] [71, §1.2].

We let Rep G, denote the category of generally infinite-dimensional, integrable,
Gg-representations. Equivalently, Rep G, is the category of U,(g)-modules which
are the unions of finite-dimensional X-graded submodules. Note that all objects in
Rep G4 remain X-graded.

Let P and @ denote the weight and root lattices for GG respectively, ® denote the
roots in @, and let (—,—) : P X P — Q denote the normalized Killing form which
takes value 2 = (a, ) on short roots a. For r = exp(P/Q) we choose a r-th root
{/q of q and define g™ = (/)" 1. We then have the associated R-matrix for

Rep Gy which appears as
R = (X0 oz, coell(qn)Ey ... Elr @ Fb . Fyr ) 5
= Q~! + higher order terms.

Here 2 is the global semisimple operator

Q: Z q()\,,u)1>\®1u
A peX

with each 1, the natural projection 1, : V' — Vy [83, Ch. 32] [101, §1]. We note

that the sum in (5) has only finitely many non-vanishing terms, since the £, and F,
are nilpotent in U,(g). The operator R endows Rep G, with its standard braiding

CW,v © W@V—)V@W,
cv,w (w,v) = gldesw)dee®) (y @ w + 3 coeff(q, n)EyL . Firo@ ERL . EDrw).

We consider the dual group G, which (at g of the given order) is of the same

Dynkin type as G, but has an alternate choice of character lattice. Specifically, G
has roots [ - ® with form (—,—)" = % (—, —) and character lattice X, where

XM .={peX:(u\) €lZforall A€ X}.

So, for example, when G is simply-connected the dual G is the adjoint form for G.
Via Lusztig’s quantum Frobenius [83, Ch. 35] we have a Hopf map fr* : U,(G) —

U(a),

E, F,—0

Eg) ey

B - f,

1 +— 1, when A € XM and 0 otherwise

fre =

which defines a braided tensor embedding

Fr:RepG — Rep G,
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whose image is the Miiger center in Rep G [88, Theorem 5.3], i.e. the full tensor
subcategory of all V' in Rep G, for which c_ ycy,— : V® — = V ® — is the identity
transformation.

Remark 3.1. Our Frobenius map fr* : U,(G) — U,(G) is induced by that of
[83], but is not precisely the map of [$3]. Similarly, our dual group G is not
precisely the dual group G* from [83]. Specifically, Lusztig’s dual group G* is
defined by taking the dual lattice X* C X to consist of all  with restricted pairings
(o, i) € IZ at all simple roots o. This lattice X* contains X, so that we have
an inclusion Rep G — Rep G*. We then obtain our quantum Frobenius, functor
say, by restricting the more expansive quantum Frobenius Rep G* — Rep G from
[33] along the inclusion from Rep G. Very directly, our dual group is dictated by
the R-matrix while Lusztig’s dual group is dictated by representation theoretic
considerations.

3.3. Quantum function algebras. For us the quantum function algebra €'(Gy)
is a formal device which allows us to articulate certain categorical observations in
a ring theoretic language. The Hopf algebra ¢(G,) is the unique Hopf algebra so
that we have an equality

Corep 0(G4) = Rep G,
of non-full monoidal subcategories in Vect. Via Tannakian reconstruction [40,
102], one obtains €(Gy) (uniquely) as the coendomorphism algebra of the forgetful
functor

forget : Rep Gy — Vect,

and the Hopf structure on &(G,) is derived from the monoidal structure on forget.

3.4. The small quantum group. For G and ¢ as above the small quantum group
u(G,) is essentially the small quantum group from Lusztig’s original work [81, 82],
but with some slight variation in the grouplikes. First, let A denote the character
group on the quotient X/X™, A = (X/X™M)*. For any root 7 let K., € A denote
the character K, : X/ XM — C*, K, ()\) = ¢V,

We now define
W(Gy) = k(E., Fa, &: « simple roots, £ € A)

( g-Serre relations [32, (a3)—(ab)], relations from A, ) '

§ Eo- 5_1 = g(a)Em §-Fo- 5_1 = 5(_0‘)Fa
So, a representation of u(G,) is just a representations of Lusztig’s usual small
quantum group which admits an additional grading by X/X* for which the K,
act as the appropriate semisimple endomorphisms K, -v = ¢(®¢8(®)y. The algebra
u(G,) admits the expected Hopf structure, just as in [82], with the { € A grouplike
and the E, and F, skew primitive.

Now, the simple representations for u(Gy) are labeled by highest weights L(N),
for A € X/XM and L(\) is dimension 1-and hence invertible with respect to the
tensor product-precisely for those X with ¢(®* = 1 at all simple a. So if we let
X* C X denote the sublattice of weights A with (A, ) € IZ for all simple «, then
we have XM C X* and the subgroup X*/ XM C X/XM labels these 1-dimensional
simples. These simples form a fusion subcategory in Rep u(G,) so that we have a
tensor embedding

Vect(X*/XM) — Repu(G,),
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where Vect(X*/XM) denotes the category of X*/XM graded vector spaces, and
we have the corresponding Hopf quotient u(G,) — &(X*/XM).

Example 3.2. When G is of adjoint type X* = XM so that Vect(X*/XM) is
trivial. When G is simply-connected X* = [P, XM = [Q, and Vect(X*/XM) is
isomorphic to representations of the center Z(G).

We note that the R-matrix for G, provides a well-defined global operator on
products of u(Gy)-representations, so that we have the braiding on Rep u(G) given
by the same formula

cy,w VoW WV, Cv}W(U,’LU) = Rgl(’w ®U).

One can see that this braiding on Rep u(Gy) is non-degenerate, in the sense that
the Miiger center vanishes, since the induced form € on X/X* is non-degenerate
[88, Theorem 5.3]. We have the restriction functor

res : Rep Gy — Repu(Gy)

which is braided monoidal. The following result is essentially covered in works of
Andersen and coauthors [1, 2, 3, 4].

Proposition 3.3. (1) For any simple object L in Rep u(Gy), there is a simple
Gg-representation L' so that L is a summand of res(L’).
(2) Any projective object in Rep G4 restricts to a projective in Rep u(Gy).
(3) For any projective object P in Repu(G,), there is a projective G4-representation
P’ so that P is a summand of res(P’).

Proof. For A € X let £(\) denote the corresponding simple representation in
Rep Gy4. Let A’ = (X/X*)* and consider v’ C u(G4) the Hopf subalgebra generated
by the E,, F,, and elements in A’. We have the exact sequence of Hopf algebras
1 = v — u(G,) = 0(X*/XM) — 1. From the corresponding spectral sequence
on cohomology we find that an object in Rep u(Gy) is projective if and only if its
restriction to u’ is projective, and obviously any object with simple restriction to
v’ is simple over u(Gy).

The representation category of ' is the category 6, from [3]. So by [3, Theorem
3.12] we see that all simple representations for u’ are restricted from representations
over G4, and by the formula [2, Theorem 1.10] one can see that all simples for
Rep u(G,) are summands of a simple from G,. (The representation “Ly,(\g)” from
[2] will split into 1-dimensional simples over u(G,) and there will be no twists
“Li(X;)®” since we assume char(k) = 0.) So we obtain (i). Statements (i) and (ii)
follow from the fact that the Steinberg representation is simple and projective over
G4 and restricts to a simple and projective representation over u(G,) [2, Proposition
2.2] [4, Theorem 9.8] [1, Corollary 9.7]. O

3.5. A remark on grouplikes. In the literature there are basically two choices
of grouplikes for the small quantum group which are of interest. In the first case,
we take the small quantum group with grouplikes given by characters on the quo-
tient X/X*, where X* = [P N X. This is a choice which is relevant for many
representations theoretic purposes, and which reproduces Lusztig’s original small
quantum group [81, 82] at simply-connected G. In the second case, one proceeds as
we have here and considers grouplikes given by characters on the quotient X/X™M.
This is a choice relevant for physical applications, as one preserves the R-matrix
and hence allows for the small quantum group to be employed in constructions
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and analyses of both topological and conformal field theories, see for example
[38, 106, 23, 35, 48, 58].

This movement of the grouplikes for the small quantum group corresponds pre-
cisely to the choice of dual group to G, for the quantum Frobenius (discussed
above). One has the maximal choice G*, or the choice G dictated by the R-matrix.

3.6. De-equivariantization and the small quantum group. We have the
quantum Frobenius Fr : Rep G — Rep G, as above, and define the de-equivariantization
in the standard way

L the category of arbitrary _ 6(Gy)
(RepGq)e = { 0(G)-modules in Rep Gy | oM

[42]. Here we abuse notation to write the image of the object ¢(G) in Rep G

under quantum Frobenius simply as &(G) € RepG,. The category (Rep Gy)a is
monoidal under the product ® = ® (G- We have the de-equivariantization map

dé : Rep G4 — (rep Gg), which is a free module functor dé(V) := 0(G) ®; V, and
the category (Rep G,)s admits a unique braided monoidal structure so that this
de-equivariantization map is a functor between braided monoidal categories.

Via the monoidal equivalence (—)~ : &(G)-Mod = QCoh(G) the de-equivariantization
is identified with a certain non-full monoidal subcategory in QCoh(G), which one
might refer to as the category of G,-equivariant sheaves over G. We let QCoh(G)%
denote this category of G,-equivariant sheaves on G, so that we have a monoidal
equivalence

['(G,—) : QCoh(G)% 5 (Rep Gy) -
This equivalence furthermore provides a braiding on the monoidal category QCoh(G )Ga
which is induced directly by the R-matrix,

braidM,N:M®N—>N®M, m®n*—>R21(n®m).

Definition 3.4. The quantum Frobenius kernel for G at ¢ is the braided monoidal
category of G4-equivariant quasi-coherent sheaves over G,

FK G, := QCoh(G)%.

The compact objects in FK G, are precisely those equivariant sheaves which are
coherent over G [88, Lemma 8.4]. As a consequence of Theorem 3.6 below, all
coherent sheaves are furthermore dualizable.

Remark 3.5. Our use of sheaves over G rather that ¢(G)-modules in the definition
of the quantum Frobenius kernel is stylistic. The reader will not be harmed in

thinking of the category FK G, simply as the category of &(G)-modules in Rep Gy,
or equivalently as the category of (€(G), 0(G,))-relative Hopf modules.

We have the following observation of Arkhipov and Gaitsgory [6], which is pre-
meditated by works of Takeuchi and Schneider [111, 103].

Theorem 3.6 ([6]). Taking the fiber at the identity in G provides an equivalence
of (abelian) braided monoidal categories

1" : FK Gy, = Repu(Gy).

Remark 3.7. Theorem 3.6 is alternately deduced from [111, Theorem 2] and [103,
Remark 2.5].
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The above theorem tells us that the dualizable objects in FK G, are precisely
the compact objects, i.e. coherent equivariant sheaves, as claimed above. This
subcategory of coherent sheaves is a finite tensor category which is equivalent to
the category of finite-dimensional u(G,)-representations, via the above equivalence.

Since monoidal functors preserve duals [45, Exercise 2.10.6] we see that the image
of any dualizable sheaf under the forgetful functor FK G, — QCoh(G) is dualizable.
Since the dualizable objects in QCoh(G) are precisely finite rank vector bundles we
see that all compact/dualizable objects in FK G are finite rank vector bundles over
G, and all objects in FK G, are therefore flat over G.

From the above geometric perspective the de-equivariantization map for (Rep Gy)
becomes an equivariant vector bundle map E_ : RepG, =+ FK Gy, By = O ®; V,
which we still refer to as the de-equivariantization functor. One sees immediately
that the equivalence of Theorem 3.6 fits into a diagram

Rep G,

FK G, ~

= Rep u(Gy).
From this point on we essentially forget about the Hopf algebra u(G,), and work
strictly with its geometric incarnation FK Gy.

3.7. The G-action on the quantum Frobenius kernel. As explained in [6,
12] we have a translation action of G' on the category FKG, = QCoh(G)% of
G4-equivariant sheaves. This gives an action of G on FK G, by braided tensor
automorphism. This action is algebraic, in the precise sense of [88, Appendix A],
and we have the corrvesponding group map G — Mg(FK Gg). In terms of the
translation action of G, the de-equivariantization map from the big quantum group
restricts to an equivalence

E_:RepG, = (FKG,)

onto the monoidal category of G-equivariant objects in FK G, [0, Proposition 4.4].

One can translate much of the analysis in this text from the small quantum
group to the big quantum group by restricting to G-equivariant objects in FK Gyg.
One can compare, for example, with [5, 22].

4. THE QUANTUM BORELS

We give a presentation of the small quantum Borel which is in line with the
presentation of Section 3 for the small quantum group. At the conclusion of the
section we extend the construction of the usual (positive) quantum Borel to provide
a family of small quantum Borels which are parametrized by the flag variety G /B.

While much of the material of this section is known, or at least deducible from
known results in the literature, the construction of the small quantum Borel at an
arbitrary geometric point A : Spec(K) — G / B in the flag variety is new.

4.1. Quantum Frobenius for the Borel, and de-equivariantization. As with
the (big) quantum group, we let Rep B, denote the category of integrable U,(b)-
representations which are appropriately graded by the character lattice X. The
quantum Frobenius for the quantum group induces a quantum Frobenius for the
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quantum Borel, Fr : RepB — Rep B, [83]. This quantum Frobenius identifies
Rep B with the full subcategory of Bg-representations whose X-grading is sup-
ported on the sublattice X™ (see Section 3.2).

The functor Fr is a fully faithful tensor embedding, in the sense that its image
is closed under taking subquotients. This implies that the corresponding Hopf
algebra map fr : ¢(B) — €(B,), which one can obtain directly by Tannakian
reconstruction, is an inclusion [102, Lemma 2.2.13].

We now consider the restriction functor Rep B; — Repu(B,). Since this func-
tor is surjective, the corresponding Hopf map €(B;) — (u(By))* is surjective
as well [102, Lemma 2.2.13]. Furthermore, an object in Rep B, is in the image
of quantum Frobenius if and only if that object has trivial restriction to w(By).
Since u(B,) is normal in the big quantum Borel, it follows that ¢'(B) is identified
with the u(By)-invariants, or (u(B,))*-coinvariants, in the quantum function alge-
bra 0(B) = 0(B,)"B4) via the map fr : 0(B) — O(B,). It also follows that
the Hopf algebra map 0(B,) — (u(B,))* induces an isomorphism from the fiber
k®p3) O(Bg) = (u(Bg))* [0, proof of Proposition 3.11].

To rephrase what we have just said; we observe an exact sequence of Hopf alge-
bras

k— 6(B) L 0(B,) — (w(B,)" — k

via quantum Frobenius which corresponds to, and is (re)constructed from, the exact
sequence of tensor categories

Vect — Rep B EiN Rep B, — Rep(u(By)) — Vect
[24, Definition 3.7] (cf. [44]).

Proposition 4.1. The quantum function algebra €(B,) is faithfully flat over O(B),
and injective over u(By).

Proof. Faithful flatness of (B,) over &(B) follows by Schneider [103, Remark 2.5].
Now by Takeuchi we see that &(B,) is coflat as a (u(By))*-comodule [111, Theorem
1]. Equivalently, €(B,) is injective over u(By). O

As with the quantum group, we define the quantum Frobenius kernel FK B, for
the quantum Borel as the category of B;-equivariant sheaves on B,

FK B, := QCoh(B)"s.

Via the global sections functor, this category of equivariant sheaves is identified with
the category of relative Hopf modules QCoh(B)B« & ﬁ(B)Mﬁ(Bq). The following
is an immediate application of Proposition 4.1 and [111, Theorem 1].

Corollary 4.2. Taking the fiber at the identity 1 : Spec(k) — B provides an
equivalence of (abelian) monoidal categories

1" : FK B, = Repu(By).

As with the quantum group, discussed at Theorem 3.6, the compact/dualizable
objects in FK B, are precisely those equivariant sheaves which are coherent over
B, and all objects in FK B, are flat over B.
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4.2. A spectral sequences for B,-extensions.

Lemma 4.3 ([41]). An object V in Rep By is injective if and only if V' is a summand
of some additive power ®;c;1O(By).

Proof. Comultiplication provides an injective comodule map V' — V®0'(B,), where
V is the vector space associated to the representation V. Since any cofree comodule
is injective [41], this inclusion is split. O

Since the u(B,)-invariants in ¢(B,) are precisely the classical algebra &(B), we
observe the following.

Corollary 4.4. If W is injective over By, and V is a finite-dimensional By-
representations, then Homu(Bq)(V, W) is an injective B-representation.

Proof. We have Hom,,(p,)(V, W) = Homy g (k, V@ W), and *V @ W is injective
over By in this case. So it suffices to assume V' = k, in which case the result follows
by Lemma 4.3 and the calculation &(B) = 0(B,)"(Bd). O

Proposition 4.5. Let V and W be in Rep(B,), and assume that V is finite-
dimensional. There is a natural isomorphism

RHOIHB(IC, RHOmu(Bq) (‘/, W)) = RHomBq (V, W),
and subsequent spectral sequence
By’ = Extp(k, Ext], 5 | (V,W)) = Extpg?(V,W).

Proof. The quantum function algebra €(B,) is an injective u(B,)-module, by

Proposition 4.1. It follows by Lemma 4.3 that any injective Bj,-representation
restricts to an injective u(By)-representation. So the result follows by Corollary
1.4. (]

4.3. Kempf vanishing and a transfer theorem. We recall some essential rela-
tions between quantum group representations and representations for the quantum
Borel. The following vanishing result, which first appears in works of Andersen,
Polo, and Wen [4, 2] with some restrictions on the order of ¢, appears in complete
generality in works of Woodock and Ryom-Hasen [116, Theorem 8.7] [100, Lemma
4.3, Theorem 5.5].

Theorem 4.6. Let 1° denote induction from the quantum Borel, 1° : Rep By, —
Rep Gy.

(1) 1°1) =1.

(2) The higher derived functors 1>°(1) vanish.

We can now employ the information of Theorem 4.6 and follow exactly the proof
of [30, Theorem 2.1] to observe the following transfer theorem.

Theorem 4.7 ([30]). For arbitrary V and W in Rep G, and i > 0, the restriction
functor Rep G4 — Rep B, induces an isomorphism on cohomology

o

Extg, (V,W) = Extp (V,W).
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4.4. Quantum Borels indexed by the flag variety. For any k-point A : Spec(k) —
G/B we have the corresponding B-coset ¢y : By — G, which is the fiber of A
along the quotient map 7 : G — G / B. This coset is a B-torsor under the right
translation action of B and we have the corresponding algebra object &(B)) in
Rep B C Rep B,. We then consider the monoidal category

By = QCoh(By)P = , 5 \ M7 (B0

of Bg-equivariant sheaves on By. The equivalence with relative Hopf modules
here is given by taking global section, and the product on %) is the expected one
® = ®6’B/\-
Restriction along the inclusion ¢y : By — G provides a central monoidal functor
resy =ty : FK Gy — %
with central structure given by the R-matrix
byw : W Rresx(V) »resx(V)@W, bwy(w®v) = Rai(v®w)

[42, Definition 4.15]. We have #; = FK B, and the functor res; : FK G, — FK B,
is identified with the standard restriction functor for the small quantum group, in
the sense that the diagram

res

FK G, FK B,

1*i~ 1*l~

Repu(G,) = Rep u(By)

commutes.

At a general closed point ), any choice of a point z : Spec(k) — By provides
a B-equivariant isomorphism z : B — By given by left translation. Taking global
sections then provides an isomorphism z : &(By) — €(B) of algebra objects in
Rep B,. So we see that pushing forward along = provides an equivalence of tensor
categories x : 8, — B, which fits into a diagram

FKG, —X -FK G, (6)
rcsl resxi
B z PB.

Now, let us consider and arbitrary geometric point X : Spec(K) — G/B. At A
we again have the fiber ¢y : By — G, which now has the structure of a K-scheme,
and which is a torsor over Bx. We consider the monoidal category

By, := QCoh(By)Pr)

of equivariant sheaves relative to the base change (Bk),. Pulling back along ¢
again provides a central monoidal functor

resy 1= : FK G, — %,

which factors as a base change map composed with restriction along ¢z

resy = (FK G, 25 FK(Gk), =55 2)).



20 CRIS NEGRON AND JULIA PEVTSOVA

Here 1ty : By — Gk is the map implied by the universal property of the pullback
G = Spec(K) x G. All of this is to say that, after base change, the construction of
2P, at a geometric point for G/ B is no different from the construction at a closed
point.

Definition 4.8. At any geometric point A : Spec(K) — G/B, the category of
sheaves for the associated small quantum Borel is the FK Gg-central, monoidal
category % = QCoh(B)Fx)a,

The following Proposition is deduced from the equivalence = : (%;)x — %
provided by any choice of K-point z : Spec(K) — Bi.

Proposition 4.9. At each geometric point \ : Spec(K) — G/B the monoidal
category Ay has the following properties:

e %)\ has enough projectives and injectives, and an object is projective if and
only if it is injective (cf. [47]).

e A\ admits a compact projective generator.

o The compact objects in By are precisely those (B )q-equivariant sheaves
which are coherent over By, and all compact objects are dualizable.

e Coherent sheaves in By form a finite tensor subcategory which is of (Frobenius-
Perron) dimension dimu(By).

o All objects in By are flat over By.

o The central tensor functor resg x : FK(Gk)q — B is surjective.

Remark 4.10. Of course, the flag variety G/ B is the same as G/B, since we are at
an odd root of unity and hence do not change Dynkin types when taking the dual
group. However, when we consider quotients G /Hgy by various quantum groups
one does want to explicitly employ the dual G. The quotient G/ B will also be the
correct object to consider at even order g, where Dynkin types do change.

4.5. A notational comment. As mentioned in Section 3, the small quantum
group is essentially never referenced in it linear form u(Gy) in this text. We will,
however, make extensive use of the algebra u(B,) throughout. Furthermore, the
algebra u(B,) will often appear as a subscript in formulas. For this reason we adopt
the notation
u = u(By)

globally throughout this document. An unlabeled algebra u which appears anywhere
in the text is always the small quantum enveloping algebra u(B,) for the positive
Borel.

