THE CUP PRODUCT ON HOCHSCHILD COHOMOLOGY
VIA TWISTING COCHAINS AND APPLICATIONS TO
KOSZUL RINGS

CRIS NEGRON

ABSTRACT. Given an acyclic twisting cochain 7w : C' — A, from a curved
dg coalgebra C' to a dg algebra A, we show that the associated twisted
hom complex Homj, (C, A) has cohomology equal to the Hochschild coho-
mology of A, as a graded ring. As a corollary we find that the Hochschild
cohomology of a Koszul algebra A, along with its cup product, is a sub-
quotient of the tensor product algebra A' ® A of A with its Koszul dual.

1. INTRODUCTION

Let k be a field of arbitrary characteristic. The Hochschild cohomology
of an dg (k-)algebra A can be defined as the graded group of bimodule
extensions

HH®(A) = Ext}) bimoa(4, A)-
This cohomology was popularized in the many works of Gerstenhaber (see
e.g. [6, 7]). Hochschild cohomology is fundamental in that it is the coho-
mology associated to a dg algebra A which “controls the formal deformation
theory of A”, in the general sense of deformation theory via dg Lie algebras
[21, 17] (see also the closing comments of Section 6).

As with any group of self extensions, Hochschild cohomology carries a
natural Yoneda product, which is often referred to as the cup product.
Hochschild cohomology, along with the cup product, has been shown to
have very strong relations to loop space (co)homology in topological set-
tings [22, 5], and is known to be a derived invariant [13].

In this paper we give a general result relating twisting cochains to the cup
product on Hochschild cohomology, then discuss its specific appearance for
Koszul algebras.

Theorem 1.1 (5.3). Let A be any dg algebra, C be any (curved) dg coalge-
bra, and m: C'— A be an acyclic twisting cochain. Let Homj (C, A) denote
the associated twisted hom complex. There is a dg algebra quasi-isomorphism

Hom[ (C, A) = RHom 4 pimod (A, A)
and subsequent identification of graded rings H®*(Homj (C, A)) = HH*(A).
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In the text RHom A_pimod (A, A) will be represented by the endomorphism
dg algebra of a particular semi-projective approximation of A. A twist-
ing cochain is a degree 1 k-linear map 7 from C' to A which satisfies the
Maurer-Cartan equation, and the corresponding twisted hom complex is
the standard set of graded homs

Hom(C, A) = @ { homogeneous degree ¢ k-linear maps }

f:C—A
with the convolution product f* g = pa(f ® g)Ac and altered differential
diton (f) = daf = (=D fdc — [, f],

where 114 is the multiplication on A and A¢ is the comultiplication on C.
This gives Homj (C, A) the structure of a dg algebra.

Twisting cochains have primarily been of use in topological and geometric
studies [2, 4, 9], although they have proved fundamental in recent algebraic
inquiries into As-algebras initiated by Lefévre-Hasegawa’s thesis [18] and
the subsequent works of Keller [16, 15, 14, 12]. In the topological/geometric
settings the object A is usually a dg algebra with nonvanishing differential
(e.g. the singular chains of a topological group), while in the ring theoretic
context A will usually be concentrated in degree 0.

Although the cup product on Hochschild cohomology is of independent
interest (see e.g. the support variety theory of [30] and the applications to
loop space (co)homology [22, 5]), we are also interested in it for its value
as a derived invariant and for the assisting role it plays in computations of
the graded Lie structure on Hochschild cohomology (see e.g. [8]).} We also
believe that the relationship established in Theorem 1.1 is somewhat funda-
mental. Indeed, we are suggesting that dg coalgebras with acyclic twisting
cochains can act as replacements for the (generally) larger structures of the
bar construction, bar resolution, and Hochschild cochain complex. One can
see [25] for another application of this philosophy.

As noted above, Theorem 1.1 has a specific life for Koszul algebras. While
we’ll avoid giving a formal definition of Koszul algebras here, some important
examples include quantum polynomial rings, Sklyanin algebras, Universal
enveloping algebras, Clifford algebras, Steenrod algebras, and Weyl algebras
(see [29]). For a graded Koszul algebra, for example, we will have

Theorem 1.2 (8.4). Let A = k(x1,...,2,)/(R) be a Koszul algebra (with R
the k-space of homogeneous degree 2 relations) and A' = k(\1,..., \n)/(RF)
be its Koszul dual. Let e be the degree 1 element e = ). \; @ x; in the tensor
product algebra A' @ A. Then

(1) the graded commutator operation e, —] : A'\® A — A'® A is a square
zero degree 1 derivation on the algebra A' @ A, where we grade by
the degree on A',

10ne can see [7, 17] for more information on this Lie structure.
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(2) the cohomology of the resulting dg algebra admits an identification
of graded rings H*(A' ® A) = HH*(A).

In the statement of the above theorem the )\; are dual to x; so that
E{A\1,.. ., \n} = (B{x1,...,2,})*. When A is filtered (not graded) we need
to replace A' with a certain curved dg algebra which plays the analogous
role. More information on Koszul algebras, and the production of canonical
twisting cochains via the Koszul dual, from which Theorem 1.2 is derived,
can be found in Section 7 and Lemma 8.3.