Part 1. Geometric Enhancements for Quantum Groups

In Part I of the paper we construct a monoidal enhancement DE"M(FK G,) of
the derived category of sheaves for the quantum Frobenius kernel. The morphisms
FHomrk a,(M, N) in this category are quasi-coherent dg sheaves over the flag
variety G/ B—or more precisely are objects in the derived category D(G/B) of quasi-
coherent sheaves—and the monoidal structure on D" (FK G,) is reflected in natural
composition and tensor structure maps for these sheaf-morphisms.’

3For a discussion of DF"h(FK G in relation to the Springer resolution, specifically, see Proposi-
tion 12.3 and Conjecture 18.4 below.
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The construction of the enhancement DE™(FK G,) is facilitated by a certain
half-quantum flag variety, whose sheaves QCoh(G/ B,) form a sheaf of tensor cat-
egories over the classical flag variety. Our fundamental approach, throughout this
work, is to reduce analyses of the enhancement DF"™'(FK G,) to corresponding
analyses of the half-quantum flag variety. Such reductions are made possible by a
strong embedding theorem, referred to as the Kempf embedding theorem, which is
proved at Theorem 6.1 below.

5. THE HALF-QUANTUM FLAG VARIETY

In Section 4.4 we introduced a family of small quantum Borels %, which are
parametrized by geometric points for the flag variety. In this section we consider a
universal small quantum Borel from this perspective, which is simply the monoidal
category of Bj-equivariant sheaves over G. This is the category of quasi-coherent
sheaves QCoh(G/ By) on the so-called half-quantum flag variety.

Just as one considers each %, as a K-linear monoidal category, one should
consider the category of sheaves for the half-quantum flag variety as a G/B-linear
monoidal category. Such linearity can be expressed via an action of the category of
sheaves over the flag variety on QCoh(G/B,).

5.1. The half-quantum flag variety.

Definition 5.1. The category of quasi-coherent sheaves for the half-quantum flag
variety is the abelian monoidal category

QCoh(G/B,) := QCoh(G)?7 = {Arbitrary ¢(G)-modules in Rep B,},

with product ® = ®¢,. We let Coh(G//B,) denote the full monoidal subcategory
of sheaves which are coherent over G.

We note that the category Coh(G/ B,) is precisely the category of compact ob-
jects in QCoh(G/B,). In our notation G/ B, should be interpreted (informally) as a
stack quotient, so that sheaves on this “noncommutative space” are B, -equivariant
sheaves on G.

We say an object M in QCoh(G/Bq) is flat if the operation M ® — is exact. Since
the product for QCoh(G‘/Bq) is simply the product over O, one sees that an object
M in QCoh(G/B,) is flat whenever its image in QCoh(G) is flat. Furthermore, one
can check that dualizable objects in QCoh(G/ B,) are precisely those objects which
are flat and coherent.

As with the usual flag variety [70, 1.5.8] [110, 3.3], we have an equivariant vector
bundle functor

E_ :Rep B, — QCoh(G/B,), Eyv := 0c®} V.
This functor is exact and has right adjoint provided by the forgetful functor
—|B, : QCoh(G/B,) — Rep By,

which is defined explicitly by applying global sections M|p, = I'(G, M) and forget-
ting the 0(G)-action (cf. Section 2.3).

Lemma 5.2. The category QCoh(G/Bq) is complete, in the sense that it has all
set indexed limits, and has enough injectives.
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Proof. The point is that QCoh(G/B,) is a Grothendieck abelian category. That
is to say, QCoh(G'/Bq) is cocomplete, has exact filtered colimits, and admits a
generator. All Grothendieck categories are complete and have enough injectives
[61, Théoreme 1.10.1].

The only controversial issue here is the existence of a generator. However, since
rep B, is essentially small we can choose a set of representations {V;}icr so that
each object in rep B, admits a surjection from some V;. The object @;crEy; is then
a generator for QCoh(G/B,), where Ey is the vector bundle associated to a given
B,-representation V. U

Remark 5.3. Presumably the category QCoh(G/ B,) admits an ample line bundle
L_,, so that the powers @ngo)’:?" provide a generator for QCoh(é/Bq) (cf. [70,
Proposition 4.4]).

5.2. QCoh(G/B,) as a sheaf of categories. The quantum Frobenius maps for
G, and B, fit into a diagram of tensor functors

Rep G Rep G4
Rep B - Rep B,.

This diagram then implies the existence of a fully faithful monoidal embedding
QCoh(G/B) & QCoh(G)? — QCoh(G)P+ = QCoh(G/B,). )

(7
We let ¢* denote this embedding. The embedding ¢* : QCoh(G/B) — QCoh(G/B,)
admits a canonical central structure, i.e. lift to the Drinfeld center,

QCoh(G/B) — Z(QCoh(G/B,))
provided by the trivial symmetry
symmy, gz M ®@((F) = C(F)@ M, symmy z(m®@s)=s@m. (8)
This trivial symmetry gives QCoh(G/B,) the structure of a symmetric bimodule

category over QCohgé/vB).
For % in QCoh(G/B) we let

F % — : Coh(G/B,) — Coh(G/B,)

denote the corresponding action map, % x — = (*(#) ® —. The operation % x —
is exact whenever & is flat over G/B, and — x M is exat whenever M is flat over
G/B,.

One might think of this action as providing the quantum flag variety with the
structure of a sheaf of categories over the classical flag variety G/B, whose sections
over any open embedding U — G/B, for example, are given by the base change

QCoh(U) ®@qeon(c; ) QCoh(G/By) (see [56]).
Notation 5.4. The functor ¢* : QCoh(G/B) — QCoh(G/B,) is specifically the

7

exact monoidal functor of (7) along with the central structure (8).

~

Although ¢* is not precisely the pullback equivalence 7 : QCoh(G/B) &
QCoh(G)®, due to the appearance of quantum Frobenius, we will often abuse
notation and write simply 7*(.%) for the object (*(.%#).
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5.3. Sheafy morphisms over G//B. We have just seen that QCoh(G/B,) admits
a natural module category structure over QCoh(G’/B), and so becomes a sheaf
of tensor categories over the flag variety. Inner morphisms for this module cate-
gory /sheaf structure provide a sheaf-Hom functor for QCoh(G// By).

Lemma 5.5. For any M in QCoh(G/B,), the operation — M : QCoh(G/B) —
QCoh(G/By) has a right adjoint Home, g (M,—). The functors #Home g (M, —)
are furthermore natural in M, so that we have a bifunctor

Homeg, g, + QCoh(G/B,) x QCoh(G/By) — QCoh(G/By).

Proof. The functor — % M commutes with colimits and thus admits a right adjoint.
Naturality in M follows by Yoneda’s lemma. ([l

We note that the functor JZomx /B, 1 left exact in both coordinates, since the

functor
Homé/g(ﬂ, %Omé/Bq(*v -)) = HomG/B(ﬁ *—, =)
is left exact in each coordinate at arbitrary .%.

In Sections 7-8 we observe that, via general nonsense with adjunctions (cf.
[03, 46]), the bifunctor #om¢,p admits natural composition and monoidal struc-
ture maps. These structure maps localize the monoidal structure on QCoh(G/B,),
in the sense that they recover the composition and tensor structure maps for
QCoh(G/ By) after taking global sections. In the language of Section 2.5, we are
claiming specifically that the pairing

(0bj QCoh(G/By), Homep, ) (9)

provides a monoidal enhancement of QCoh(G/ By) in the category of sheaves over
the flag variety.

Before delving further into these issues, we explain the (essential) role of the
half-quantum flag variety in our study of the small quantum group.

6. THE KEMPF EMBEDDING FK G, — QCoh(G/B,)

Let us consider again the quantum Frobenius kernel FK G,. We have the obvious
forgetful functor
FK G, = QCoh(G)% — QCoh(G)P* = QCoh(G/B,) (10)

This functor is immediately seen to be monoidal, and the R-matrix for the quantum
group provides it with a central structure (see Section 6.4 below). In this section
we prove that the functor (10) is fully faithful, and induces a fully faithful functor
on unbounded derived categories as well.

In the statement of the following theorem, D(FK G,) denotes the unbounded
derived category of complexes in FK G, and D(G/B,) is the unbounded derived
category of complexes of quasi-coherent sheaves for the half-quantum flag variety.

Theorem 6.1. The forgetful functor FK G, — QCoh(G/B,) is fully faithful and
induces a fully faithful monoidal embedding

Kempf : D(FKG,) — D(G/B,)
for the corresponding unbounded derived categories.

Proof. Follows immediately by Theorem 6.4 below. ([l
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We refer to this embedding as the Kempf embedding, since the result essentially
follows by Kempf vanishing [72], or rather the quantum analog of Kempf vanishing
provided in [4, 116, 100]. From the perspective of the small quantum Borels the
embedding of Theorem 6.1 is a kind of universal restriction functor.

6.1. Compact sheaves over the half-quantum flag variety. We begin with a
little lemma, the proof of which is deferred to Section 8.3 below.

Lemma 6.2. Suppose that V is a finite-dimensional By-representation and that the
restriction of V' to the small quantum Borel uw(By) is projective. Then the associated
vector bundle Ey over G’/Bq is compact in D(G/Bq) Similarly, any summand of
By is compact in D(G/B,).

Now, by Proposition 3.3, all coherent projectives in FK G, are summands of
vector bundles Ey with V' projective over G, and hence projective over u(G,) and
u(By) as well. So Lemma 6.2 implies the following.

Corollary 6.3. The functor D(FKG,) — D(G’/Bq) induced by the forgetful func-
tor sends compact objects in D(FK G,) to compact objects in D(G/B,).

6.2. Kempf embedding via extensions.

Theorem 6.4. The forgetful functor FK G, — QCoh(G/B,) induces an isomor-
phism on cohomology

Extiy g, (M, N) — Bxtyy ; (M, N), (11)
for all i and all M and N in D(FKG,).

Proof. The forgetful functor is exact and hence induces a map on unbounded de-
rived categories. We first claim that the map on extensions is an isomorphism
whenever M is in the image of the de-equivariantization/equivariant vector bundle
map E_ : RepGy — FK Gy, and N is arbitrary in FK G. Recall that this vector
bundle functor has an exact right adjoint —|g, : FKG, — Rep G, provided by
taking global sections and forgetting the & (G’)—action, and we have the analogous
adjunction for QCoh(G/B,), as discussed in Section 5.1. (We make no notational
distinction between vector bundles in FK G, and in QCoh(G/B,), and rely on the
context to distinguish the two classes of sheaves.)
Since the equivariant vector bundle functors for FK G, and QCoh(G/B,) are

exact, the adjoints —|g, and —|p, preserve injectives. So we have identifications

EXt;K G, (Ev, N) = EXtEq (V, N|Gq) and EXt*G‘/Bq (Ev, N) = EXt*Bq (‘/, N|Bq)
which fit into a diagram

Extix e, (Bv, N) — 2~ Extf, , (Ev,N)

G/Bq

Extf, (V. Nlg,) Ext}, (V, N|g,)-

restrict

The bottom morphism here is an isomorphism by Kempf vanishing, or more pre-
cisely by the transfer theorem of Theorem 4.7. So we conclude that the top map is
an isomorphism.
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We now understand that the map (11) is an isomorphism whenever M = Ey
for some V in RepGy and N is arbitrary in FKG,. It follows that (11) is an
isomorphism whenever M is a summand of a vector bundle Ey and N is arbitrary
in FK G4, and hence whenever M is simple or projective in FK G4 by Proposition
3.3.

Since coherent projectives in FK G, are compact in D(FK G), and the functor
D(FKG,) — D(G/ By) preserves compact objects by Corollary 6.3, it follows that
(11) is an isomorphism whenever M is a coherent projective in FK G, and N is in
the localizing subcategory

Loc(FK G,) = Loc(D(FK G,)%) ¢ D(FK G,) (12)

generated by the heart of the derived category. But, this localizing subcategory is
all of D(FKG,) [73, §5.10], so that the map (11) is an isomorphism whenever M
is coherent projective and N is arbitrary in D(FK G,). We use the more precise
identification

Loc(projFK G,) = D(FKG,)

[73, §5.10], where proj FK G, denotes the category of coherent projectives in FK G4,
to see now that (11) is an isomorphism at arbitrary M and N. O

6.3. A discussion of Kempf’s embedding. Let us take a moment to discuss
the role that Theorem 6.1 plays in our analysis of the small quantum group.

By the Kempf embedding theorem we can consider the derived category of
sheaves for the quantum Frobenius kernel FK G, as a (full) monoidal subcate-
gory in the derived category of sheaves over G /By. At the derived level, we still
have the action of D(G/B) on D(G/B,), and again speak of D(G/B,) as a sheaf
of categories over the flag variety (cf. Section 18).

D(FKG,)

We note, however, that the monoidal subcategory D(FK G,) C D(G/B,) is not
stable under the action of D(G/B) (one can check this explicitly). Equivalently, if
we think in the mode of sheaves of categories, FK G, is not a sheaf of categories
over G / B, or rather does not admit such a structure which is induced by the given
inclusion into QCoh(G/ By). So, one can reasonably say that we are including only
into the global sections

D(FK G,) = global sections of D(G/B,) over G/B.

In any case, although D(FKG,) is not stable under the D(G/B) action on
D(G/B,), we can consider a “dual” structure on D(G/B,) provided by this ac-
tion, which is a corresponding enhancement in the symmetric monoidal category of
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sheaves on G/B. This enhanced structure is, of course, provided by the inner-Homs
Home,p, of Section 5 and is described further in Section 7-9 below. We record
an obvious lemma.

Lemma 6.5. Suppose T = (objT,®,Homy) is a monoidal category which is
equipped with an enhancement (obj T, ®, #omy) in a symmetric monoidal category

Q. Then any full monoidal subcategory S C T inherits a monoidal Q-enhancement.
Namely, we have the enhancement (obj S, ®, #omg) where #omg(X,Y) = Homp(X,Y)
for each pair of objects X andY in S.

So, the G/ B-enhancement for D(G/B,) will induce a monoidal enhancement for
the full subcategory D(FK G,) via the Kempf embedding. In this sense the sheaf
structure on D(G/ By) over G/ B still provides us with a means of employing the flag
variety in an analysis of the category of quantum group representations, as a tensor
category. This entrance of the flag variety also leads naturally to an appearance
of the Springer resolution in the derived category of sheaves over the half-quantum
flag variety, and the derived category of representations over the quantum group as
well (see Sections 11 & 12).

. T T L

Kempf embedding

enhancement . geﬁérates (dg)
via inner-Homs D(FK Gy) = D(G/By) ~ sheaves on G/B.

WOmé/Bq 3

6.4. Remarks on centrality of the Kempf embedding. Let us conclude with
a remark on centrality of the Kempf embedding.

We have argued above that one should consider QCoh(G/B,) as a tensor cat-
egory over QCoh(G/B), with its given symmetric bimodule structure. Hence the
appropriate “Drinfeld center” for QCoh(G/ B,) should be the centralizer

Z¢)5(QCoh(G/By)) := the centralizer of QCoh(G/B) in Z(QCoh(G/By)).

We have the central structure Kempf’ : FK G, — Z(QCoh(G/B,)) for the Kempf
embedding which is provided by the R-matrix in the expected way,

By 2 N @ Kempf (M) — Kempf(M) @ N, By,m(n,m)=Ra(m®n). (13)

One sees directly that for N in the image of the embedding ¢ : QCoh(G/B) —
QCoh(G /Bq), By, is the trivial symmetry symmy 5. It follows that the image
of Kempf’ does in fact lie in the centralizer of QCoh(G/B), so that we restrict to
obtain the desired “QCoh(G/B)-linear” central structure

Kempf’ : FK Gy = Zg,3(QCoh(G/By)). (14)

When we speak of the Kempf embedding as a ceptral tensor functor we mean
specifically the functor Kempf : FK G, — QCoh(G/B,) along with the lift (14)
provided by the half-braidings (13).
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7. STRUCTURE OF J¢om 1. LINEARITY, COMPOSITION, AND TENSORING

In the next two sections we provide an analysis of the inner-Hom, or sheaf-Hom,
functor for the action of QCoh(G/B) on QCoh(G/B,). Here we show that sheaf-
Homs admit natural composition and monoidal structure maps, and so provide a
monoidal enhancement QCoh®™(G/B,) for the monoidal category of sheaves on
the half-quantum flag variety. Many of the results of this section are completely
general and completely formal. So some proofs are sketched and/or delayed to the
appendix.

In the subsequent section, Section &, we provide an explicit description of the
sheafy morphisms Jom;,p and describe objects in QCoh(G/B,) which are pro-
jective for this functor.

Remark 7.1. Sections 7-9 are in some sense “busywork”, as we are just taking
account, of various structures for the inner-Hom functor, both at the abelian and
derived levels. One might therefore skim these contents on a first reading. The
next substantial result comes in Section 10, where we calculate the fibers of derived
sheaf-Hom L \*Zom /B, Over the flag variety in terms of derived maps over the
small quantum Borels.

7.1. QCoh(G/B)-linearity of sheaf-Hom. The adjoint to the identity map id :
Homegp, (M,N) = Homeg,p (M, N) provides an evaluation morphism

ev: Home g (M,N)* M — N.

The evaluation is just the counit for the (%,.#om)-adjunction. For any .Z in
QCoh(G/B) the map

id®ev: F x(Homgp, (M,N)*M)— .F N

provides a natural morphism % x #om(M, N) — H#om (M, F * N) in the category
of sheaves over the flag variety. In analyzing this natural morphism it is helpful to
consider a notion of projectivity for the sheaf~Hom functor.

Definition 7.2. An object M in QCoh(G/B) is called relatively projective (resp.
relatively injective) if the functor #ome, g (M, —) (resp. Home, g (—, M)) is ex-
act.

Discussions of relatively injective and projective sheaves are provided in Lemma
7.9 and Section 8.4 below, respectively.

Lemma 7.3 (cf. [93, Lemma 3.3]). Consider the structural map
F x Home, g, (M,N) = Home,p (M,F x N) (15)

at M and N in QCoh(G/B,), and .F in QCoh(G/B). The map (15) is an isomor-
phism under any of the following hypotheses:

Z is a coherent vector bundle.

M is relatively projective and F is coherent.

M is coherent and relatively projective, and F is arbitrary.

M admits a presentation E' — E — M by coherent, relatively projective
sheaves and F is flat.
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Proof. When .7 is a vector bundle it is dualizable, so that we have (explicit) natural
isomorphisms [93, Lemma 2.2]
Homg, 5(—, 7 x #Hom(M,N)) =Homg,p (7' ® —,Hom(M,N))

=~ Home, 5, (" ® ) « M, N)

= Homg g (—* M, F x N)

= Homg 5 (—, #Hom(M, F x N))
and deduce an isomorphism % x #om(M, N) = #om(M, F x N) via Yoneda. One
traces the identity map through the above sequence to see that this isomorphism
is in fact just the structure map (15). The second statement follows from the first,
after we resolve % by vector bundles. The third statement follows from the second
and the fact that #omg,p (M, —) commutes with colimits in this case. The fourth

statement follows from the second by resolving M by relatively projective coherent
sheaves. 0

We will see at Corollary 8.4 below that all coherent sheaves in QCoh(G/B,)
admit a resolution by relative projectives. So the fourth point of Lemma 7.3 simply
says that J€om s /B, (M, —) is linear with respect to the action of flat sheaves over

G/B, whenever M is coherent.

Remark 7.4. One should compare Lemma 7.3 with the familiar case of a linear
category. For a linear category ¢, i.e. a module category over Vect, we have natural
maps V ®; Homy (A4, B) — Homy(A,V ®i B) which one generally thinks of as
associated to an identification between V ®; — and a large coproduct. This map
is an isomorphism provided V is sufficiently finite (dualizable), or A is sufficiently
finite (compact).

7.2. Enhancing QCoh(G//B,) via sheaf-Hom. The evaluation maps for Home g,
provide a natural composition function

o: Home, g, (M,N)® Home,p (L, M) = Home,p (L,N)

which is adjoint to the map

Homeg,p,(M,N) ® Home,p (L, M)* L iy Homegp,(M,N)* M XN,
We also have monoidal structure maps
t: Home,p (M,N)® Homeg,p (M',N') = Hom(M @ M',N @ N')
which are adjoint to the composition
Home,p (M, N1) @ Home,p (Mo, Na) * (My @ M)
T (Homg, g, (M, Ny) My) ® (Home g (Ma, Na) x My)
U2 Ny ® Ny

One can check the following basic claim, for which we provide a proof in Appendix
A (cf. [93, 46]).

Proposition 7.5. The composition and monoidal structure maps for %”omG/Bq
are associative, and are compatible in the sense of Section 2.5.
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This result says that the pairing of objects from QCoh(G/B,), along with the
sheaf-morphisms Jfom /By constitutes a monoidal category enriched in the sym-

metric monoidal category of quasi-coherent sheaves on G/B.

Definition 7.6. We let QCoh™™"(G/ B,) denote the enriched monoidal category
QCoh™™(G/B,) := (objQCoh(G/B,), #Homg,p ),

with composition and tensor structure maps as described above.

As the notation suggests, the category QCOhEnh(G /Bgq) does in fact provide an
enhancement for the category of sheaves on the half-quantum flag variety.

Theorem 7.7. The adjunction isomorphism
I‘(G’/B,%omé/Bq(f, —)) = Homg,p (=, —)

induces a isomorphism of monoidal categories
[(G/B,QCoh™(G/B,)) = QCoh(G/B,).

The proof of Theorem 7.7 is essentially the same as [98, proof of Lemma 3.4.9],
for example, and is outlined in Appendix A. Let us enumerate the main points here
in any case. Recall that the linear structure on QCoh(G/B,) corresponds to an
action of Vect on QCoh(G/B,). The inner-Homs with respect to this action are
the usual vector space of morphisms Hom /B, with expected evaluation

ev:Homg p (M,N)®p M — N, f@m— f(m).
This evaluation map specifies a unique binatural morphism
Home g (M,N) ®k Oy — Home, g (M,N) (16)
which is compatible with evaluation, in the sense that the diagram

Homeg, 5 (M, N) @ M —= N (17)

|

Home g, (M,N)x M

commutes. If we consider Home /5 (M, N ) as a constant sheaf of vector spaces, the
map (16) is specified by a morphism of sheaves Homg (M,N) — %”omG/Bq (M,N),
which is in turn specified by its value on global sections.

One can check that the global sections of the map Home g (M, N) — Home,, g (M, N)
of (16) recovers the adjunction isomorphism referenced in Theorem 7.7. One then
uses compatibility with evaluation (17) to see that the adjunction isomorphism is
compatible with composition and the monoidal structure maps, and hence that
QCoh™™(G/B,) provides an enhancement of QCoh(G//B,) over the flag variety, as
claimed.

7.3. Implications for the quantum Frobenius kernel FK GG,. Recall that the
forgetful functor FK G, = Coh(G)% — QCoh(G/B,) is a monoidal embedding,
which we have called the Kempf embedding. By restricting along this embedding
the enhancement JZomg; B, for QCoh(G/ B,) restricts to an monoidal enhancement
for the quantum Frobenius kernel.
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Theorem 7.8. Let sfomyrk a, denote the restriction of the inner-Homs %omG/Bq
to the full monoidal subcategory FK G, via Kempf embedding,

Homrpk g,(M,N) := Homeg,p (M,N).

Then the pairing (objFK Gy, Somyka,) provides a monoidal enhancement for
the quantum Frobenius kernel FK G, in the category of quasi-coherent sheaves over
the flag variety G/B.

7.4. A local-to-global spectral sequence. The following lemma says that in-
jectives in QCoh(G/By) are relatively injective for the sheaf-Hom functor.

Lemma 7.9. If M is flat over G/B, then the functor Homegp,(M,—) sends
injectives in QCoh(G/B,) to injectives in QCoh(G/B). Additionally, when T is
injective over G/Bq, the functor e%”omé/Bq(f, I) is exact.

Proof. Suppose that I is injective over G/ B, and that M is flat. Then the functor
Homg g (—®M, I) is exact, and hence Homg 5 (—+M, I) is an exact functor from

QCoh(G/B). Via adjunction we find that the functor Homg g (=, Homep, (M, 1))
is exact. So Home,p (M,I) is injective.

Now, if I is injective then for all vector bundles & over G/B the operation
Homg  5(& * —, I) is exact, which implies that each functor

Hova/B(@@,ffova/Bq(—,I))

is exact. This is sufficient to ensure that #ome,p (—, 1) is exact. O

Recall that we have the natural identification
HomG/Bq(M, N) « Homé/B(ﬁé/B,jfomé/Bq(M,N))
=I(G/B, #Home,p, (M, N))
provided by adjunction. We therefore obtain a natural map

RHomg 5 (M, N) = RT(G/B, ZAome 5 (M, N)),

where we derive J#ome,p (M, —) by taking injective resolutions. Lemma 7.9 im-
plies that this map is a quasi-isomorphism.

Corollary 7.10. The natural map RHomg, g (M, N) — RF(G/B,WomG/Bq (M,N))
is a quasi-isomorphism. Hence we have a local-to-global spectral sequence

H*(G/B,&aty,, (M,N)) = Extg,p (M,N)

at arbitrary M and N in QCoh(G/B,).

Remark 7.11. Spectral sequences analogous to Corollary 7.10 can be found in
much earlier works of Suslin, Friedlander, and Bendal [110, Theorem 3.6]. So
certain pieces of the enhancement QCohEnh(GY /B), and Kempf embedding, had
already been employed in works which appeared as early as the 90’s.
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8. STRUCTURE OF J#om II: EXPLICIT DESCRIPTION OF SHEAF-HOM

We show that the morphisms Jomx /B, (M, N) are explicitly the descent
Homegp, (M, N) = descent of Homgc,p,(gyutna) (M, N)™ (18)

of morphisms in the category QCoh(G)"“(B4) of u(B,)-equivariant sheaves over G,
whenever M is coherent. Here u(B,) is taken to act trivially on G, so that u(B,) acts
by Os-linear endomorphisms on such sheaves. Also, implicit in the above formula
is a claim that the morphism spaces over QCoh(G)*“(P4) admit natural, compatible
actions of @(G) and B, so that the associated sheaf over G is B-equivariant. We
then apply descent to produce a corresponding sheaf on the flag variety. (See
Proposition 8.1 below.)

We note that the category Coh(@)“(Bq) is also monoidal under the product
® = ®g,. We prove additionally that, under the identification (18) the composition
and tensor structure maps for J€om /B, are identified with those provided by the

monoidal structure on Coh(G)*(Bd).

8.1. Bj-equivariant structure on JZomg. Recall that for an algebraic group
H acting on a finite-type scheme Y, the usual sheaf-Hom functor S#omy pro-
vides the inner-Homs for the tensor action of Coh(Y)# on itself. We claim that
this is also true when we act via a quantum group. Specifically, we claim that
when M and N are Bj-equivariant sheaved on G, and M is coherent, the sheaf-
morphisms #omy(M, N) admit a natural Bj-equivariant structure. Indeed, the
functor Sfomy (M, —), with its usual evaluation morphism, provides the right ad-
joint for the action of M on QCoh(G/B,). We describe the equivariant structure
on Jome (M, N) explicitly below.

Let —|p, : QCoh(G/B,) — Rep B, denote the global sections functor, which
we understand as adjoint to the vector bundle map E_ : Rep B, — QCoh(G/B,).
The U,(b)-actions on M|p, and N|p, induce an action of U,(b) on the linear
morphisms Homy(M|p,, N|p,), via the usual formula (x - f)(m) = x1 f(S(z2)m).

The compatibility between the ¢(G) and U, (b)-actions on M and N ensure that

the subspace of &(G)-linear maps
Homﬁ(é)(M|Bq,N\Bq) C Homk(M|Bq,N|Bq)

forms a U, (b)-subrepresentation, and the natural action of &(G) provides the space

Hom (¢ (M|B,, N|B,) with the structure of a U,(b)-equivariant 0(G)-module.
Now, provided M is coherent, the action of U,(b) on the above &/(G)-linear mor-
phism space integrates to a Bg-action, so that Hom g (M|p,, N|p,) is naturally
an object in the category of relative Hopf modules ﬁ(é)Mﬁ(Bq). Indeed, one can
observe such integrability by resolving M by vector bundles Fyw — Ey — M.

Since
(G, Home(M, N)) = Hom ) (M|, N|z,)

we see that #omy(M, N) is naturally a B,-equivariant sheaf on G.
We now understand that we have an endofunctor

Homgs(M,—) : QCoh(G/B,) — QCoh(G/B,)
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provided by usual sheaf-Hom. The evaluation maps exhibiting Jomx (M, —) as
the right adjoint to the functor — ® M are the expected ones

ev: Homa(M,N)®@ M — N, fe®m— f(m).
8.2. Explicit description of JZom /By Suppose that M is a coherent sheaf over
G/B,. Recall our notation u = u(B,). Let us define
Home,, (M, ~) = Homg(M,—)"Pa) : QCoh(G/B,) — QCoh(G)".

By the materials of Section 8.1, the above expression makes sense. Left exactness
of the invariants functor ensures that the sections of #om,, over opens are as
expected,

Home (M, N)(U) = Homp(en(M(U), N(7))“(5)
= Homgungus,)(M(U), N(U)).
Proposition 8.1. Let M be in Coh(G/B,). Then, at arbitrary N in QCoh(G/B,),
we have a natural identification
Home, p (M, N) = descent of the B-equivariant sheaf Home (M, N).

Under the subsequent natural isomorphism 7* #ome g (M, —) = Home (M, —),
the evaluation maps for jfomé/Bq are identified with the morphisms

Home (M, N)®@ M — M, fome f(m).
Proof. By the materials of Section 8.1 we have the adjunction

Homg p (L ® M,—) = Homg, g (L, #ome (M, —)).

For any F in QCoh(G)B QCoh(G/By) we have
Homg g, (F, —) = Homgcgp s (F (=)").
So for .Z in QCoh(G/B) the above two formulae give
Homg,p (#  M,—) =Homg,p (7"(F)® M, —)
— Homg, s, (7" (F), Home (M, -))
= Homgcop s (77 (F), Home (M, —)")
= Homg;  5(F, desc. of Home ), (M, —)).

(19)

The above formula demonstrates the descent of the sheaf J#omg,, (M, —) as the
right adjoint to —* M, and hence identifies #Zome,p (M, —) with the descent of
Home,, (M, —). Tracing the identity map through the sequence (19) calculates
evaluation for JZoms /B, 8 the expected morphism
m*AHomg g, (M,N)® M = Home,,(M,N) @ M — M, f®m— f(m).
O

For arbitrary M in QCoh(G/B,) we may write M as a colimit M = lim M of
coherent sheaves to obtain

Homegp, (M,N) = ]glﬁomc/Bq(Ma,N),
«
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where the final limit is the (somewhat mysterious) limit in the category of quasi-
coherent sheaves over G/B. So, Proposition 8.1 provides a complete description of
the inner-Hom functor.

8.3. Relatively projective sheaves. For any finite-dimensional By-representation
V' we consider the functor

Hom, (V, —) : QCoh(G/B,) — QCoh((h)E,

q
where specifically Hom,, (V, —) = Homy,(V, —)“(B«). We have the following descrip-
tion of sheaf-Hom for the equivariant vector bundles which refines the description
of Proposition 8.1.

Proposition 8.2. For any finite-dimensional B,-representation V, there is a natu-
ral identification between %ﬂom(;/Bq (Ev, —) and the descent of the functor Hom,, (V, —).

Proof. For any .Z in QCoh(G/B) we calculate
HomG/Bq(y *Ey,—) = HomG/Bq(W*(f) ®rV,—)
= HOmG/Bq(ﬂ'*(y), - ®k V*)
= Homg/p (7*(.F), Homy,(V, —))
= Homg, g (7"(F), Homy(V, —)") = Homg 5 (F, desc. of Hom,(V,—)).
Thus, by uniqueness of adjoints, we find that #om, B, (Ev,—) is identified with
the descent of the functor Hom,, (V, —). O

As a corollary we observe a natural class of relative projective sheaves in QCoh(G/ By).

Corollary 8.3. Suppose that V is a finite-dimensional Bg-representation which is
projective over u(Bq). Then the functor #ome, g (Ev,—) is ezact.

Proof. To establish exactness of #om, B, (Ey, —) it suffices to show that the func-
tor Hom,, (V, —) is exact. But this follows by projectivity of V over u = u(B,). O

Note that any coherent sheaf M in QCoh(G/B,) admits a surjection E — M
from an equivariant vector bundle £ = Fy, with V finite-dimensional and projec-
tive over u(By). So Corollary 8.3 implies that the category of coherent sheaves over
G/ B, has enough relative projectives.

Corollary 8.4. Any coherent sheaf M in QCoh(G/B,) admits a resolution --- —
E~' — E° — M by coherent, relatively projective sheaves E*.

8.4. A proof of Lemma 6.2. At Lemma 6.2 above, we have claimed that the
vector bundle Ey is compact in the unbounded derived category D(G/B,) whenever
the given Bg-representation V' is projective over u(By). We can now prove this
result.

Proof of Lemma 6.2. We have the functor Zomg g, (Ey,—) which is the descent
of the functor Hom, (V, —). This functor is exact, and finiteness of V' implies that
Hom, (V, —) commutes with set indexed sums. Hence these inner-Homs provide a
well-defined operation

jfomé/Bq (By,—): D(G/Bq) — D(G‘/B)
which commutes with set indexed sums. We then have

EXté:/Bq (Bv,—) = EXtE/B(ﬁG/E %Omc:/Bq (BEv,—))
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at each integer i by Corollary 7.10. Compactness of O /B over G/B therefore
implies compactness of Ey over G /By. ([l

8.5. Composition and tensor structure maps. Suppose that M is coherent in
QCoh(G/By). From Proposition 8.1 we have an identification

T Home, g (M, —) = Homeg,,, (M, —) (20)

under which the evaluation morphisms for JZom /B, are identified with the usual
evaluation morphisms

%omé/u(M,N)(@M—)M, feme f(m)

for #omg,,. 1t follows that, under the identification (20), the composition and
tensor maps

o:Homegp, (M,N)® Home,p (L, M) = Homeg,p (L, N)
and
tens : Home, g (M,N) @ Home, g, (M',N') — Homg,p (M @ M',N @ N')
pull back to the expected morphisms
T*o: Homeg,,(M,N)®@ Home,, (L, M) — Home ,,(L,N)
(f:9) = feoyg
and
m*tens : Homeg,,(M,N) @ Home,,(M',N") — Home,, (M @ M',N @ N')
(L) = faf.

So, under the identification of Proposition 8.1 the composition and tensor struc-
ture maps for Jfoms /B, are seen to pull back to the usual structure maps for

Coh(G)“(Ba),

9. THE ENHANCED DERIVED CATEGORY D" (G/B,)

In Section 7 we saw that the sheaf-Hom functor #ome, g provides a monoidal

enhancement for QCoh(G‘/Bq) over the classical flag variety. At this point we
want to provide a corresponding enhancement for the (unbounded) derived category
D(G/ B,) of quasi-coherent sheaves over the half-quantum flag variety. Given the
information we have already collected, this move to the derived setting is a relatively
straightforward process. We record some of the details here.

9.1. Homg,p, for complexes. Let dgQCoh(G/B,) denote the category of quasi-
coherent dg sheaves on G /B,. This is the category of quasi-coherent sheaves M
with a grading M = ®,czM", and a degree 1 square zero map dy; : M — M.
Morphisms in this category are the usual morphisms of complexes. We simi-
larly define dgQCoh(G/B). Consider the forgetful functor f : dgQCoh(G/B,) —
QCoh(G/B,).
Let M and N be in dgQCoh(G/B,). For an open U C G/ B and M in QCoh(G/B,)

write M|y = M| -1y. A section

s: 0y %jfomé/Bq(fM7fN)|U
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over an open U C G/B is said to be homogenous of degree n if, for all i € Z, the
restriction s|y; @ M|y — Ny has image in N*™"|y. Here s : M|y — Nly is
specifically the composite

Mly = 0y My — Home, s (FM, fN)|u * My “¥ Nly.

The collection of degree n maps in Jomx /B, (fM, fN) form a subsheaf which we
denote

%”omné/Bq(M,N) C Homegp, (fM, fN).
The sum of all homogeneous morphisms also provides a subsheaf

@nezﬁﬁomg/Bq(M, N) C Home,p (fM, fN).

Definition 9.1. For M and N in dgQCoh(G/B,) we define the inner-Hom complex

to be the dg sheaf consisting of all homogenous inner morphisms

Home,p (M,N) = @nezjfom"é/Bq(M, N)

equipped with the usual differential d sz a8y = (dn )« — (dar)*.

We note that, when M is bounded above and N is bounded below, this complex
is just the expected one

Homg,p, (M, N) = Gnez(®iome g (M, N'*")) along with d .

Evaluation for JZom / Bq( fM, fN) restricts to an evaluation map for the Hom
complex ev : Home, g (M, N)*M — N. This evaluation map induces an adjunc-
tion

HomdeCoh(G/Bq)(y *M,N) = HomdeCOh(é/B)(fja %Om(?/Bq(Ma N)).

9.2. Enhancements for the derived category. We consider the central action
x: D(G/B) x D(G/B,) — D(G/B,)
for the unbounded derived categories of quasi-coherent sheaves, and we have an
adjunction
HomD(G/Bq)(ﬁf*M, N) HomD(G/B)(f,Momé/Bq(M,N))

which one deduces abstractly, or from the adjunction at the cochain level de-
scribed above. Here the x-action is derived by resolving M by K-flat sheaves
and %%”omé/Bq(M, N) = %omé/Bq (M, Iy) for a K-injective resolution N — I.
Evaluation

ev : #Home, g (M, N)®@ M — N

provides composition and tensor structure maps for derived sheaf-Hom Z¢om, /B,
so that we obtain a monoidal category

D" (G/By) = (0bD(C/B,), Fome,p,)

which is enriched in the unbounded derived category of quasi-coherent sheaves on

the flag variety. One restricts along the Kempf embedding, Theorem 6.1, to obtain

a corresponding enriched category DF!(FK G,) for the quantum Frobenius kernel.
We have the derived global sections

H°(G/B, —) = Homp, a5y (Oc/ 5, —)
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and corresponding adjunction isomorphism

~

Just as in the proof of Theorem 7.7 (Appendix A), one finds that the binatural
isomorphism (21) realizes DF"(G/B,), and D¥""(FK G,), as enhancements for
their respective derved categories.

Proposition 9.2. The isomorphism (21) induces an isomorphism of monoidal
categories

H°(G/B, D*"™(G/B,)) = D(G/By),
and similarly H°(G/B, D¥"»(FK G,)) = D(FKG,,).

Proof. As in the proof of Theorem 7.7, one sees that the adjunction map provides
a morphism from the constant sheaf

HOmD(G/Bq)(M,N) %Womé/Bq(M,N)

which recovers the standard evaluation maps for Homp, /g ). This is sufficient to
deduce the result. (]

9.3. Coherent dg sheaves. In the following section, and also in Part II of the
text, we will be interested in objects in D(G/B,) and D(FKG,) which satisfy
certain finiteness conditions. Abstractly, we consider the subcategories of perfect,
or dualizable, objects. In terms of our specific geometric presentations of these
categories, we are interested in coherent dg sheaves. Let us take a moment to
describe these categories clearly.

We consider the derived category Deon(G/B,) C D(G/B,) of coherent, B,-
equivariant dg sheaves over G/ B,. These are, equivalently, complexes in D(G/ By)
with bounded coherent cohomology, or complexes in D(G/B,) which are dualizable
with respect to the product ® = ®@L. We have the subcategory Deon(FKG,) C
Deon(G/ By) of coherent G4-equivariant dg sheaves. These are, again, the dualizable
objects in D(FK G,) and the subcategory Deon(FKG,) is equivalent to the full
subcategory of objects with bounded coherent cohomology.

In the case of FK G, all objects in Deon(FK G) are obtainable from the simples
in FK G, via a finite sequence of extensions, so that

Deon(FKGy) = (S), S = the sum of the simples in FKG,.

Here (A) denotes the thick subcategory in D(FKG,) generated by a given ob-
ject A. All objects in Dcon(FK G,) have finite length cohomology, and under the
equivalence

1": D(FK Gy) = D(u(Gy))(= D(Repu(G,)))
the subcategory Deon(FK Gy) is sent to the subcategory Dgn(u(Gy)) in D(u(Gy))
consisting of bounded complexes of finite-dimensional representations.

9.4. Enhancements for the coherent derived categories. When we consider
the enhancements D***(G/B,) and D" (FK G,) provided above, we can be much
more explicit about the evaluation and tensor maps when we restrict to the sub-
categories of perfect (i.e. dualizable) objects. Let DE8M(G/B,) and DERM(FK G,)

coh coh
denote the full (enriched, monoidal) subcategories consisting of coherent dg sheaves

in DP*h(G/B,) and DP"M(FK G,) respectively.



37

For coherent M and bounded N we can adopt any of the explicit models
FHome g (M,N) = Homeg g (M, In)or Homegp (P, In)
or Home,p, (Prr,N)

depending on our needs, where Py — M and N — Iy are resolutions by rela-
tive projectives and injectives respectively. The composition maps for these inner
morphisms can then be obtained from composition at the dg level

o: <%ﬂOTn@/Bq(]W, IN) ®<%”0mé/3q(PL,M) — %Omé/Bq(PL,IN),
as can the tensor structure maps
tens : Home, g, (Py, N)® Home, g (Prr, N') — Home,p (Py @ Par, N@N).

Of course, the equivalences of Proposition 9.2 realize DE3"(G//B,) and DER (FK G,)

coh coh

as enhancements of Dcoh(é /Byq) and Deon (FK Gy) respectively.

10. FIBERS OVER (/B AND THE SMALL QUANTUM BORELS

For each geometric point A : Spec(K) — G/B, pulling back along the map
Ly : By — G provides a monoidal functor

15 : QCoh(G/B,) — QCoh(B,) Fx)e = 5.

When we precompose with the Kempf embedding we recover the standard restric-
tion functor from the quantum Frobenius kernel resy = ¢} o Kempf, as described in
Section 4.4.

In this section we show that the derived pullback L5 : D(G/B,) — D(%))
localizes to provide natural maps

LN %A ome, g (M, N) — RHomg, (L3 M, Li3N) (22)

which are in fact quasi-isomorphisms whenever M is coherent and N is bounded.
(See Theorem 10.3 below.) We view this result as reflecting a calculation of the
fibers

~

Vectr ®QCohdg(G'/E) QCOhdg(é/Bq) Dag (%)), (23)

Expected

at the level of infinity categories. One should compare with the calculations of [13]
in the symmetric setting.

The calculation (22) is of fundamental importance in our study of support theory
for the small quantum group, as it allows us to reduce analyses of support for the
small quantum group to corresponding analyses of support for the small quantum
Borels.

10.1. Elaborating on the pullback map. Consider a geometric point A : Spec(K) —
G/B. As discussed above we have the pullback functor

i3 : QCoh(G/B,) — %y.

We let QCoh(G/B) act on %, via the fiber \* : QCoh(G/B) — Vect and the
linear structure on %,. We claim that under this action on %, the map ¢} is
QCoh(G/B)-linear. Indeed, for any sheaf .# over G//B we have

HNF+—)=3(1"F @ —) =)\ (F) @ 13—
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and (57 is naturally isomorphic to unit* \*, since we have the diagram

B, 2 G
unitl ™
Spec(K) —> G/B.

This identification of pullbacks therefore provides a natural isomorphism
AT (F) @y — Zunit" A(F) @ in— = A(F) Qp tx —.
So in total we have the natural isomorphism
BT % =) =X (F) @ 3(-)
at all 7 in QCoh(G/B) which provides the pullback functor ¢} : QCoh(G/B,) —
2% with the claimed QCoh(G/B)-linear structure.

10.2. The natural map A" #omg,p — Homg,. Consider M and N in QCoh(G/B,).
By the information of the previous subsection we can apply the pullback functor
¢y to the evaluation maps

ev: Home g (M,N)* M — N
to obtain a map
iev : N Home g (M, N) @ ;M — 3N in the category Z. (24)
By adjunction we then obtain a natural map
o, = ¢(N)m,n : N Home g (M, N) — Homg, (13 M, 13N) (25)

which is compatible with the evaluation, and hence compatible with composition
and the tensor structure. This is to say, the maps ¢, v collectively provide a linear
monoidal functor

d(\) : \* QCoh™™(G/B,) — B.

Proposition 10.1. The map ¢y of (25) is an isomorphism whenever M is
coherent and relatively projective.

We delay the proof to the end of the section, and focus instead on the implications
of Proposition 10.1 to our analysis of the derived inner-Hom functor.

10.3. The derived map L#()\) : LA* D (G/B,) — DF"h(4%,). Let us begin
with a basic lemma.
Lemma 10.2. (1) If M is relatively projective in QCoh(G/Bq) and N is flat,
then the sheaf Home,p (M, N) is flat over G/B.
(2) For any sheaf F over G /B, complex P of relatively projective sheaves over
G/Bq, and bounded complex N of flat sheaves over G’/Bq, the natural map
F % Homg,p,(P,N) = F @ Home,p (P,N)

18 a quasi-isomorphism.
(3) For any closed subscheme i : Z — G /B, and P and N as in (2), the natural
map
Li*Aome g (P, N) — i* Home, g (P,N)

18 a quasi-isomorphism.
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Proof. Let us note, before beginning, that flatness of N implies exactness of the
operation — x N = 7*(—) ® N. For the first point, consider an exact sequence
0— F — F — F"” — 0 of coherent sheaves and the corresponding possibly
(non-)exact sequence

0— F' @ #om(M,N) - .F @ #Hom(M,N) = F" @ #om(M,N) — 0.
By the Coh(G/B)-linearity of s#om(M,—), Lemma 7.3, the above sequence is
isomorphic to the sequence
0 — Hom(M,F' « N) — Hom(M,F x N) — Hom(M,F" x N) — 0.

The second sequence is exact by flatness of N and local projectivity of M. So we
see that sZom(M, N) is flat relative to the action of coherent sheaves on G/B. This
is sufficient to see that #om(M, N) is flat in QCoh(G/B).

For the second point, resolve .# by a finite complex of flat sheaves .7’ — Z.
Via a spectral sequence argument, using flatness of s#om (P, N) in each degree, one
sees that the induced map

F QY Hom(P,N) = F' @ #Hom(P,N) — F @ #om(P,N)
is a quasi-isomorphism. Point (3) follows from point (2) and the identification
Li*(—) =i.07 @" —. O
We now consider the derived category D(G/B,). We have the derived pullback
L.} : D(G/B,) — D(%))
which still annihilates the D(G/B)-action. So, as in Section 10.2, we get an induced
map on inner-Homs
Loy,n : LN ZHome g (M, N) — RHomg, (L3 M, L3 N)

which is compatible with composition and the tensor structure. We therefore obtain
a monoidal functor

L¢(\) : LA*DF"™(G/B,) — D™ (,), (26)
where DFP1'(4,) is the linear enhancement of D(%,) implied by the action of
D(Vecty,).

Consider coherent M and bounded N in D(G/Bj). (By coherent we mean that
M is in Deon(G/By).) If we express Z#om /B, Py resolving the first coordinate
by relatively projective sheaves, which are necessarily flat, and we replace N with
a bounded complex of flat sheaves if necessary, the map L ¢y n is simply the fiber
map

L¢M,N = ¢M,N : /\*%omé/Bq(PM,N) — Hom%‘)/\(LKPM,LKN)
defined at equation (25), via Lemma 10.2 (3). By Proposition 10.1, the map L ¢ n
is then seen to be an isomorphism whenever M is coherent and N is bounded.

Theorem 10.3. The map
Lomn : LN ZAHome 5, (M, N) — RHomg, (L3 M, Li3N)

is a quasi-isomorphism whenever M is coherent and N is bounded. Consequently,
the monoidal functor

Lo(\) : LA*DPN(G/B,) — D*" (%))
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is fully faithful when restricted to the full subcategory of coherent dg sheaves. Fur-
thermore, every simple representation in 9By is in the image of L ¢(\), and a pro-
jective generator for By is also in the image of L ¢(N).

Proof. We have already argued above that L ¢(\) is fully faithful. For the claim
about the simples and projectives, we just note that L.} Ey =} Ey for each By-
representation V. Hence all of the vector bundles Oy ®5 V = (JEy are in the
image of L ¢(\), which we recall is simply L} on objects.

Now, for any = € By, the tensor equivalence = : &y — %, = FK B, sends the
bundle 03 ®;V to the vector bundle Oy @V = EY,, where E” : rep B, — FK By is
the de-equivariantization map. Since all of the simples, and a projective generator,
for FK By lie in the image of de-equivariantization, it follows that all simples and
a projective generator for £, lie in the image of Ly, and hence in the image of
Lo(A). |

One might read the latter point of Theorem 10.3, loosely, as the claim that
each fiber L A*DEh(G/ B,) is approximately the derived category of sheaves for

the associated Borel §
L\ D*(G/B,) ~ D" (4,).
10.4. Proof of Proposition 10.1.
Proof of Proposition 10.1. Recall the explicit expression of JZom s /B, in terms of
morphisms in QCoh(G/u) = QCoh(G)*“Ba) | provided by Proposition 8.1. After
pulling back 7* : QCoh(G/B) 5 QCoh(G)® we, equivalently, have a morphism
(0(By) ® () Home (M, N))P — Homg, (13M, N) (27)

which is compatible with evaluation, and we are claiming that this map is an iso-
morphism. By Lemma 7.3, or rather the proof of Lemma 7.3, and local projectivity
of M the map

O(Bx) @ (¢ Homg ,, (M, N) — Homg ,,, (M, i3N), f @& f-redy§
is an isomorphism, where redy : N — (3N is the reduction map. (Here we are view-
ing sheaves on B) as sheaves on G via pushforward.) Furthermore Homg, ,,, (M, (3 N)
Homyg ,, (13 M, 3 N) and when we take invariants we have
Homg ,, (XM, (3N)? = Homegy, /) (3M, e5N).
We therefore have an isomorphism
(0(B)) ® g Homeg (M, N)E = Homg (XM, 5N) (28)
given by f®¢ +— fredy(§), and under this isomorphism the reduction of evaluation
for Hom /U(M , IN) appears as the expected evaluation map
Homeg g (M, 3N) @k 3 M — XN, £@m = {(m).
Now, under the identification (28) the map (27) now appears as
HomG/Bq(L;‘\M, 3N) = Homg, (XM, 5N), & ¢&. (29)

One simply observes that these morphism spaces are literally equal, since &) =
Coh(By)Pa and Coh(G/B,) = Coh(G)Pe, and notes the map (29) is the identity
to see that (29) is an isomorphism. It follows that our original map (27) is an
isomorphism. [
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Part 2. Support Theory and the Springer Resolution

In Part IT of this document we explain how the monoidal enhancement D¥""(FK G,)
from Part I can be used to produce a N-valued support theory for the small quan-
tum group. Having accepted the appearance of the flag variety CJ/B from Part
I, the Springer resolution then appears via the global (tensor) action of the en-
domorphism algebra Z#omrk g,(1,1) on DE"M(FK G,). The cohomology of this
algebra is shown to be the pushforward p. &' of the structure sheaf for the Springer
resolution along the (affine) projection p : N'— G/B (see Theorem 11.3 below).

We show that our N-valued support for the small quantum group induces a
surjection from the projectivized Springer resolution P(N) to the Balmer spectrum
for FK G, at least in type A. This surjection is a generic homeomorphism, so that
the Springer resolution essentially resolves the Balmer spectrum in this case.

Throughout this portion of the paper we focus on the category of sheaves for the
quantum Frobenius kernel FK G, rather than the half-quantum flag variety. When
necessary, we translate results about the half-quantum flag variety to the quantum
Frobenius kernel by restricting along the Kempf embedding (Theorem 6).

11. THE ALGEBRA #(G,) AND THE SPRINGER RESOLUTION

Recall our monoidal enhancement D¥""(FK G,) with its corresponding mor-
phism sheaves Z#omrk g, (see Section 9.2). We have the algebra

R(Gy) = RAomrk ,(1,1)

in the derived category D(G/B) which acts on the left and right of all morphisms
Rtomyk g,(M, N) via the tensor structure.

We provide below some preliminary comments on the algebra %(G4) which ori-
ent our support theoretic discussions. The first point of the section is to give a basic
description of the algebra Z(G,,) and its binatural global action on DE"»(FK G,,).
The second point is to recognize that the cohomology of Z(G,) recovers the struc-
ture sheaf for the Springer resolution,

H*(%#(G,)) =p.O, wherep: N — G/B is the projection.

The cohomology groups &xtrk g, (M, N) can then be understood as G,,-equivariant
sheaves on the Springer resolution, at arbitrary M and N.

11.1. Commutativity of Z(G,) and centrality of the global action. For any
M and N in D(FKG,) we claim that the diagram

R(G,) @ BHom(M,N) —— > Zsom(M, N)
symmi
act

Rom(M,N) @ Z(G,)
commutes. This is equivalent to the claim that the adjoint diagram

R(Gy) @ Br#om(M,N) x M N (30)

symm®1l /

Hom(M,N) @ Z(G,) » M
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commutes.

Proposition 11.1. The algebra Z(G,) is commutative in D(G/B), and the tensor
actions give each Z#omyk g, (M, N) the structure of a symmetric Z(G)-bimodule

in D(G/B).

This result is not completely formal, and is not valid when M and N are replaced
with objects in the ambient category D(G/By), as far as we can tell. (The problem
is that the evaluation maps s€om(M, N)* M — M are not central morphisms in

D(G/B,), even when M and N are central objects.) We provide a proof in Section
A3 of the appendix.

11.2. The Springer resolution. Recall that the Springer resolution N is the
affine bundle N’ = G x ;5 0 over the flag variety, where n is the (positive) nilpotent
subalgebra n C g. (Here g is the Lie algebra for G, which is the same as the Lie
algebra for G.) Equivalently, the Springer resolution is obtained as the relative
spectrum [66, Ex. 5.17] of the descent of the B-equivariant algebra O @ Sym(n*)
over G,

N =G xn=Specg, 5 (descent of O @y, Sym(n*)) = Specg, 5(Sym(&)). (31)

Here & is the vector bundle on G/B associated to the B-representation n*.

From this construction of A as the relative spectrum of Sym(&) we see that
pushing forward along the (affine) structure map p : N =G /B provides an identi-
fication p.O0 5 = Sym(&’) and also an equivalence of monoidal categories

ps : QCoh(N) = QCoh(p. O%)-

To be clear, the latter category is the category of modules over the algebra object
p+Ox in QCoh(G/B), and the monoidal product is as expected ®p, o

It is well-known that the Springer resolution N is identified with the moduli
space of choices of a Borel in g, and a nilpotent element in the given Borel,

Moduli = {(bx,x) : by C g a Borel z € b is nilpotent} (32)

[29, §3.2]. This moduli space sits in the product Moduli ¢ G/B x N, where N’
is the nilpotent cone in g, and we have an explicit isomorphism between N and
Moduli given by the G-actions on the two factors in this product,

N =G x5n> Moduli, (g,z)— (Ady(b), Ady(z)).

In the above formula b is the positive Borel in g. We identify N with this moduli
space when convenient, via the above isomorphism.

We consider A as a conical variety over G'/B by taking the generating bundle &
to be in (cohomological) degree 2. In terms of the moduli description given above,
this conical structure corresponds to a G,,-action defined by the squared scaling
c-(by,z) = (by,c? - ).

Remark 11.2. For certain applications N might be viewed, more fundamentally, as
a dg scheme over GG/ B which is generated in degree 2 and has vanishing differential.
Compare with [5] and Part III of this text.
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11.3. The moment map. Given our identification of the Springer resolution N
with the moduli of pairs (32), we have two projections by « (by,z) — x which
define maps p : N = G‘/B and k : N — N. The map p is affine, and simply
recovers the structural map N = Specg 5 (Sym(&)) — G/B. The map k provides

an identification of the affinization of N with the nilpotent cone,
K ~aff i) N.
The map k is called the moment map. The moment map is a proper birational

equivalence, and so realizes the Springer resolution as a resolution of singularities
for the nilpotent cone [69, Theorem 10.3.8].

11.4. A calculation of cohomology. The following result is deduced immediately
from results of Ginzburg and Kumar [60].

Theorem 11.3. There is a canonical identification
H*(%(Gq)) = p« O,
as sheaves of graded algebras over G/B.

Proof. Recall that QCoh(G /u) = QCoh(G)*“Pa), by definition. We have
<%ffOTné/u(l, 1) = Os @y, RHOIIIH(BLI)(]{:7 k),

where RHom,,(p,)(k, k) is given its natural B-action as inner morphisms for the
Rep(B)-action on Rep(B,). Hence, by the calculation of Ext,p,)(k, k) provided in
[60, Lemma 2.6], we have

H*(%Omé/u(l, 1)) = ﬁé Rk EXtu(Bq)(k, k‘) = ﬁ@ R Sym(n*).
One therefore applies Proposition 8.1 to obtain
H*(%(Gq)) = H* (%#0om¢ p,(1,1)) = descent of O @), Sym(n*) = p, O
O

As noted in the original work [60], the higher global section H>°(G/B, p. 0%)
vanish so that Theorem 11.3 implies a computation of extensions for FK Gy. In
the following statement &'(N) is considered as a graded algebra with generators in
degree 2.

Corollary 11.4 ([60]). There is an identification of graded algebras Extrk g, (1,1) =
ON).

12. N-SUPPORT, AND AN APPROXIMATE DERIVED CATEGORY

In this section we define N- -support for the category Deon(FK G,) of coherent
dg sheaves for the quantum Frobenius kernel.

If we ignore some subtle points, one can think of the situation as follows: For
the category D¥"M(FK G,), we have the algebra of extensions %Z(G,) which acts
centrally on all objects in DP"®(FK G,,) via the tensor structure. Following a stan-
dard philosophy of support theory, articulated in [16] for example, we understand
that this central action of #(G,) then defines a support theory for objects in
DEY(FK G,) = obj D(FK G,;) which takes values in a spectrum Spece, 5(%£(Gy))-
This spectrum is approximately the Springer resolution, by Theorem 11.3.
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Below, we restrict ourselves to coherent dg sheaves and work with the cohomol-
ogy of D¥"'(FK G,), rather than D¥"'(FK G,) itself. At the level of cohomology,
we have precisely Specg,p(H"(Z(Gy))) = N, and thus gain immediate access to
the Springer resolution.

12.1. Preliminary remarks on support notation. For a Noetherian scheme Y,
and .# in QCoh(Y), we denote the standard sheaf-theoretic support of .# as

Suppy (F) ={y € Y : #, # 0}.

When # is coherent we usually employ the (equivalent) definition via vanishing of
fibers. More generally, if p : X — Y is an affine map, and ¢ is a sheaf of p,O0x-
modules in QCoh(Y'), then we let Suppy (%) denote the support of the unique-
up-to-isomorphism quasi-coherent sheaf on X which pushes forward to ¢. In the
coherent setting this support can again be calculated via the vanishing of fibers
K(z) ®p, 04 ¢4 along algebra maps z : p,Ox — K(x).

In addition to sheaf-theoretic supports we are also interested in support theories
for various triangulated categories. (One can see Section 16.1 for a thorough dis-
cussion of support theories in the abstract.) Such support theories take values in a
scheme Y, and will be written in a lower case

suppy or suppl®V.

The optional label “flav” indicates the particular type of support theory under
consideration (cohomological, universal, hypersurface, etc.). This upper case/lower
case distinction for support is employed throughout the text, without exception.

12.2. Defining ./\7-support. Let M be an object in D(FK G,) and consider the
sheafy derived endomorphisms Z#omrx ¢,(M,M). Via the monoidal structure
on DEM(FKG,) these endomorphisms form a sheaf of modules over Z(G,) =
FHomrx c,(1,1) in the derived category of sheaves over G/B. Hence we take
cohomology to obtain a sheaf
gthKgq(M,M) = H*(WomFKgq(M,M))

of H*(#(Gq)) = p«Of-modules (see Theorem 11.3). We can then consider the
support ~

Supp i Strk o, (M, M) C Specé/é(p*ﬁﬁ) =N. (33)
This support is a conical subspace in N. The following lemma is deduced as an
immediate consequence of Proposition 12.6 below.

Lemma 12.1. For M in Deon(FK Gy), the support (33) is closed in N.

If we take this point for granted for the moment, we obtain a reasonable theory
of support for coherent dg sheaves.

Definition 12.2. For any M in Deon(FK Gy) we define the /\N/—support supp (M)
as
suppg(M) := P (Suppﬁ/ Extrk a, (M, M)) c PWN).

By Lemma 12.1, this support provides a map

supp i : 0bjDeon(FK Gy) — {closed subsets in P(N)}

We discuss the basic properties of N. -support below, after establishing the appro-
priate global framework for our discussions.
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12.3. The QCoh(J\N/ )¢m-enriched category Z(FKG,). The cohomology sheaves
Ewtrk g, (M, N), introduced above, exist within an enriched monoidal category
obtained as the cohomology the category DF"!(FK G4). We take a moment to
describe this enriched category.

Recall our algebra Z(G,) = #Z#omrk g, (1,1) from Section 11, and take Zyn =
R omrpk ¢, (M, N). The associativity of the monoidal structure on D" (FK G,)
ensures that the product maps

BN @ BNt — BrvigoM! NN

are #(Gq)-bilinear, in the sense that we have a diagram

Eun QX (Gy) @ BNt = BN @ XN tens EMeM NN -
By a similar reasoning, composition is %(G)-bilinear in the sense that we have a
diagram
Bun @ R(Gy) @ R = Bun @ RBrv — ZLn -
Hence we apply the lax monoidal functor H* : D(G/B) — QCoh(G/B)® and

observe the identification N = Specg 5 (H*(#(Gy))) of Theorem 11.3 above to
find the following.

Proposition 12.3. The cohomology H*(D¥"(FK G,)) of the D(G/B)-enriched
category D" (FK G,) is naturally enriched in the symmetric monoidal category of
G, -equivariant sheaves on the Springer resolution N

To be more precise, Theorem 11.3 tells us that the cohomology H*(D¥""(FK G,))
is naturally enriched in the category of graded, quasi-coherent p. & -modules over

G/B. Via the equivalence p, : QCoh(/\N/')Gm — QCoh(p. ﬁﬁ)gwded we then view
H*(D¥"M(FK G,)) as enriched in the category of G,,-equivariant sheaves over the
Springer resolution, by an abuse of notation.

Definition 12.4. We let 2(FKG,) denote the QCoh(N)Em-enriched monoidal
category
2(FK G,) := H*(D"™™"(FKG,)).
We take
the quasi-coherent G,,-equivariant sheaf

Extyk ¢, (M, N)*® = ¢ on N associated to the graded p, O i-module
o@xtFKgq(M, N)

So the morphisms in Z(FK G,) are the sheaves &xtyk ¢, (M, N)P.
As we have just explained, we have an identification of p, & -modules
p*gl‘tFK Gq (M, N)Spr = gItFK Gy (M, N)

at arbitrary M and N in D(FK G,;). We note that the category Z(FK Gy) is not
an enhancement of the derived category D(FK G,), but is some approximation of
D(FK G,). Indeed, we have the local-to-global spectral sequence (Corollary 7.10)
By =
RT(N, Extrx a, (M, N)*®) = RTY(G/B, Exthyc o (M, N)) = Extpl (M, N)
which calculates the extensions Extrx ¢, (M, N) as an &(N)-module.
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Remark 12.5. To say that the cohomology Z(FK G,) of the category D" (FK G,)

is monoidally enriched in QCoh(N)®m simply collects a number of structural results
about the cohomology of the derived sheaf-morphisms Z#omrk ¢, into a single
statement. Having accepted these structural results, one can easily avoid direct
references to the ambient category Z(FK G,). For this reason, 2(FK G,) makes
very few appearances in later sections of the text.

12.4. A coherence result. Before stating our coherence result we note that the
functors S
FHomyx a,(M,—) : D(FKG,) — D(G/B)
and ZAHompk ¢, (—, M) : D(FK G,)°? — D(G/B)

are exact. One can see this directly, or by referring to the abstract result [87, Lemma
5.3.6). We recall also, from Section 9.3, that the category Dcon(FK G,) of coherent
dg sheaves for the quantum Frobenius kernel is equal to the thick subcategory in
D(FKG,) generated by the simple (coherent) objects in FKG,. The following
result is proved by a standard reduction to the simples.

Proposition 12.6. For M and N in Deon(FK Gy) the sheaf Extr g, (M, N)SPr s
coherent over N.

Proof. For any L in D(FK G) the functors Z#omyx ¢, (—, L) and Z#Homrx ¢, (L, —)
are exact, and hence provide long exact sequences on cohomology when applied to
exact triangles. For a triangle M — N — M’ in D(FK Gy) the corresponding long
exact sequence on cohomology provides exact sequences

Ext(M',L) — Ext(N, L) — Sxt(M, L) and Sxt(L, M) — Ext(L,N) — Ext(L, M'")
of p. 0 p-modules. Via these exact sequences we see that it suffices to prove coher-
ence of the sheaf &xtrx ¢, (M, N)®* for simple M and N in FK G,. By Proposition
3.3 it then suffices to establish coherence of &xtrk ¢, (Ev, Ew )% for equivariant

vector bundles associated to finite-dimensional G -representations V and W. In
this case we have

Srtrk g, (Ev, Ew) = descent of O @ Exty(p,)(V, W)

as a p.0-module, by Proposition 8.1. Since Ext, Bq)(V, W) is finitely-generated
over Exty(p,)(k, k) = Sym(n*) [60, Theorem 2.5], it follows that the descended sheaf
Sxtrk g, (Ev, Ew) is generated by a coherent subsheaf .# C &uwtrk g, (Ev, Ew)
over G/B, as a p. O y-module, and hence the associated sheaf &'ztrk ¢, (Ev, Ew )%

over N is coherent. O

12.5. Properties of N. -support. As was mentioned above, the coherence result
of Proposition 12.6 implies that the support

Supp 5 Ewtrk g, (M, M) C N

of a coherent dg sheaf M is a closed conical subvariety in the Springer resolution.
Subsequently, the A'-supports supp (M) are closed subspaces in P(N). This point
was already recorded at Lemma 12.1 above.

The following standard properties of N -support are proved as in [14, §5.7], and
simply follow from naturality of the (G, )-action on the sheaves Z#omrx ¢, (M, N)
and the fact that Z#omrk ¢, is exact in each argument. We let ¥ denotes the
shift operation on the derived category D(FK G,).
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Lemma 12.7. The assignment M suppﬁ(M) s a triangulated support theory
for Deon(FK G,). That is to say, N -support has the following properties:

supp(1) = P().
supp (M) = supp (XM for all M in Deon(FK Gy), and suppg(0) = 0.

supp (M @ N) = supp (M) Usupp (V).
For any triangle M — N — M’ in Deon(FK Gy) we have

supp (V) C (supp (M) Usupp i(M")).
For the sum of the simples S in FK G, one has
supp (M) =P (Supp/(/ Extyk ¢, (S, M)) .

13. SHEAF-EXTENSIONS AND PROJECTIVITY VIA THE BORELS

In this section we analyze the behaviors of sheaf-Ext for coherent dg sheaves in
D(FKGy). We prove that AV-support for the coherent derived category vanishes
precisely on the subcategory of bounded complexes of projectives in Dgon (FK Gy).
See Proposition 13.3 below.

In the quasi-coherent setting, we use sheaf-extensions directly to provide a strong
projectivity test for objects in D(FK Gy) via the quantum Borels. Our primary
result for the section is the following.

Theorem 13.1 (Projectivity test). For a bounded complex M of quasi-coherent
sheaves in D(FK Gy) the following are equivalent:
(a) M is isomorphic to a bounded complex of projectives in D(FK G,).
(b) At each geometric point \ : Spec(K) — G/B, the restriction resy M is
isomorphic to a bounded complex of projectives in D(ZB)).

We note that (a) and (b) are equivalent to the vanishing of M and resy M in
their respective stable categories (see Section 16.3). So one can view Theorem 13.1
as a vanishing result for objects in the stable category Stab(FK G,). Theorem 13.1
plays a fundamental role in our analysis of thick ideals and the Balmer spectrum
for Deon(FK Gy), provided in Sections 16-17 below.

13.1. Sheaf-Ext and projectivity. We have the following general result about
the behaviors of &ztrk ¢, at projectives.

Lemma 13.2. Let S denote the sum of the simple objects in FKG,. Then an
object N in DY (FKG,) (resp. Deon(FKGy)) is isomorphic to a bounded complex
of projectives (resp. coherent projectives) if and only if éaa:t%?(;q (S,N)=0.

Proof. Suppose that N is projective (equivalently injective) in FK G,. For a pro-
jective generator W from rep G, we therefore have a split surjection ®;c;Ew — IV
from some large sum of the associated free module. Since

©ier€rlrk g, (S, Ew) = Extrk g, (S, Bier Ew)
we see that vanishing of the extension & xt?ﬁ Gy (S, Ew) at the sum of the simples
implies vanishing of the extensions &xtyy G, (S, N). But now, by Proposition 3.3,

there is a G4-representation V' for which S is a summand of Fy. Hence vanishing
of &ty ¢, (Ev, Ew) at such V and W implies vanishing of Extiy G, (S, N).
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Now, having established the above information, we compute
W*éal‘tFKgq(Ev,Ew) = éal'té/u(Ev,Ew)
=0g O Extu(Bq)(V, Ww).

Since W is projective/injective in Rep Gy, its restriction is injective over u(G4) and
thus injective over u(By) as well. So we see Ext,i(OBq)(V7 W) = 0 and hence that
gxtI?I%Gq (S,N) = 0 at any projective N. It follows that cg’xt?I?Gq(S, N) =0 at
any bounded complex of projectives N.

For the converse, suppose that éaxtb?{?(;q (S, N) = 0 at some m. Then the complex

FHomyx , (S, N) is isomorphic to a bounded complex .# of sheaves over G/B.
From the identification

Extrk g, (S, N) = H*(G/B, %#omrxk ¢, (S, N)) 2 H*(G/B, 7)

of Proposition 9.2 (or Corollary 7.10), and the fact that the hypercohomology of
a bounded dg sheaf over G//B is bounded, it follows that Ext?}gcq(S, N) = 0.
Therefore N is isomorphic to a bounded complex of injectives in DT (FK G,), and
hence a bounded complex of projectives since FK G, is Frobenius. When N is in
Dcon(FK G,) these projectives can furthermore be chosen to be coherent. O

13.2. Projectivity and ./\N/'-support. Essentially as a corollary to Lemma 13.2 we
obtain the following.

Proposition 13.3. For an object M in Deon(FK Gy) the following are equivalent:

a) The ./\N/'—support of M wanishes, supp (M) = 0.
b) M is isomorphic to a bounded complex of projectives.

Proof. A G,,-equivariant coherent sheaf .# over N is supported at the 0-section of
the flag variety G/B — N if and only if .7 is annihilated by a power of the ideal
of definition m C O for the O-section. By checking over affine opens U — G / B,
whose preimages p~1U C N provide a G,,-stable affine cover of N , one sees that
such an % must have bounded grading when considered as a graded sheaf over
G/B. From this generic information we see that é"xt%? Gy (S, M) = 0, where S is

the sum of the simples, if and only if &xtrk ¢, (S, M) is supported at G/B C N.
This in turn occurs if and only if supp (M) = (). Finally, Lemma 13.2 tells us
that éamt?I?G (S, M) = 0 if and only if M is isomorphic to a bounded complex of
projectives. ’ (I

13.3. A strong projectivity test: The proof of Theorem 13.1. We now arrive
at the main point of the section. We first recall a commutative algebra lemma.

Lemma 13.4. Let F be a complex of quasi-coherent sheaves over a finite type
scheme X. Suppose that there exists some n > 0 such, at all geometric points
A @ Spec(K) — X, H(LA*Z) = 0 whenever i > n. Then HI(F) = 0 for all
j>n+dim(X).

For X smooth this result follows by [94, Lemma 1.3]. In general one can proceed
by induction on dim(X) and argue as in the proof of [7, Proposition 5.3.F]. Since
we only use this result in the smooth setting we leave the details for the singular
case to the interested reader.
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Proof of Theorem 13.1. Since base change and restriction preserve projectives, (a)
implies (b). We suppose now that M has the property that resy M is isomorphic to
a bounded complex of projectives in D(%)), at all geometric points A : Spec(K) —
G / B. We want to prove that M is isomorphic to a bounded complex of projectives
in D(FKG). Consider the sheaf Z#omrx ¢, (S, M) = #omrx ¢, (Ps, M), where
Ps — S is a projective resolution of the simples in FK G,. By Proposition 10.1
and Lemma 10.2 we calculate the fibers at geometric point X : Spec(K) — G/B as

L\* %A omyk ¢, (S, M) = BAHomg, (resy S,resy M).

Since resy M is isomorphic to a bounded complex of projective, and hence injective
objects in %) by hypothesis, we have

H>T(L /\*%OWFK Gq (S, M)) =0

for some uniformly chose r at all A\. (Here r can be chosen to be the maximal
integer so that H"(M) # 0.) By Lemma 13.4 it follows that

éairt;ﬁGq(S, M) = H>"(%%ﬂ0mFKgq(S, M)) =0

at some n, and hence that M is isomorphic to a bounded complex of projective in
D(FK G,) by Lemma 13.2. We are done. d

Remark 13.5. One can compare the above result with its modular analog from
[94], where the methods employed are somewhat different.

14. /\7—SUPPORT AS A GLOBAL SUPPORT OVER THE BORELS

We consider cohomological support for the small quantum Borels, and adopt the
shorthand

supp$°™ (L) := supp$ °™ (L) = P(Supp,, Exte, (L, L)) for L in Deon(%y).

Here we employ the identification Extg, (1,1) = &(ny) induced by the restriction
functor

res) ﬁ(/\/’) = EXtFKgq(l, 1) — EXt(@A(l, 1).

Theorem 14.1 (Naturality and reconstruction). For any M in Deon(FKGy),

choice of geometric point X : Spec(K) — G/B, and corresponding map iy : ny — N
we have

P(iy)~* supp (M) = suppihom(resA M).

Furthermore, ./\7—supp0rt is reconstructed (as a set) from the supports over the
Borels,

supp (M) = U P(iy) (suppihom(res,\ M)) .
\:Spec(K)—G/B

This naturality property allows us to reduce various analyses of support for the
quantum Frobenius kernel to corresponding analysis of support for the quantum
Borels #),. One can see, for example, Proposition 16.9 and Lemma 16.10 below.
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14.1. Some useful lemmas. Fix a geometric point \ : Spec(K) — G/B. We have
the unit of the pullback-pushforward adjunction which provides natural maps
RHHomyx a,(M,N) = X\ LN*ZHomrx ¢, (M, N). (34)
We take cohomology to get maps
Extrk g, (M, N) — A\ H* (LN ZH omrx ¢,(M, N))
which then reduce to give natural maps
N Extrk g, (M, N) — H*(LX* %A omrx ¢,(M, N)) (35)
via adjunction.

Lemma 14.2. At an arbitrary geometric point A : Spec(K) — G/B, and coherent
equivariant vector bundles Ey and Ew in FK Gy, the map (35) provides a natural
isomorphism

)\*@@xtFK Gy (Ev, Ew) i) H*(L /\*%}fompK Gy (E‘V7 Ew))

Proof. Let + = 1y : By — G be the fiber over the point A : Spec(K) — G/B.
We can check that the given map is an isomorphism after applying the equivalence
7* : QCoh(G/B) — QCoh(G)?. Over G we are pulling back along the map ¢ and
(35) is the descent of the corresponding morphism

L*é‘)mté/u(Ev, Ew) — H*(L L*%%”om(;/u(EV, Ew)),

by the explicit description of sheaf-Hom given in Section 8. At the level of equi-
variant cochains we have Z#omg,,(Ev, Ew) = Og ®; RHom, (V, W) so that

Lo %A ome ,, (Ev, Ew) = " Og @ RHom,, (V, W)
and the map (34) is just the expected reduction
O @ RHom, (V, W) — 1,05, @ RHom,, (V, W)

induced by the reduction on the first factor 0. One takes cohomology to observe
that the map of interest

Oy @k Exty (V,W) - H* (1" O ®, RHom,, (V, W))
is just the obvious isomorphism. (Il

Now, we have the global sections morphism & 1Bk RHomyk g, — %/ omrk q,
of Section 7 and the map

L )\*WomFK G, — RHOmggA (res,\ —,Tres) —)

of Theorem 10.3. We therefore compose with (34) and take cohomology to obtain
a binatural morphism

mystery. map : O/ 5 ® Extri g, (M, N) = A\ Extag, (resy M,resy N).  (36)

This mystery map is defined by its global sections, at which point the 0 /B factor,
and the pushforward A, in (36) disappear. The following lemma clarifies a subtle
point.

Lemma 14.3. The global sections of the mystery map (36) are identified with
restriction resy : Extrk g, (M, N) — Extg, (resy M,resy N).
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Sketch proof. As usual, the identification of these two maps follows by some com-
patibility with evaluation. To summarize: The map (306) is alternatively specified,
at the cochain level, by the corresponding pullback

RHompk ¢, (M, N) = L )\*ﬁé/g@kRHomFK c,(M,N) — RHomg, (resy M,resy N),
(37)
which is given by precomposing the global sections morphism for Z#omrx ¢, with
the reduction
FHomyx a,(M, N) = LN ZHomyk g, (M, N) . = RHomg, (resy M, resy N).
Theorem 10.3
(38)
Since the map (38) is compatible with evaluation, as is the global sections map
ﬁé/g ®r RHomryk ¢, — #ZHomrk q,, we see that (37) is compatible with evalu-

ation. This specifies the morphism (37) as the one induced by restriction res) :
FKG, — %,. O

14.2. Supports and the fibers. At a given point X : Spec(K) — G/B the asso-
ciated embedding ny — ./\~/'K provides a calculation of the fiber &'(ny) = A p, O
as an algebra over Spec(K). By Lemma 14.2 we have a corresponding calculation
O(ny) = H*(LANZ(G,)). So, for any Z(G,)-module ¢ in D(G/B) one takes fibers
and cohomology to obtain two graded modules

NH*(4) and H*(L\'9) (39)

over O(ny).

In the case of ¥ = ZHompka,(M,N), with M and N coherent and in the
image of the de-equivariantization E_ : Dg,(Gy) = Deon(FK G,), one can employ
Lemma 14.2 to deduce an identification of &'(ny)-modules \*H*(¥¢) = H*(L\*9).
At general M and N one does not expect such an identification of the modules
(39). However, one does find that the supports of these two modules are identified
at arbitrary coherent dg sheaves.

Proposition 14.4. At an arbitrary geometric point \ : Spec(K) — G/B, and M
and N in Deon(FK Gy), we have an equality of supports

Supp,, AN Extrk g, (M, N) = Supp,, H*(L \*Z#omyk g, (M, N)).

The point is essentially that the support of the cohomology of a dg sheaf over a
formal dg scheme can be calculated by taking derived fibers at the dg level. (By a
formal dg scheme here we mean one which is quasi-isomorphic to its cohomology.)
However, one has to deal with certain complications due to the fact that the algebra
Z(G4) has not been shown to be formal at this point (cf. Conjecture 18.4 below).

Proof. We may assume A is a k-point by changing base if necessary. We first make
an argument about the pullback 7*Z#omrk ¢, (M, N) = %ZHome (M, N) along

the flat cover 7 : G — G/B (see Proposition 8.1).

Step 1: The algebra Womé/u(l,l) is realizable as a quasi-coherent sheaf of
dg algebras over G, and %%ﬂomé/u(M, N) is realizable as a dg module over this
algebra. Furthermore, the dg algebra %%”omé/u(l, 1) is formal.
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Consider the sheaf Z#0om, (M, N) of %#om, ,(1,1)-modules in D(G). (Here
we forget about B-equivariance.) We note that, over G, HHom /u(l, 1) is repre-
sented by the dg algebra &ndg, (P) and %Z#ome ,, (M, N) is represented by the
dg module Jomg ,, (P ® M, N) over this dg algebra. Here P — 1 is a projective
resolution of the unit, and we may choose P = Ep(= Oy ®y P) for a projective
resolution P — k of the trivial representation in Rep Gy. Then we have the dg
algebra quasi-isomorphism

O ®1 Endy(P) = &ndg ), (P), f@r&ms (F-—) k€

and by the generic formality result [5, Proposition 3.7.7] we have a quasi-isomorphism
of dg algebras
O @1 Sym(n") = O @y Endy(P),

for some special choice of P. Here the generators n* in the algebra s @4 Sym(n*)
are taken to be in cohomological degree 2. So, we conclude that the dg alge-
bra éndg,, (P) is formal, and we have a dg sheaf of g @) Sym(n*)-modules
Home (P ® M, N) whose cohomology is equal to &xte,, (M, N) as an O @k
Sym(n*)-module. We have now established the claims of Step 1.

Let us now consider the closed embedding ¢ : B\ — G of the B-coset over the
given point A : Spec(k) — G. Pulling back along the map ¢y provides a functor

L} 1 Og @, Sym(n*)-dgmod — Op, ®j Sym(n*)-dgmod

between derived categories of sheaves of dg modules. We can also consider graded
modules over these algebras, and have the pullback functor ¢§ between the corre-
sponding graded module categories, at an abelian level.

Step 2: For a coherent dg sheaf F over Oz @ Sym(n*), there is an equality of
supports
SupkaXnLiH*(ﬁ):SuppBAXnH*(LL}‘ﬁ). (40)

In particular, one has such an equality of supports for F = Womé/u(M, N).

Take o7 = Ox @ Sym(n*). By a coherent dg sheaf over &/ we mean specifically
a dg sheaf .# with coherent cohomology. Up to quasi-isomorphism, such .% can be
assumed to be a locally finitely generated over o/ [91, Lemma 4.5].

We consider a point in the dg spectrum Spec(«), i.e. a graded algebra map
o — K(z)[t,t71] with deg(t) = 2. Here by K(z) we mean the pushforward of the
structure sheaf on Spec(K) along a given map z : Spec(K) — G, so that the dg
algebra K (z)[t,t71] is supported at the image of x. By dg commutative algebra
[28, Theorem 2.4] we understand that at any point &/ — K (x)[t,t~!] we have

K@)ttt ey H(F)=0 < K)[t,t ol Z isacyclic. (41)
If we consider the embedding ¢y : By — G as above, the formula (41) tells us
Supp g, xu taH " (F) = the dg support of L:3.# over By x n,

where the dg support is given by taking derived fibers along graded algebra maps
o — K(x)[t,t7']. Now a similar calculation to (41), with .# replaced by .# =
L7, gives

the dg support of L13.% over By x n = Suppp, «n H*(Li3F)
and thus Supp, ., (3 H*(F) = Suppp, », H*(L3.7).
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Step 3: The equality of supports (40) implies an equality of supports Supp,, \*H*(¥) =
Supp,, H*(LA*Y) for the Z(Gy)-module 9 = %A omyx c,(M, N).
Via the pullback diagram

[N

B G
unitl lﬂ'
Spec(k) A G/B.

we observe an identification of monoidal functors L{7* = unit* LA* : D(G/B) —
D(B)) which restricts to an isomorphism of functors between module categories

Lm™ Zunit" LA" : Z(Gy)-mod — O, @ Sym(n*)-mod, (42)
where we employ the isomorphism of 5, -algebras
Lym*%(Gy) = Lix%#Homeg,,(1,1) = O, @) Sym(n”)

deduced from Step 1 above. To be clear, in (42) we are considering the module
categories for these algebra objects in their respective derived categories.
We also calculate

Sym(n}) = RHomg, (1,1) 2 LA*2(G,)
by Theorem 10.3 and another application of the formality result of [5, Proposition
3.7.7]. Hence unit* LAN*Z(G,) = O3, ®;, Sym(n}) and the identification of functors
L 57* = unit® L A* provides an isomorphism of algebras

¢: O @ Sym(n}) = Op, @), Sym(n*). (43)
One changes base along ¢ to view the pullback functor

unit® : Sym(n})-mod — &5, ®; Sym(n})-mod = Op ®j Sym(n*)-mod
re; <1)71

®

as a functor to the category of Op, ®) Sym(n*)-modules, and one employs this
particular understanding of the pullback unit* in the identification of functors (42).
To elaborate further on the isomorphism (43), the map ¢ is dual to an isomor-
phism of By-schemes ¢ : By x n — B) x ny, which is subsequently specified by a
map of k-schemes
t: B,\ Xn—ny.
The map t is the composite of ¢ with the projection py : By x ny — ny. The functor
unit”® : Sym(nj)-mod — Op, ®j; Sym(n*)-mod is then, geometrically, just pulling
back along t : By x n — n). It does not matter what the map ¢ is precisely, but
one can check that t is the expected flat covering By x n — ny, (g, z) — Ady(x).
In any case, we consider the map t : By x n — n,, and the sheaves ¥ =
AHomyk g, (M,N) and F = ZHome,,(M,N). We note that m*¢ = F, by
Proposition 8.1. We therefore calculate
=1 Supp,, H*(LA*Y) = Suppp, ,, unit” H*(L\*9)
= Suppj, yn, H* (unit* LA*Y)
= Suppj, o H*(L37*Y) = Suppj, »oy H*(L13F).

A similar argument, now at the abelian level, provides a calculation

t! Supp,, A"H*(9) = Suppg, wn AT H*(¥) = Suppp, «n ta H* (F).
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So we see that (10) implies an equality ¢t~ Supp,, A*H*(¢) = t~! Supp,, H*(L\*¥).
Since t is surjective we find the desired equality

Supp,, AN"H*(¥) = Supp,, H*(LX"Y).

14.3. Proof of the naturality and reconstruction.

Proof of Theorem 1).1. The reconstruction claim of Theorem 14.1 follows from the
naturality claim, supp§P°™(resy M) = P(iy)~! supp ir(M), since all points in N
lie in the image of some iy : ny — N. So we need only establish the equaltiy
supp§o™ (resy M) = P(ix) ™! supp (M) at fixed X : Spec(K) — G/B.

We have the diagram

—®@M|x
L)\*%%”omFKgq(Ll) L)\*MomFKGq(Ma M)

RHomg, (1,1) G M RHomg, (resy M,resy M)

via Theorem 10.3, and take cohomology to obtain a diagram

O(n)) = N Entpi g, (1,1) —— D) g (L3 otompx o, (M, M) (44)

- :

—®@resy M
Exte, (1,1) resy Extag, (resy M,resy M).

(We employ Lemma 14.2 here to calculate the cohomology of L AZ#om(1,1).)

Since Supp,,, H*(L \*%Z/#omyk ¢,(M, M)) is the vanishing locus of the kernel
#y of the action map H*(— ® M|,) appearing in (44), and similarly

Supp,, Exta, (resx M, resy M) = Van(I,)
for I, = ker(— ® resy M), we see that
Supp,, Exta, (resx M,resy M) = Supp,,, H* (L \*ZAomrk ¢,(M, M)).  (45)
That is, we have such an equality of supports provided we employ the identification
O(ny) =2 Extg, (1,1)

induced by the isomorphism appearing on the left-hand side of (44).

By Proposition 14.4, (45) implies a calculation of support

Supp,,, Exte, (resx M,resy M) = Supp,,, (\*&xtrk g, (M, M)).
and pulling back along iy : ny — N gives
Supp,, (\*Extrk g, (M, M)) = i)' Supp i Extrk ¢, (M, M).

We take projectivizations to obtain the desired equality

chom

supp§ *™M(resy M) = IP’(Z'A)*I suppN(M).

All that is left to check is that the identification of Extg, (1,1) with &(ny)
via the map from \*&rtrk g,(1,1) agrees with the identification provided by the
restriction functor from Extrk ¢,(1,1). But this point was already dealt with at
Lemma 14.3 above. (]



55

15. COHOMOLOGICAL SUPPORT AND THE MOMENT MAP

We consider the moment map « : N — N and its projectivization P(k) : IP’(./\?) —
P(N). We let suppf\}}om denote the standard cohomological support for FK G,

Suppem (M) =P (Supp Extrk ¢, (M, M)) C P(N).

Recall the algebra identification Extrk ¢, (1,1) = O(N) of Corollary 11.4, and let
O(N) act on Extrk g, (M, M) via the tensor structure. In this section we prove
the following localization result for cohomological support.

Theorem 15.1. For any M in Deon(FK G,) we have
P(k) (supp(M)) = suppip®™ (M).
15.1. The first inclusion. Recall the multiplicative spectral sequence
By, = H*(G/B, &xtrk o, (M, M)) = Extrgg, (M, M)
of Corollary 7.10 (see also Proposition 9.2). This spectral sequence provides a
bounded below filtration by ideals
0=F_n_1Extrkg, (M, M) C F_y Extrx q,(M, M) C
- C FoExtrk g, (M, M) = Extrx ¢, (M, M),

and we find a nilpotent ideal

N:= F_, Extrx g, (M, M)

for which the quotient embeds into the corresponding global sections of the sheaf-
extensions

Extrk a, (M, M)/M < I(G/B, Extyk ¢, (M, M)).
(cf. [110, proof of Theorem 4.1]). Now, the global sections of &ztrx ¢, (M, M) over
G/B are identified with the global sections of the pushforward along the moment
map K : NN , so that we have an inclusion of sheaves

(Extrk a,(M, M)/N)~ — k.Extrk g, (M, M) (46)
of Ojr-algebras. We therefore observe the following.
Lemma 15.2. For any M in Do, (FKG,) there is an inclusion of supports
Suppy Extrk ¢, (M, M) C k(Supp g &vtrk g, (M, M)).

Proof. The support of Extrk ¢, (M, M) as an Extrk g, (1,1) = O(N)-module is,
as an embedded topological subspace in N, the spectrum of the quotient

Suppr Extrk ¢, (M, M) = Spec(O(N) /1)
where I/ is the kernel of the algebra map —®M : Extrk ¢, (1,1) = Extrk g, (M, M).

Since the ideal M C Extrk g, (M, M), defined above, is nilpotent the above spec-
trum is equal to the spectrum Spec(&'(N)/Inr) =top Spec(O'(N)/I},) where

I3y = ker (Extpk ¢, (1,1) = Extrk ¢, (M, M) — Ext(M, M)/N).
This is to say,
Supp Extrk g, (M, M) = Supp (Ext(M, M) /).
From the inclusion (46) we deduce an inclusion
Supp (Extrk g, (M, M) /M) C Suppy k& 2tk g, (M, M),
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Finally, since the moment map « : N = Nis proper, and in particular closed, we
have an inclusion

Supp s K« wtrk ¢, (M, M) C k(Supp 7 Extrk g, (M, M)).
In total, we obtain the claimed inclusion
Suppy Extrk g, (M, M) = Supp (Extrk ¢, (M, M) /M) C x(Supp i Sxtrk g, (M, M)).
O

15.2. The second inclusion, and proof of Theorem 15.1. Having observed
Lemma 15.2, the proof of Theorem 15.1 is reduced to an inclusion

k(Supp i Extrx g, (M, M)) des%g)d Supp Extrk g, (M, M)

at general M in Deon(FK Gy). Since these sheaves are coherent, the above inclusion

is equivalent to the claim that, for any geometric point z : Spec(K) — N at which
the fiber 2*&xtrk ¢, (M, M) is non-vanishing, Extrk g, (M, M) is supported at the
corresponding point x(z) : Spec(K) — N.

Lemma 15.3. Suppose that the fiber x*&wtrk g, (M, M) is non-vanishing, at a
given geometric point x : Spec(K) — N. Then the fiber x(x)* Extrk g, (M, M) is
non-vanishing as well.

Proof. Tt suffices to consider the case K = k, via base change. Take A : Spec(k) —
G/ B to be the corresponding point in the flag variety, A = p(z), and let jy : ny — N
be the embedding from the corresponding nilpotent subalgebra. Via Theorem 14.1
we have

r € Suppy Ertrk g, (M, M) < x € Supp,, Extg, (resy M, resy M).
Since resy is a tensor functor, we have the diagram

—QM

ON) Extrk g, (M, M)

res) \L J{reb‘)\

O (ny) ———— Extg, (resy M, resy M).
—®resy M

Hence we see that
JaSupp,, Extg, (resy M,resy M) C Supp Extrk g, (M, M).

So, since resy M is supported at x(x) = ja(x) it follows that k(x) is in the support
of Extrx ¢, (M, M) over N. We are done. O

As suggested above, Lemma 15.3 is just a reformulation of the inclusion
k(Supp g Extrk ¢, (M, M)) C Suppy Extrk g, (M, M),

which we have now verified. Theorem 15.1 follows.

Proof of Theorem 15.1. Combine Lemmas 15.2 and 15.3. O
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16. COVERING THE BALMER SPECTRUM

In [10] Balmer introduces the notion of a prime ideal spectrum Spec(T') for a
braided monoidal triangulated category 7. This construction is strongly related
to the production of so-called support data for the given monoidal category. The
goal of this section is to prove the following result, which provides a first half of a
“birational approximation” of the Balmer spectrum for the stable category of small
quantum group representations.

Proposition 16.1. Suppose G is an almost-simple algebraic group in type A. Then
N -support provides a support data for the stable category of FK Gy, and the corre-
sponding map to the universal support space

Juniv : P(N) — Spec (stabFK G,)
18 surjective.

We recall the construction of the Balmer spectrum below, after discussing related
notions of support theories, and support data for monoidal triangulated categories.

The proof of Proposition 16.1 is a fairly straightforward application of our analy-
sis of N -support, in particular Theorems 13.1 and 14.1, in conjunction with results
from [89]. The proof is provided in Subection 16.7. We note that the arguments
employed below are not specific to type A, as the Dynkin type bottleneck comes
from the work [89]. Indeed, in Subection 17.3 we provide a conditional extension
of Proposition 16.1, and its big sister Theorem 17.1, to arbitrary almost-simple
algebraic groups.

16.1. Support data and lavish support theories. Consider a general triangu-
lated category T. A (triangulated) support theory for T, which takes values in a
given topological space X, is a function

supp : objT — {subsets in X}

which is stable under shifting, splits over sums, has supp(0) = (), and satisfies
supp(N) C (supp(M) U supp(M’)) whenever one has a triangle M — N — M/,
just as in Lemma 12.7. When T is monoidal we require also that supp(M) is closed
in X for dualizable M, and that X appears as the support of the unit object in T,
supp(1) = X.

Suppose now that 7' is monoidal and rigid, i.e. that all objects in T" admit left
and right duals. In this case we say a support theory for T satisfies the tensor
product property if

supp(M ® N) = supp(M) Nsupp(N) for all M and N in T. (47)

Following [10, Definition 3.1], a triangulated support theory for a rigid, braided
monoidal triangulated category T which satisfies the tensor product property is
called a support data for T.

Remark 16.2. At this point it is understood that the tensor product property
(47) is not the appropriate “multiplicative” condition for support theories in the
non-braided context [18, 95, 91, 89]-although it does hold in some cases of interest.
So one should be more liberal in their discussions of support data outside of the
braided setting.
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Now let us consider a monoidal triangulated category T+ which admits all set
indexed sums and is compactly generated. Suppose that T is the subcategory of
rigid compact objects in T". Let supp be a support theory for 7" which takes
values in a given space X, and suppose that this support theory satisfies the tensor
product property (47). Following the language of [89, Definition 4.7], we say that
supp is a lavish support theory for T if there exists an extension

supp’ : obj T+ — {subsets in X}
of supp to all of T'T which satisfies the following:
(E1) supp’ is a (triangulated) support theory for 7.
(E2) supp’|r = supp.
(E3) We have supp’(®;e1N;) = U;es supp’(N;) for all set indexed sums in 7.
(E4) For each M in T and N in T we have

supp’ (M ® N) = supp(M) N supp’ (V).

We note that the extension supp’ takes values in (not-necessarily-closed) subsets
in X. We also note that the particular choice of extension supp ~ supp’ is not
specified in the claim that supp is lavish, one is only concerned with the existence
of such an extension.

Remark 16.3. The definition of a lavish support theory given above is slightly
stronger than the one given in [91], precisely for the reasons discussed in Remark
16.2. However, in all cases of interest in this work the two definitions will coincide.

Remark 16.4. The framework presented above is not really original to the work
[89], specifically in the braided context. Indeed, these kinds of conditions (E1)—(E4)
already appear in works of Rickard and coathors from the 90’s [97, 15] (cf. [85, §1.3]
as well).

16.2. Universal support data. Let T be a rigid, braided, monoidal triangulated
category. Recall that a thick tensor ideal ¢ in T is a thick subcategory [87, §2.1]
which is stable under the (left and right) tensor actions of T on itself. A thick ideal
Z in T is a prime thick ideal if an inclusion M ® N € &2 implies that either M is
in &, or N isin £.

In [10], Balmer produces a universal support data for T, and a corresponding
universal support space. This universal support space is the spectrum of thick
prime ideals

Spec(T) ={2 C T : & is a thick prime tensor ideal},
and the universal support of an object M in T is defined as
supp"™ V(M) = {P C T : 2 is a thick prime ideal with M ¢ 2}.

The spectrum Spec(T) has a unique topology for which the supports supp"™V (M)
provide a basis of closed subsets. The pairing of Spec(T") with the support function
univ

supp constitutes a support data for T, and Balmer establishes the following
universal property.

Theorem 16.5 ([10, Theorem 3.2]). Suppose that T is a rigid, braided monoidal
triangulated category. Given any support data (X, suppy) for T, there is a unique
continuous map fx univ : X — Spec(T) such that

f;(,luniv Suppuniv (M) = Suppx (M)
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for all M in T.

Remark 16.6. The topological space which we denote as Spec(T') is written Spc(7T)
in [10]. Balmer reserves the notation Spec(T') for Spc(7T) along with a canonical
locally ringed structure [10, §6]. Also, rigidity is not assumed in [10], though it
does appear in later works.

16.3. Stable categories versus derived categories. For concreteness let ¢ be
one of FK G, or %, at fixed geometric point A : Spec(K) — G/B. Recall that
€ is a certain category of equivariant quasi-coherent sheaves, and that D(%) is
the associated unbounded derived category of quasi-coherent sheaves. We've taken
Deon(%) and D?(%) to be the subcategories of coherent dg sheaves, and bounded
quasi-coherent dg sheaves in D(%), respectively.

It is traditional to use the stable categories

stab(%’) = Deon(€)/(proj(¢))

(48)
Stab(%) = Db(¥)/(Proj(¥))

when discussing support for € [96], rather than the derived categories. In the stable
setting, the big stable category Stab(%) admits sums indexed over arbitrary sets
and recovers the small stable category as the subcategory of rigid-compact objects

Stab(%)¢ = stab(%).

So Stab(%’) can serve as a “big” category T for T' = stab(%), as in Section 16.1.

From the support theory point of view, the distinction between the “small”
categories Dcon (%) and stab(%) is not so significant, and a support theory/data for
stab(%) is simply a support theory/data for Do, (%) which vanishes on projectives
[10, Theorem 3.2 & Proposition 3.11]. So, for example, if we take Y to be the
conical space Spec Exts(1,1), cohomological support defines a support theory for
the stable category

supp$iem™ : objstab(€) — {closed subsets in P(Y) = Proj Exte(1,1)}

whose value on an object M in stab(%) is just the value of supp{*°™ on M as an

object in Dcon(%). This makes sense because the objects in stab(%) are equal to
the objects in D¢ (%), according to the formulation (48).

16.4. Support for the small quantum Borel. Given a geometric point A :
Spec(K) — G/B, and the corresponding small quantum Borel %), we recall our

shorthand supp§™™ := supp§io™ for the associated cohomological support. We

consider suppﬁ\hom as a triangulated support theory for the small stable category
stab(Z) ), as discussed above. We have the following assessment of the small quan-

tum Borel.

Theorem 16.7 ([91, 89]). Let G be an almost-simple algebraic group in type A,
and let A : Spec(K) — G/B be an arbitrary geometric point. Cohomological support
for B satisfies the tensor product property and is a lavish support theory. Indeed,
hypersurface support

supph’® : obj Stab(%y) — {subsets in P(ny)}

[90, Definition 5.8] provides the necessary extension of cohomological support to the
big stable category Stab(4B,).
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Remark 16.8. Note that cohomological support for any given £, is a lavish
support theory if and only if cohomological support for the standard (positive) small
quantum Borel is lavish, over an arbitrary algebraically closed field of characteristic
0. This just follows from the fact that each %) is isomorphic to a base change (%1)x
of the standard Borel as a tensor category (see Section 4.4).

16.5. ./\7-support as a support data. By the vanishing result of Proposition 13.3
we understand that N-support factors to provide a (triangulated) support theory
for the stable category of sheaves for the quantum Frobenius kernel

supp : objstab(FK G,) — {closed subsets in P(N)}. (49)

Throughout this section when we speak of N -support for the quantum Frobenius
kernel we are speaking specifically of theory (49).

Proposition 16.9. Let G be an almost-simple group in type A. Then ./\~/'-support
satisfies the tensor product property, and hence defines a support data for the stable
category stab(FK Gy). Consequently, there is a unique continuous map

funiv : P(N) — Spec(stabFK Gy)
for which f:lliv supp™iV(M) = suppﬁ(M) at all M in stab(FK G,).

u
Proof. By Theorem 16.7, cohomological support for %) satisfies the tensor product
property, at arbitrary X : Spec(K) — G/B. Hence at any point z : Spec(k) — J\7,
with corresponding point A\ = p(x) : Spec(k) — G/B for the flag variety, Theorem
14.1 gives
r € suppy(M ® N)
& x € supp$Pom (resy M @ resy N)
& x € supp$Pom (vesy M) N supp§io™ (resy N)
& x € supp (M) Nsuppg(N).
So we see that the two sets supp (M ® N) and supp (M) Nsupp (V) share the
same closed points. Since both of these subsets are closed in N , an agreement on
closed points implies an equality

supp (M ® N) = supp (M) Nsupp (V).

Since A -support is now seen to provide a support data for the stable category
stab(FK G,), one obtains the corresponding map to the Balmer spectrum by The-
orem 16.5. O

16.6. /\N/'-support as a lavish support theory.

Lemma 16.10. Let G be an almost-simple algebraic group in type A. Then N-
support provides a lavish support theory for the stable category stab(FK Gy).

Proof. At each geometric point A : Spec(K) — G/B let us fix an appropriate
extension supp) of cohomological support from the small stable category stab(Z))
to the big stable category Stab(Z,). (Such an extension exists by Theorem 16.7.)
We construct from these supp) the desired extension supp;\7 of N -support.

In particular, we say an object N in Stab(FK G,) is supported at a given point
x : Spec(K) — P(N), with corresponding point A = p(z) : Spec(K) — G/B in the
flag variety, if

im(x) € supph (resy N) C P(ny).
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(Note that in this case z factors uniquely through the inclusion P(ny) — P(Nk).)
Take now

— [ the image of all points z : Spec(K) — P(N) v
SUPP 7 (N) = { at which NV is supported < P

By the reconstruction theorem, Theorem 14.1, we see that suppkf(M ) = supp (M)
whenever M lies in stab(FK G¢) C Stab(FK G,). The extension supp. inherits the
remaining properties (E2)—(E4) from the corresponding properties for the exten-
sions supp). ]

We recall that a specialization closed subset © in IP’(./\7 ) is a subset such that,
for any point x € ©, the closure T is contained in © as well. In the lavish situation
of Lemma 16.10, one can make standard arguments with Rickard idempotents to
obtain the following.

Lemma 16.11. Consider G in type A. Then ./\Nf—support defines an injective map

e . . specialization closed
supp i : {thick tensor ideals in stab(FKG,)} — { subsets in P(V)

H = Upexn suppﬁ(M).
(50)
Indeed, the map
- { specialization closed

subsets in P(V) } — {thick tensor ideals in stab(FKG,)}
O~ %/@

provides a set theoretic section for (50), where g denotes the thick tensor ideal
in stab(FK Gy) consisting of all objects M with supp (M) C ©.

Proof. One employs the extension promised in Lemma 16.10 and proceeds as in [52,
Proof of Theorem 6.3], or [22, Proof of Theorem 7.4.1], or [89, Proof of Proposition
5.2). O

Note that we have made no claim that the map of (50) is surjective. Technically
speaking, this is because we have not shown that any closed subset in IP’(./\N/' ) is
realized as the support suppg(M) of some M in stab(FKG,). However, more
directly, we have not claimed that (50) is surjective because it probably is not
surjective (see the discussion of Section 17.4 below). So Lemma 16.11 provides
a non-unique classification of thick ideals in stab(FK G,) via specialization closed

subsets in the projectivization P(N).

16.7. Surjectivity of fu,i,: proof of Proposition 16.1. We arrive finally at the
main point of this section.

By Proposition 16.9 we have a map funiv : IP)(./\~/') — Spec(stabFK G,;) defined
by the support data supp, in type A. So, to prove Proposition 16.1 it suffices to
show that funiv is surjective.

Proof of Proposition 16.1. By Lemma 16.11, N -support provides a non-unique clas-
sification of thick ideals in stab(FK G,). Now, the arguments of [10, Proof of The-

orem 5.2 apply directly to see that funiv : P(N) — Spec(stabFK G,) is surjective.
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From a different perspective, one can consider the quotient space IP’(./\7 )/ ~ by
the equivalence relation defined by taking x ~ y whenever any object M with
x € supp (M) also has y € supp (M), and vice versa. Then N-support descends

to a support data for stab(FK G,) which takes values in the quotient P(N)/ ~ (cf.
[51, Definition 2.5]). This descended theory is a classifying support data in the
sense of [10, Definition 5.1] so that we get a homeomorphism

Faniv : PN/ ~ = Spec(stab FK G)

whose precomposition with the projection IP’(./\~/ ) — ]P’(./\~/ )/ ~ recovers funiv [10,
Theorem 5.2]. O

17. THE MOMENT MAP AND THE BALMER SPECTRUM

In this section we consider the continuous map p : Spec(stabFK G,) — P(N)
provided in [11], and analyze the relationship between the map p and the universal
morphism f,i, of the previous section. We prove the following.

Theorem 17.1. Let G be an almost-simple algebraic group in type A. Then there
are two continuous, surjective maps of topological spaces

Juniv : P(NV) — Spec(stabFK G,), p: Spec(stabFK G,) — P(N)

whose composite is the projectivization of the moment map  : NS N. In partic-
ular, funiv Testricts to a homeomorphism over a dense open subset in the Balmer
spectrum

Juniv.reg : P(ﬁ)reg = Spec(stab FK Gy ) e -

Here ]P’(./\7 Jreg and P(N),eg are the projectivizations of the regular loci ./\7reg and
Neeg [29, §3.3], respectively, and the corresponding locus Spec(stab FK Gy )reg in
the Balmer spectrum is the preimage of P(N),eg along p.

We note that in type A;, the regular loci in N and N are just the complements
of 0-section G/B C N and {0} C A respectively, so that P(N),e = P(N) and
P(N)reg = P(N). We therefore obtain a precise calculation of the Balmer spectrum
in type Aj, as a corollary to Theorem 17.1.

Corollary 17.2. In type Ay the Balmer spectrum for the small quantum group is
precisely the projectivized nilpotent cone,

p : Spec (stabFK SL(2),) = P(N) and p: Spec (stab FK PSL(2),) = P(N).
17.1. Factoring the moment map. By [11, §5] we have the continuous map
'+ Spec(Deon(FK G,)) — Proj Extrrc , (1,1) U {0} = P(A)) U {0}
defined explicitly by taking
p(P) = Van(€ € Exthy ¢,(1,1) 11 >0, cone(§) & &).

Here {0} is the maximal ideal of positive degree elements in Extrk g, (1,1), and
each p(#) is in fact a homogenous prime in Extrk g, (1,1) by [I1, Theorem 5.3].
We note that the mapping cone cone(§) is stably isomorphic to (a shift of) the
Carlson module L for & [14, §5.9].
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Now, for G in type A we have maps from P(N) to the Balmer spectra of the
stable and derived categories for FK G4, by Proposition 16.9. These maps fit into
a diagram

P(N)

univ map univ map

Spec(stabFK Gy) Spec(Deon FK Gy),

where Spec(stab FK G,) is identified with the complement Spec(Dqon FK G4) — {0}
[10, Proposition 3.11], and {0} is the ideal of acyclic complexes in Deon(FK Gy).
We can therefore speak unambiguously of the map funiv to the spectrum of either
the small stable, or coherent derived category for FK Gj,.

Proposition 17.3. Consider G in type A. The composition p o funiv : IP’(/\N/') —
P(N) U {0} has image in P(N) and is equal to the projectivized moment map,

PO funiv = P(x) : P(N) — P(WN).

Proof. For concreteness we consider funiv as a map to Spec(Deon(FK Gy)), and p

is a map from this spectrum. For z € P(N) we represent x as a geometric point
z : Spec(K[t,t7']) — N with corresponding point A : Spec(K) — G/B. We
have a unique restriction of  to a point x : Spec(K[t,t7!]) — n,. By an abuse
of notation we let « € P(ny) denote the corresponding (topological) point in the
projectivization.

We have
funiv(z) ={M € Dcoh(FKG,) : z ¢ SuppN(M)}
= {M € Dcon(FK Gy) : o ¢ supp§hom (resy M)}
via the naturality result of Theorem 14.1, and thus
pfuniv(x) = {€ € Extgge, (1,1) : cone(§) ¢ funiv(w)}
= {¢: z € supp§Po™ (res) cone(€))}.

Since restriction is an exact functor, we have resy cone(§) = cone(resy &), where
now resy(¢) € Extg, (1,1). But now, the support of the mapping cone of some
function in Extg, (1,1) is just the vanishing locus

supp$P™ (cone(resy €)) = Van(resy £) C ProjExteg, (1,1) = P(ny).
Since restriction
resy : O(N) = Extrk g, (1,1) = Extz, (1,1) = O(ny)
is dual to the map jy : ny — Nx — N we have that
x € Van(resy &) < ja(z) € Van(§).
So we have a sequence of identifications
pfuniv(®) = {€: x € supp§io™ (resy cone(€))}

= {¢: x € supp§°™ (cone(resy £))}

={¢: 2z e Van(res) &)}

={¢:a(x) € Van(§)} = ja(=).
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This calculation also shows that pfuniv(z) is not the irrelevant ideal {0}, so that
p© funiv does in fact have image in Proj Extrk ¢, (1,1) = P(N).
By the above information we see that the diagram of maps of topological spaces

P(V) — > B()
)

P(ny)

commutes when restricted to closed points in P(ny), for all A : Spec(K) — G/B.
By considering further base change to (ny)r, = ny for any extension K — L, it
follows that the above diagram commutes on the entirety of P(ny). But now

P faniv (H”(U)(z)) =Pjr(z) = P(k) (]P(ZA)(x)) for all z € n,,

where  : N = N is the moment map. Since all points in P(N) are of the form
P(ix)(z) for some A, we see p o funiv = P(k). O

17.2. Proof of Theorem 17.1.

Proof of Theorem 17.1. By Proposition 16.1 the map funiv : P(N) — Spec(stabFK G,)
is surjective, and by Proposition 17.3 the composition

0 funiv : P(N) — Spec(stab FK Gy) — P(N)
is the projectivized moment map. Since the moment map is an isomorphism over
the~regu1ar loci in NV and W, it follows that ~funiv restricts to an injective map over
P(N)reg, and is hence a bijection over P(N)yeg. It follows that p restricts to a
bijection over Spec(stab FK G )req. Since all of these maps are continuous, we find
that the restriction of fyniv to the regular loci

P(N)reg — Spec(stabFK Gy )reg
is a heomeomorphism with inverse
Spec(stab FK Gg)reg — P(N)reg

provided by the restriction of p.

To see that the regular locus Spec(stab FK Gy )reg is dense in the spectrum, we
simply consider its closure © C Spec(stabFK G,) and have that the preimage
fiiec P(N) is a closed set which contains the regular locus. Since the regular
locus is dense in P(A) we conclude that f} © = P(N) and surjectivity of funiv

univ

implies © = Spec(stabFK G). We are done. O

17.3. A conditional statement for arbitrary almost-simple G. We take a
moment to speak to a version of Theorem 17.1 in arbitrary Dynkin type. The
following was conjectured in [91, 89].

Conjecture 17.4 (Standard conjecture). For an arbitrary almost-simple algebraic
group G, and an arbitrary geometric point X : Spec(K) — G/B,

(A) Cohomological support for stab(Z,) satisfies the tensor product property.
(A+) Cohomological support for stab(%y) is a lavish support theory (see §10.1).
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Theorem 16.7 says that both Conjecture 17.4 (A) and (A+) hold in type A, and
we do believe that support for the small quantum Borels satisfies these conditions
in arbitrary Dynkin type as well. We have the following conditional extension of
Theorem 17.1.

Theorem 17.5. Suppose that the Standard Conjecture 17.4 holds for the small
quantum Borel, in arbitrary Dynkin type, and let G be any almost-simple algebraic
group. Then we have a surjective continuous map

funiv : P(N) — Spec(stabFK Gy)
which is a homeomorphism over a dense open subset in Spec(stabFK G,).

This dense open subset is, of course, the regular locus in Spec(stabFK G), i.e.
the preimage of P(NV)yeg along the map p.

Proof. Literally just copy the proofs of Proposition 16.1 and Theorem 17.1, replac-
ing Theorem 16.7 with Conjecture 17.4 when necessary. ]

Remark 17.6. The conclusions (A) and (A+) have, more-or-less, been proposed to
hold in arbitrary Dynkin type in [22, 86]. Specifically, the conclusions of Theorem
17.5 do hold if one accepts the validity of the specific claims [22, Theorem 6.2.1,
Theorem 6.5.1, and proof of Theorem 7.4.1]. However, some points in [22] have
been difficult to clarify, at least from the authors’ considerations of the text. For
this reason we have restricted some of our “tt-geometry” claims to type A, where we
can specifically employ Theorem 16.7. (See [89, Section 8.7] for further discussion.)

17.4. The Balmer spectrum is most likely just P(A). As mentioned previ-
ously, we do believe that the Standard Conjecture 17.4 holds in arbitrary Dynkin
type. So let us take this point for granted for the moment. Then we have the maps

P(N) — Spec(stab FK G,) — P(N)
which approximate the Balmer spectrum via the nilpotent cone at arbitrary G. The
difference between~N and N is of course the fact that the nilpotent subalgebras
ny are disjoint in N, while they generally intersect in N. So, inside of the Balmer
spectrum, one is asking about the separation of the images

resy : Spec(stab %)) — Spec(stabFK G,,)

in Spec(stabFK G;), where the spectrum for %) is just the spectrum of two-sided
primes in % (cf. [85, 89]).

Our inability to access the intersections of these images in the Balmer spectrum
is related to our inability to produce a categorical realization “%x N Z%,” of the
intersection by N b, at arbitrary A and p. Indeed, one can see that A-support
collapses to the cohomological N-support in the modular setting, for Gy, simply
because we can realize the corresponding intersections “%, N %,” via the literal
intersections Rep(Bx NB,,)(,) of Borels in G. The existence of such an intersection
(and corresponding analysis of support) tells you that the map

Juniv : P(N;.) = Spec(stab G,))
factors through the affinization to provide a homeomorphism
f_univ : P(NT) — Spec(stab G(T))a

where N, = Specg 5 (H* (#omg,,,(1,1))) and N, = Spec(Extg,,, (1,1)).
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Remark 17.7. What we have suggested above is a somewhat different approach to
support for infinitesimal group schemes than was taken in [110, 52]. An elaboration
on such an approach to support in the modular setting may appear in a later text.

Regardless of our inability to realize these quantum intersections “Z%x N %,,”
appropriately, at least at the present moment, we do expect that N -support for
the quantum group collapses to the nilpotent cone, just as it does in the modular
setting. We therefore expect the corresponding calculation

Suniv : P(NV) m Spec(stabFK G) (51)
in arbitrary Dynkin type. We record some specific information in this direction,
without providing further commentary.

Proposition 17.8. Suppose that the Standard Conjecture 17.4 holds for the small
quantum Borel in arbitrary Dynkin type. Then for the quantum Frobenius kernel
FK G, the following are equivalent:

(a) The canonical map p : Spec(stabFK G,) — P(N) is a homeomorphism.
(b) The N -support of any coherent sheaf in FK G, is simply the preimage of
cohomological support along the moment map,

supp (M) = P(k)~! suppf\?om(M).
(c) Cohomological support for FK G, satisfies the tensor product property.

(d) Naturality holds for cohomological support. Specifically, for any closed point
X : Spec(k) — G/B and coherent M in FK G, we have

supp§'*™ (resy M) = suppy®™ (M) NP(ny).

We leave the proofs to the interested reader. With regards to point (d), it has
been shown in work of Boe, Kujawa, and Nakano that such naturality holds for
representations of the big quantum group Gy, i.e. G-equivariant objects in FK G.

Theorem 17.9 ([22, Theorem 7.3.3]). Suppose that M in Doon(FKGy) is in the
image of the de-equivariantization map E_ : Deon(Gq) = Deon(FK Gg). Then for
any closed point X : Spec(k) — G/B cohomological support for M satisfies

suppf\hom (resy M) = suppf\l}om(M) NP(ny).

Remark 17.10. To say that N -support for objects is, essentially, just cohomologi-
cal support over N is not to say that the enhancement DX (FK G,) of Deon (FK Gy)
contains no additional information about the (tensor) category FK G,. For exam-
ple, the proposed equality supp (M) = P(k)~! supp, (M) does not imply that the
sheaf &rtrx g, (M, M) is isomorphic to the pullback x*(Extrkq,(M,M)™), nor
does it provide information about how the functor &ztrx g, (M, —) varies within
the category of sheaves on the Springer resolution. One can see the discussions of

Section 18 as a further elaboration of these points.

Part 3. Geometric Representation Theory and Logarithmic TQFT

In Part II of the text we have argued that the enhancement DF"'(FK G,) of
the derived category of quantum group representations D(FK G;) (Theorem 7.7)
can be employed effectively in an analysis of support for the quantum Frobenius
kernel. In this final part of the paper we explain how the enhancement D¥""(FK G,)
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might similarly contribute to our understandings of geometric representation theory,
and of topological quantum field theories which one might associate to the small
quantum group. We also argue that, at least to some degree, these varied topics
should be bridged by an analysis of quantum group representations via sheaves on
the half-quantum flag variety, and a corresponding enhancements of D(FK G,) not
only in the category of sheaves over G / B, but in sheaves over (some FE,-twisting
of) the Springer resolution as well (cf. Proposition 12.3 below).

All of the materials of this Part of the text are speculative, and should be enjoyed
at one’s leisure. However, we have tried to make our proposals below quite precise.
The main points of interest are Conjectures 18.4 and 18.7, and the framing of
Section 19.4.

18. REMARKS ON GEOMETRIC REPRESENTATION THEORY

We comment on the enhanced derived category DF"!(FK G,) in relation to geo-
metric representation theory, and explain how geometric representation theory and
support theory are, conjecturally, bridged by the framework presented in Part I
of this text. We provide an infographic regarding the latter point in Section 18.7
below.

18.1. Geometric representation theory via two theorems. Let us explain
what we mean by “geometric representation theory” in two theorems. In the state-
ment below we take Dg, (Gy)o to be the principal block in the bounded derived cat-
egory of finite-dimensional quantum group representations. Recall that FK G4 de-
notes the category of small quantum group representations, which we (re)construct
via equivariant sheaves on the dual group G of Section 3.2 (see Theorem 3.6). For
simply-connected G this dual group is just the adjoint form G' = G/Z(G).

Theorem 18.1 ([5, Theorem 3.9.6]). Suppose G is simply-connected. There is an
equivalence of triangulated categories F¢ . Den(Gq)o = Dcoh(j\?)é to the derived
category of G-equivariant coherent dg sheaves on the Springer resolution. The fiber
of this equivalence along the inclusion i : n — N recovers derived morphisms over
the Borel §

Li{F(V) = RHomyp,)(k, V),

and invariant global sections recover maps over the quantum group
RT(N, FE(V))¢ = RHomg, (k, V).

This theorem was extended to the category of representations for the small quan-
tum group in work of Bezrukavnikov and Lachowska [20]. Recall that, in terms of
our presentation of the small quantum group from Theorem 3.6, the restriction
map from Rep G, is identified with the de-equivariantization/vector bundle map
E_:RepGy = FKG,.

Theorem 18.2 ([20, Theorem 4, §2.4]). For simply-connected G, there is an equiv-
alence of triangulated categories F : Doon (FK G¢)o 5 Deon(N). Global sections of
F recover maps over the small quantum group

RI(N, F(M)) = RHompk ¢, (1, M).

Thas functor fits into the appropriate diagram over its equivariant analog, so that
FoE_ = forgetoF%, where forget : Deon(N)E — Deon(N) forgets the equivariant
structure.
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There are parallel theorems which address arbitrary blocks Deon (FK G4)y, see for
example [74]. The above two theorems are also somewhat amenable to computation,
see for example [19].

Of course, these results, and the subsequent utilization of the affine Grassman-
nian in analyses of quantum group representations [5] have had a significant impact
in representation theory in general. However they do force one to deal independently
with each block in the category Deon(FK G,). Since these blocks are not themselves
tensor subcategories in Dgon (FK G4), nor do they interact in a predictable manner
under fusion, one cannot easily speak to the geometric interpretations of the quan-
tum group provided in [5, 20, 74, 19] while simultaneously speaking to the tensor
structure.

From other perspectives however, say from support theory or from the perspec-
tive of certain field theories in mathematical physics, one certainly does see the
monoidal category Dqon(FK Gg) as “living over” a certain geometric object, and
this geometric object is commonly approximated by the nilpotent cone (see our
current analysis as well as [32, 39, 63, 33]). With these points in mind we suggest
a conjectural means of recovering the functors of [5, 74] from the tensor categorical
analyses for the quantum group provided in Parts 1 and 2 of this text.

18.2. Some preliminary words. Recall that, via the embedding result of Theo-
rem 6.1, we have a canonical monoidal embedding Kempf : D(FK G,) — D(G/B,)
from the derived category of small quantum group representations to the derived
category of (quasi-coherent) sheaves on the half-quantum flag variety. Recall also
that sheaves on G /B, are, by definition, simply B,-equivariant sheaves on the dual
group G (see Section 5).

At this point we want to make a relatively straightforward claim. Namely, we
propose that the derived category D(G/ By) of sheaves on the half-quantum flag
variety is itself a sheaf of tensor categories over the Springer resolution, and that
fundamental information from geometric representation theory can be recovered
from this global tensor categorical perspective. Such a sheaf structure for the half-
quantum flag variety is determined by an action of D(N') on D(G/B,) (cf. [56]).

In making such claims there are two important points to consider: First, in
order to even articulate our statements correctly the Springer resolution must be
understood properly as a dg scheme and one must work in a dg, or linear infinity
setting. Second, due to the non-symmetric nature of D(G/B,), one does not expect
an action of the symmetric category D(./\~f ) per-se, but of some braided degeneration
of D(/\~/ ) where the braided structure is dictated by the R-matrix for the quantum
group. In addition to these generic points, there is a third more specific point to
consider. Namely, in realizing the above outline one also runs into a-somewhat
familiar—formality problem for derived morphisms over the quantum group (see
Conjecture 18.4 below).

The point of this section is to explain the above comments in detail, and also to
provide a precise relation between these comments and the results of [5, 20] which
we’ve recalled above. We also discuss subsequent connections between support
theory and geometric representation theory in Section 18.7 below.

18.3. Infinity categories. We describe how the materials of Part I of the text, as
well as Section 13, should lift to the infinity categorical setting. Formally speaking,
all of the materials of this section are conjectural.
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We consider again the half-quantum flag variety G/ B, of Sections 5. Let QCohdg(GY /B)
and QCohdg(G' /By,) denote presentable, monoidal, stable infinity categories whose
homotopy categories recover the unbounded derived categories D(G/B) and D(G/B,),
respectively. We assume that the entire presentation of Section 9.2 also lifts to
an infinity categorical level. In particular, we have the central pullback functor
¢*r e QCohdg(G/B) — QCohdg(G’/Bq) which provides an action of QCohdg(G/B)
on QCohdg(é/Bq).

As stated above, the pullback ¢* provides a symmetric action

* 1 QCohg, (G/B) ®), QCohy,(G/B,) — QCohg,(G/B)

with commutes with colimits, and taking adjoints provides inner-Homs Zs¢om » /By

These inner-Homs provide an enhancement QCohggh(é /Bg) of QCohdg(é /Bg) in
the symmetric monoidal infinity category of sheaves on the flag variety. In partic-
ular, we have an identification of monoidal infinity categories

RT(G/B,QCoh{y"(G/B,)) = QCohy, (G/By),

7

by the same reasoning employed in the proofs of Theorem
above.

.7 and Proposition 9.2

18.4. A formality conjecture. Let us continue in the infinity categorical set-
ting outlined above. By a higher version of Deligne’s conjecture [79, §5.3] the
derived endomorphisms of the unit Z(G,) = Z#om¢ g (1,1) in QCohggh(G/Bq)
should admit a canonical E3-algebra structure, via the tensor product, opposite
tensor product, and composition (see [79, Theorem 5.1.2.2]). For M and N in
QCohdg(G /By) the binatural tensor actions and composition action of Z(G,) on
G ome, (M, N) should give the morphisms Z#0ome 5 (M, N) the structure of
an Ey-module over Z(Gy), and for M and N in the (full) subcategory of quan-
tum group representations QCohdg(G /Gy) this Es-structure should lift to an Es-
structure.

Now, at the infinity categorical level we can speak of the symmetric monoidal
category Z(G4)-Mod of Z(G4)-modules in QCohdg(G‘/B), with product given by
® = ®g(a,) (cf. Section 12.3). The category QCothgh(G‘/Bq) is then seen to be
enriched, further, in the monoidal category of Z(G,)-modules. We let £~ denote
the F3-scheme over G/B associated to 2(G,), so that QCohy, (27) = Z(G4)-Mod
(see [49)]).

Remark 18.3. For one direct algebraic account of the Es-structure on Z(G,) one
can see [104, §3.2].

At this point we have our category QCohggh(é /Bg) which is now enriched in the
monoidal category QCohy,(2") of sheaves on our E3-scheme 27, and we essentially
“go backwards” from this enrichment to obtain a tensor action. Specifically, one
expects the enhanced morphisms Z#om / Bq(M ,—), considered as sheaves over
Z, to commute with limits and thus have left adjoints. These left adjoints provide
a tensor categorical action

* 1 QUohg, (27) @k QCohy, (G/By) — QCohy, (G/By)
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which extends the action of QCohdg(GY /B). Via the action on the unit, * restricts
to, and is defined by, a central tensor embedding

¢ : QCohg,(2°) — QCohy, (G/B,).

In this way we expect that QCohdg(G’ /Bg,) admits the natural structure of a sheaf
of tensor categories over Z .

Conjecture 18.4 (Formality). The Es-scheme Z is Es-formal, so that we have
a monoidal equivalence

QCohy, (A) 3 QCohy,(2).

In this way, QCohdg(é/Bq) has the structure of a sheaf of tensor categories over
(a twisted version of ) the Springer resolution.

To elaborate, the Fs-structure on 2" corresponds to a higher braided structure
on the category of sheaves QCoh(2"), and is reflected in an induced 2-shifted Pois-
son structure w on the cohomology N = H*(Z") [99, Theorem 9.1] [27, Theorem

3.5.4]. So our conjecture is that there is some braided perturbation QCohg,(N) of
the symmetric monoidal infinity category QCoh, (./\7 ) un(ier which QCohdg(G /Bg)
has the structure of a sheaf of tensor categories over N, considered now as an
FE3-scheme.

The main point of Conjecture 18.4 is not so much the number of E’s which
appear in the statement, but that the type of formality we are suggesting provides
an equivalence QCohdg(N) ~ QCohy, (Z") of monoidal infinity categories, not just
stable infinity categories. We note however, that for many representation theoretic
applications of Conjecture 18.4, E;-formality will suffice.

18.5. An accounting of formality. The Formality Conjecture 18.4 can be re-
duced to the existence of an Es-formality

0(n) = Sym(n*) = REnd,p,)(1,1) (52)

for the derived endomorphisms over the quantum Borel, calculated in the symmetric
monoidal infinity category Repy,(B) of B-representations. Such a formality would
imply formality of the product

Og @ Sym(n*) = Ztome,, (1,1)
in the category of B-equivariant sheaves on G, and hence the desired formality
pOsp = RHome,p, (1,1) over G/B, by descent.
If we consider only F;-formality for REnd,(p,)(1, 1), which corresponds to con-

sidering a non-monoidal equivalence of infinity categories QCohg, (N) 3 QCoh(2),
such Ej-formality is almost stated explicitly in the original work of Arkhipov-
Bezrukavnikov-Ginzburg [5].

Theorem 18.5 ([5, Theorem 3.7.5]). Let t : Repy,(B) — Repgy(b) be the forgetful
functor. There is an equivalence of Ei-algebras t Sym(n*) = tREnd,p,)(1,1).
Remark 18.6. What’s actually proved in [5] is a slightly stronger result which

does address certain rationality properties of the given Ej-formality map (see e.g.
[5, Proposition 3.9.2]). Indeed, we are tempted to suggest that a careful reading of
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[5] will simply yield E;-formality of the algebra 2(G,). As another point, one can
deduce from [20] that the global sections

RT(G/B,%#ome)p (1,1)) = RHompk ¢, (1,1)
are also Fq-formal.

18.6. GRT versus tensor enhancements. We let DG(FK G,) denote the in-
finity category of unbounded dg sheaves for the small quantum group, and let
DG(FK G,) denote the full monoidal infinity subcategory of coherent dg sheaves.
We recall again that, by definition, FK G, = QCoh(G/G,) and we have the monoidal
equivalence 1* : QCoh(G/G,) =+ Repu(G,) of Theorem 3.6. So the homotopy cat-
egories for DG(FK G) and DG(FK G,) are equivalent to the unbounded derived
category of small quantum group representation, and the bounded derived category
of finite-dimensional representations respectively.

Conjecture 18.7. Suppose that the Formality Conjecture 18.4 holds. Then the
(non-monoidal) pushforward functor

& 1= RHome g (1,-) QCohdg(G/Bq) — QCohdg(ﬁ/')

restricts to an equivalence on the principal block of coherent dg sheaves for the small
quantum group

§*|block0 . DG(FK GQ)O L> COhdg(N)v

via the Kempf embedding (Theorem 0.1). This equivalence can be identified with
the equivalence of [5, 20].

We remark that one only needs to establish E;-formality of the algebra Z(G,)
for Conjecture 18.7 to make sense, since the statement is only concerned with the
objects Z#ome g (1, M) as sheaves over 2" or N.

Remark 18.8. Of course, . also induces a functor from DG (FK G )o to QCoh,, (N,
but this functor should not be an equivalence, simply because £, will not commute
with infinite sums. It seems reasonable to expect that &, induces an equivalence
from Ind-coherent sheaves IndCohgg(G/Gy)o to QCoh(N) however.

The above reframing of [5] is, in a sense, relatively tame. Specifically, it is already
explained in [5, §1.4] that their equivalence is essentially the functor

FY .V s descent of Op ®y RHomy,p,)(k, V) = ZHome g, (1, Ev).

When compared with [20] there is a somewhat more substantial gap between our
suggestion above and the construction of [20, §2.4], since Bezrukavnikov and La-
chowska approach their equivalence through work of Backelin and Kremnizer [8]
which concerns the De-Concini Kac quantum group.”

4As far as we understand, there are some technical issues with the work [8]. See [112, Remark
5.4]. These issues should be clarified in type A in the relatively near future. See the introduction
to [113].
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18.7. Conclusions. We have suggested above that the equivalences of [5, 20] should
be reflections of a more basic interaction between quantum groups and sheaves on
the Springer resolution. In this more fundamental setting one is able to address
fusion of representations, via the tensor structure on the half-quantum flag variety.
Also, as we explained in Part IT of this work, support theory is yet another reflec-
tion of this geometric framing for quantum group representations. In this way, the
Formality Conjecture 18.4 offers an explicit means of integrating support theory
and geometric representation theory under a single uniform framework:

Sheaf of ®-categories QCohdg(G/Bq) over N,
w/ ®-embedding DG(FK G,) — QCoh,,(G/By)

Po (1,])\]%}/\])’Il,h‘}l/})?’ll»’(l]’(i

[ Support Theory ] [ Geom. Rep. TheoryJ

19. REMARKS ON LOG-TQFTS AND THE DERIVED MODULAR FUNCTOR

Below we make, what is intended to be, a casual comment about logarithmic
topological quantum field theory. We are particularly interested in the derived
modular invariant of Schweigert and Woike [106]. In short, we explain how our
enhancement of the tensor category FK G, may provide a means of resolving certain
singularities which appear in the modular functor associated to the small quantum
group, as described in [106]. (See Observation 19.5 below.)

For the sake of expediency, we don’t review any aspects of topological quantum
field theory, but point the reader to the texts [9, 115], and to the introduction of
[63] for specific discussions of the logarithmic (a.k.a. non-semisimple) setting.

19.1. A preliminary comment on even order g. As the reader may be aware,
the particular quantum parameters g which are of greatest interest in mathematical
physics are of even order. In the earlier sections of this text we have required g to
be of large odd order.

There are no essential problems which occur at even order ¢, save for some
unknown properties of cohomology and the incompleteness of the analysis of [38]
at admissible but not strongly-admissible lattices. The second point is, from our
perspective, not a significant obstacle. For the first point, one has to deal with a
relatively minor issue concerning cohomology for the small quantum Borel. Specif-
ically, arguments of Ginzburg and Kumar [60] imply a calculation of cohomology

Eixts,) (k, k) = Sym(w)

at all large even order ¢, where 1o is a representation for the Borel B of Langland’s
dual type which is concentrated in cohomological degree 2. (It is important, in this
case, that one uses the quasi-Hopf algebra from [6, 34, 54, 88] and not the more
immediate construction of the small quantum group as a subalgebra in Uy,(g).)
One expects the representation tv to be the linear dual of the nilpotent subalgebra
i for B. Supposing this fact, one simply replaces N with the Springer resolution
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NV for the Langlands dual group in our analysis, and all of the results of this text
will hold without further alteration at ¢ of large even order.

Remark 19.1. If we simply accept tv as an unknown quantity, one can still replace
the Springer resolution and nilpotent cone with the mystery space N (o) := G'x gt
and its affinization N (tv) := N (1v)ag, and all of the results will again hold at large
even order gq.

Remark 19.2. For SL(2) at even order ¢, Extiq(B)(k7 k) is 1-dimensional and so
is determined by its associated weight. In this case one sees immediately that
Ext,,(5)(k, k) = Sym(t) and /\7(m) is the Springer resolution in type A. So for
SL(2) there are no barriers at even order ¢, and the analyses of this paper hold
without alteration in this special case.

19.2. Derived modular functor. Let € be a (generally non-semisimple) modular
tensor category. We consider the category %- Surf of compact oriented surfaces with
oriented boundary, and boundary labels in %, as described in [106, §3.1]. Morphisms
in - Surf are generated by mapping classes, i.e. isoclasses of orientation preserving
diffeomorphisms, and sewing morphisms s : ¥’ — X. Such s simply chooses some
oppositely oriented pairs of boundary components ¢; : S' — 9%’ with compatible
labels, then identifies these pairs to form Y. We have the corresponding central
extension &- Surf® — &- Surf of €- Surf obtained by appending a central generator
to Endg,,¢(X) which commutes with mapping classes and behaves multiplicatively
with respect to disjoint union. See [106, §3.1] [53, Definition 3.10] for details.

In [106] Schweigert and Woike construct a homological surface invariant for %,
which takes the form of a symmetric monoidal functor

Fy : €-Surf® — Vectqg.

Given an expression ¢ = rep(u) for a Hopf algebra u, this invariant takes values
Fs(3,) = 1 @Y% Ad®? on the genus g closed surface ¥, where Ad = u?® is the
adjoint representation. As a consequence, one observes mapping class group actions
on homology for € (see also the preceding works [77, 76]).

When % is semisimple, the functor Fy of [106] reduces to an object which is
dual to the usual modular functor described in [9, 115]. It is both linearly dual,
in the sense that the values Fu(X)* recover the expected values in the semisimple
case [106, Remark 3.12], and also dual in the sense that it is constructed using the
adjoint operation ®, to the Hom functors employed in [9, 115].

We suppose for this section that that there is a dual/adjoint modular functor
F? . €-Surf® — Vectqg whose values on higher genus surfaces, and standard
spheres, are given by the expected derived Hom spaces

F?(%,) = RHome (1, Ad%Y),

FE(S2(Vy,..., Vi Wh,..., W) 2 RHomye (V1 ® ... 0 V,, W1 @ ... @ W,.),
and whose sewing maps are determined by composition of morphisms (cf. [115,
§V.2]). If one is only concerned with gluing isomorphisms and modular group

actions-as in [9, Definition 5.1.13] for example-one can take F'¢ directly to be the
linear dual (Fi)*, as remarked at [104, (1.8)].

Remark 19.3. One can compare with the discussion of duality for state spaces,
i.e. the values of our modular functor on surfaces, and related grading issues from
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[33, §2.6.3]. From the perspective of [33] the homological and cohomological flavors
of the invariant Fiy vs. F® arise from a certain binary choice of orientation.

Definition 19.4. For the quantum group FK G, we take Surf®(¢q) = FK G- Surf®
and let F, denote the cohomological-type modular functor F, = FFKCa . Surfy, —
Vectqg described above.

19.3. Singularities in the modular surface invariant. In paralleling the semisim-
ple setting, one might think of the invariant Fj, aspirationally, as a 2-dimensional
slice of a derived Reshetikhin-Turaev invariant associated to the small quantum
group. So we are interested in extending the given invariant F;, to dimension three,
in some possibly intricate way, to produce a once, or twice-extended 3-dimensional
logartithmic TQFT.

If one proceeds naively, then one considers a possible extension of Fy, to a functor

E,: Bord; 5 1(q) — Vectag

from a marked bordism category in which Surf®(q) resides in dimensions 2+¢€. One
can see, however, that no such naive extension Fq exists. (This point is well-known,
see for example [104, Remark 4.16].) Namely, such an extension would imply that
all values Fy;(X) on surfaces 3 without boundary are dualizable objects in Vectq,.

To spell this out more clearly, if we cut S* along the y-axis ST US}L — S* then

we obtain coevaluation and evaluation morphisms for F(X) via the maps
Fy 2 x SL) ik — Fy(X) @k Fy(=%), Fy(X x Sh): Fy(=%) @, Fy(X) — k.

However, the values Fy,(X) are immediately seen to be non-dualizable since they
are complexes with unbounded cohomology in general.

From a slightly less nalve perspective, one can ask for dualizability of the objects
F,(X) relative to a global action of the codimension one sphere F,(5?), and in this
way attempt to extract certain, slightly exotic, 3-dimensional information from
the invariant Fy. Indeed, from a 3-dimensional perspective one expects to obtain
natural action maps

Fy(S?) @1 Fy(S) = Fy(2)

by puncturing, then placing an appropriately oriented sphere, in the identity Fq (Xx
[—1,1]). The most obvious candidate for this global F,(S5?)-action on F,(¥) would
be the global action of F,(5?) = ¢(N) on RHompk ¢, induced by the braided
tensor structure of FK G;,. The modular functor for FK G, can then be reframed
as the corresponding system of functors

Cohgg (N) (53)

conj 37 &\
~
~

Surf®(q) Vectqg.

Fy

Here by Cohge(N) we mean the expected monoidal category of sheaves with a
quantized symmetry, as in Section 18.4, and we note that the lift in (53) is not
supposed to be monoidal. Indeed, this lift is subordinate to the monoidal functor
F,.

With this new framing in mind, one asks for dualizability of F;(X) not as an
object in Vectqq, but as an object in Cohgg(N') and pursues an extension of the
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form
E,: Bordj 5 () ~» {Morphisms in Cohqg(N), Vectqg, ... (54)

whose values on the products ¥ x S, for a surface ¥ without boundary, are traces
Fq(E x §) = Tro (Fo(2))

in Cohge(N). (See Remark 19.7 below.)

However, one can see that such an extension (54) is still obstructed due to the
singular nature of the nilpotent cone. Namely, the adjoint representation Ad =
u(G,)* always has non-trivial projective summands [92] [75, Corollary 4.5], so that
RHomgk ¢, (1, Ad) has an m-torsion summand, for m = &(N)>%. This torsion
summand is non-dualizable since A is singular at {0}, so that F,(7?) is non-
dualizable.

Observation 19.5 (Singularities of Fj;). The existence of a lift F, : Surf®(¢q) —
Cohgg(N) and corresponding extension £, to dimension 3, as requested in (53)
and (541), is still obstructed. Namely, the value F,(T?) = RHompk ¢, (1, Ad) [106,
Theorem 3.6] on the torus is never dualizable as an object in Cohgg(N')

The main point of this section is to suggest a world in which such singularity
problems for a derived Reshetikhin-Turaev theory may be resolvable.

Remark 19.6. In terms of the calculation of the moduli of vacua for quantum
SL(2) provided in [32, 55, 58], the invariant F, looks like a particularly reasonable
candidate for the “logarithmic 3-d” TQFT associated to quantum SL(2), and its
corresponding (triplet) conformal field theory [48, 58], when compared with the
sibling constructions of [59, 31, 37]. Hence our particular interest in this object.
It seems likely, however, that ideas from both the derived 2-dimensional school of
thought [106] and the more geometric 3-dimensional school of thought [59, 31, 37]
may be necessary in order to construct a (semi-)functional 3-dimensional TQFT in
the logarithmic setting.

Remark 19.7. We first came across the relative dualizability criterion for loga-
rithmic theories, employed above, in talks of Ben-Zvi. One can see for example
[12], where the idea is furthermore attributed to Walker.

19.4. Resolving singularities in Fj,. Let us suggest a possible means of resolving
the singular properties of Fy, as described in Observation 19.5 above. Very directly,
one can pursue a sheaf-analog of the construction of [105, 106] to produce a modular
functor

Fq: Surf(q) — QCOhdg(G/B) (55)
which takes values in the category of sheaves over the flag variety, and whose
affinization (a.k.a. global sections) recovers the functor F,. On closed surfaces
and standard spheres one expects such a localization of F, to admit non-canonical
identification

ﬂq(Eg) = %}fomFK Gq(]_, Ad®g),
ﬁq(SQ(Mh e, M, Ny, .. .,NS)) = MomFKgq(Ml R...OM., N1 ®...® Nr)
To suggest some explicit method of construction here, since all of the sheaves
Homyk g, (P, P') are flat over G/B at projective P and P’ (Lemma 10.2), the

excision properties for cohomology defined via the homotopy (co)end construction
should still hold [104, §3.1] [105, Remark 2.12], so that we can recover cohomology
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via a homotopy end construction of .%, as in [106, Eq. 2.1, Theorem 3.6]. One then
recovers the modular functor F;, with linear values as the global sections

F,=RT(G/B,7,),

via Corollary 7.10. Given such a localization .%, of F,, the values .%,(X) should
then be calculated via derived morphism spaces

Fq(X) = BHompk ¢, (M, N @ Ad®9)
which admit an action of the algebra Z(G,) = Z#omykc,(1,1), as in [104,

Theorem 3.6]. The cohomology H*(.%,(X)) will then be an object in Coh(N)®=
by Proposition 12.6.

Finally, if we accept Conjecture 18.4, then the object .%,(X) itself will be realized
as a coherent dg sheaf over the Springer resolution, and the picture (53) now appears
as the system of relations

COhdg (N) (56)

Fq_ - P
-
re

Surf(q) QCohy, (G/B)

AL

Fq

which characterizes a more sensitive version of our logarithmic modular functor
associated to the quantum group. In this more sensitive construction the (at this

point mythical) values of the lift .#, will be dualizable, since N is smooth, so that
such a localization desingularizes the original invariant F,. As suggested in Section
18.6, and in the works [5, 19], lifting to the Springer resolution should also have
some concrete computational advantages as well.

Remark 19.8. Though the suggestions of this subsection may be sound from a
purely mathematically perspective, one should still ask for a physical interpretation
of the kind of G / B-localization we are suggesting. While a definitive conclusion
has not reached in this regard, we can provide some commentary.

From one perspective, one considers the TQFT associated to the small quantum
group as derived from a topological twist of a corresponding 3-dimensional super-
symmetric quantum field theory Tg . for G at a particular level x.” This is the
approach taken in [33], for example. Theory T ; has Coulomb branch M¢c = N
which gives rise to the value F},(S?) = &(N). From the perspective of theory T ,,
one resolves the nilpotent cone NN by “turning on” associated real mass pa-
rameters. See for example [25, 26]. We do not know how these mass parameters
persist through topological twisting however, or how they might contribute to the
corresponding TQFT.

For another vantage point—that of the associated conformal field theories—one
simply has the sheaf of VOAs #(G) = G x5 Vg over G /B which has global

sections identified with the corresponding logarithmic W-algebra I'(G//B, #(G)) =
Wi(G) for G at ¢ [18, 109]. Tt is conjectured that these logarithmic W-algebras
have module categories equivalent to those of the corresponding small quantum
group FK G, at a 2/-th root of 1 [48, 78], and this conjecture has been verified for

5We are being liberal in our use of the label “TQFT” here. As far as we understand, the partition
functions (numerical manifold invariants) obtained from such twisted field theories—if such things
even exists—are not, at present, computationally accessible via the associated QFT.
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SL(2) [36, 58]. So the VOA ¥;(G) localizes the quantum group over the flag variety
in a rather direct sense, although the relationship with the categorical localization
discussed in this text is not entirely clear. These points of confusion around the
flag variety are actually quite interesting from our perspective, and may very well
be worth investigating in their own right.

APPENDIX A. INNER-HOM NONSENSE FOR PARTS I & II
A.1. Proof outline for Proposition 7.5.

Outline for Proposition 7.5. If we take . = %”omé/Bq (M, N), composition is al-
ternatively defined by the QCoh(G/B)-linearity .# « #om (L, M) — S#om(L, F *
M) composed with evaluation ev : F xM — N in the second coordinate. One uses
these two descriptions to deduce associativity of composition.

Associativity for the monoidal structure follows from the fact that both maps

%”om(Ml, N2)®%Om(M2, NQ)@%Om(Mg, NQ) = %0m(M1®M2®M2, N1®N2®N3)
are adjoint to the map
%om(Ml, NQ) X %Om(M% NQ) & %Om(Mg, Ng) * (Ml X M2 X Mg)
S (Aom(My, No) « My) @ (Hom(Ma, No) x Ma) @ (Hom(Ms, No) x Ms)
Y N1 ® Ny ® Ns.
Compatibilities with composition appears as an equality

(1®g2)0(f1@f2) = (g10f1)@(g20f2) : Y1@F1©%®Fy — Hom(L1®La, N1@N2)
(57)
where f; and g; are “generalized sections”, i.e. maps

fi : «321‘ — jfom(Li,Mi), g; . % — %om(Mi7Ni).
To equate these two sections (57) one must equate the corresponding morphisms
(gl ®§1 ®%®f2)*(L1 ®L2) — N1 ® No,

which involve various applications of the half-braiding for QCoh(G/B) acting on
QCoh(G/By). One represents these two morphisms via string diagrams and ob-
serves the desired equality via naturality of the half-braiding for the QCoh(G//B)-
action. (]

A.2. Proof of Theorem 7.7.
Lemma A.1. The adjunction isomorphism

Homg, p (M, N) — Homg, (0, #Aom(M, N)) = T(G/B, #om(M, N))
is precisely the global sections of the natural map (16).

Proof. The adjunction map sends a morphism f : M — N to the unique map
O¢p — som(M,N) for which the composite

M= Og 5+ M — Hom(M,N)« M = N

is the morphism f. Let us call this section f : ﬁé/g — som(M, N). By consider-
ing the fact that we have the surjective map of sheaves

G fRid
& fettom, ) Oy * M L5 Hom(M, N) w0y, M
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we see that the above property implies that the uniquely associated map

Hom(M, N) @y O¢ 5 — Hom(M, N)
whose global sections are the adjunction isomorphism fits into the diagram (17),
and is therefore equal to the morphism (16). O

We now prove our theorem.

Proof of Theorem 7.7. Compatibility with evaluation (17) implies that the restric-
tions of the composition and tensor structure on Jomx /B, along the inclusion

a:Homg, p (M,N) C Homg,p (M,N)®y Og,p, — Homeg,p (M,N)
provided by adjunction recovers the composition and tensor structure maps for
Homg g (M, N). (Here Hom; 5 (M, N) denotes the constant sheaf.) For compo-

sition for example we understand, via (17) and the manner in which composition
and evaluation are related for Hom 5 , that the map

Hom(M, N) @, Hom(L, M) = Hom(L, N) % #om(L, N) (58)
is the unique one so that the composite
Hom(M, N) @, Hom(L, M) ® L — #om(L,N)® L & N
is just the square of the k-linear evaluation map
Hom(M, N) ®, Hom(L, M) ®; L — Hom(M,N) ®, M — N

But by (17) this second map is equal to the composite
Hom (M, N) 5, Hom(L, M) @5, L “2°% om(M, N) © #Hom(L, M) ® LS N
Hence (58) is equal to the map
Hom (M, N) ®;, Hom(L, M) “%* s#om(M, N) @ #om(L, M) > #Hom(L,N),

which just says that restricting along the adjunction map a recovers composition for
Homg, B, Via the global sections of composition for Jom /By Compatibility with

evaluation also implies that the aforementioned map between Hom spaces respects
the G-action. O

A.3. Proof of Proposition 11.1. We consider the category Rep M, of simul-
taneous, compatible B, and u(G,)-representations (cf. [3, §3.12]), and the corre-
sponding category QCoh(G/M,) of mixed equivariant sheaves. This category is
braided via the R-matrix for the quantum group, and admits a central embedding
from QCoh(G/B) via quantum Frobenius. The forgetful functor QCoh(G/M,) —
QCoh(G/B,) is central and QCoh(G/B)-linear, and the Kempf embedding from
FK G, factors
FK G, — QCoh(G/M,) — QCoh(G/B,)

through a braided embedding FK G, — QCoh(G/M,).

The important point of QCoh(G/M,), or rather the derived category D(G/M,)
is that it admits a braiding extending the braidings on D(G/B) and D(FK G,),
simultaneously, and contains all products .# x M for % in D(G/B,) and M in
D(FK G,). We note that the evaluation map

ev : ZHome, g (M, N)* M — M
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for M and N in D(G/M,) is only a morphism in D(G/B,), and needn’t lift along
the central functor D(G/M,) — D(G/B,). However, via centrality we can braid
the evaluation against any object L in D(G/M,) to get

braidy, y(idr @ ev) = (ev @ idy,) braidr g -
Proof of Proposition 11.1. Take # = #(G,). We have the two string diagrams
D1 D2

X Zun 1 X Zun 1

¢

which represent the top morphism in (30) and the bottom arc in (30) respectively,
where a node labeled # is an evaluation morphism and a node labeled e is the unit
structure. We cross strands via the braiding, and note that at least one object
at each crossing is (Miiger) central, so that the direction of crossing is irrelevant.
We claim that diagram D1 is equivalent to the diagram D2, in the sense that their
associated morphisms are equal in D(G/B,)

The diagram D2 can be manipulated via the central structure on the functor

D(G/M,) — D(G/B,) to get
[¢] [¢] [¢] [©] o o o] [e] [¢] [¢] [¢] [¢]
o [¢] o

unity j obraidy y = unit; y : 1® N — N.

Since

the final diagram is in equivalent to the diagram D1 above. This verifies commu-
tativity of the diagram (30). O
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