We should mention here the work of Buchweitz, Green, Snashall, and
Solberg [3]. In the paper [3] the authors relate the multiplication on the
Hochschild cohomology of a Koszul (path) algebra A to a comultiplicative
structure on a special collection of right ideals in A. One manner in which
our results differ is that the methods presented here are essentially basis
free-the element e does not depend on choice of basis—while those of [3]
seem to depend heavily on choices of bases and a concrete analysis of a
certain coalgebra related to the Koszul ring.

The work presented here also appears, in an alternate form with an ad-
ditional computation of the Hochschild cohomology ring of the universal
enveloping algebra of the Heisenberg Lie algebra, in the first chapter of my
dissertation [24].

1.1. Organization. Section 2 is dedicated to establishing the necessary
background information, and in Section 3 we recall the definitions of twisting
cochains and some related constructions. In Section 4 we give a fundamental
relationship between twisted tensor products and twisted homs. Sections 5
and 6 are dedicated to the presentation of the main theorem and its proof,
and Sections 7 and 8 are dedicated to an analysis of Koszul algebras.

Acknowledgments. Thanks to thank Xingting Wang, Guangbin Zhuang,
and James Zhang for their support and assistance in this research. Thanks
also to James Zhang for pushing me to think more deeply about the basics
of twisting cochains. Thanks to the referee for their helpful comments.

NOTATIONS AND CONVENTIONS

Let R be an arbitrary ring. By a “R-module” we mean a left R-module
unless stated otherwise. We will always use the cohomological indexing
convention

X=...4 xn 14 xnd ynt1 4
and do not distinguish between chain complexes and cochain complexes.

Given R-complexes X and Y we write Hompg(X,Y") for the standard Hom
complex

Homp(X,Y) = @(H Homp(X',Y'*"))
nezZ i
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For any homogenous function § € Homp(X,Y') of degree n, the differential
d is given by the formula d(f) = dyf — (—1)"0dx. For a k-complex X we
let X* denote the chain dual

Sweedler’s notation will be used to denote the comultiplication on a coal-
gebra C. So the element A(c) will be written A(c) = ¢1 ® ca, with the sum
implicit. To say this more clearly, “c;y ® co” is simply shorthand for some
expression of the element

A(C) = Zcil &® Ciqy
i
in the tensor product C' ® C'. Higher iterations of the comultiplication will
be denoted using similar notation. For example, the element

(A ®id)A(c) = (id @ A)A(c)

will be denoted ¢; ® ¢ ® c3. Again, there is an implicit sum. If C' is graded,
and ¢ € C is homogeneous, then the ci, cs, etc. will always be taken to be
homogeneous.

2. PRELIMINARIES ON (CURVED) DG ALGEBRAS AND (CURVED) DG
COALGEBRAS

2.1. Dg algebras and coalgebras. Recall that a dg algebra is a chain
complex (A, d) equipped with a unit £ — A and associative multiplication
i A® A — A which are both chain maps. A dg coalgebra is defined
dually to be a complex (C,d) with a coalgebra structure such that each
structure map C — k, A : ¢ — C ® C, is a chain map. We will call a
dg (co)algebra locally finite if it is finite dimensional in each homological
degree. A dg algebra A (resp. dg coalgebra (') is said to be augmented
(resp. coaugmented) if it comes equipped with a dg map A 5 k (resp.
kS 0).

Given an arbitrary dg algebra A and dg coalgebra C' the hom complex
Homy(C, A) becomes a dg algebra under the convolution product

frg=pa(f®gAc: e (=1)9f(cr)g(co).
In particular the dual C* = Homg(C, k) is a dg algebra. Omne can check
that the dual A* = Homy(A, k) of any locally finite dg algebra, which is
additionally bounded above or below, is a dg coalgebra under the coproduct
A(y) = ypu. The double dual of a locally finite dg (co)algebra A, which is
bounded above or below, is naturally isomorphic to A via the standard map

ev:A— (AY)* (1)
a = (= (=1)g(a)).

The tensor product of dg (co)algebras is again a dg (co)algebra under the
differential dygar = da ®id s +1id4 ®d 47, and we can define the opposite dg
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algebra A° to be the complex A with the opposite multiplication a -%P b :=
(—1)lallblpq,

Given a dg algebra A, a k-complex M is called a left (resp. right) dg
module over A if it is a graded A-module, after we forget the differential,
and the action map

AR M — M (resp. M@ A — M)

is a map of chain complexes. Similarly, M is a dg bimodule if it is a graded
bimodule over A and the action map A ® M ® A — M is one of chain
complexes. A bimodule over a dg algebra A can, as in the non-dg case, also
be seen as a module over the enveloping algebra A¢ = A ® A°P.

Given dg A-modules M and N, we define the hom complex Hom 4 (M, N)
in the usual way. That is

Hom (M, N) = (®;Hom’y (M, N), dyom)

with the usual differential dgom : f — dnf — (—1)|f|fdM. Here the notation
Homfg(M ,N) denotes the set of homogenous degree ¢ maps f : M — N
satisfying

Flam) = (=171 af (m)
for any homogeneous a,b € A. Taking A = B€ for a dg algebra B gives the

appropriate definition of the hom complex for bimodules Hom g_pimoq (M, N) =
Hompe (M, N).

2.2. Curved dg algebras and coalgebras. We recall the notion of a
curved dg (co)algebra, following [28]. These structures will be needed in our

account of Koszul duality for nonaugmented algebras, such as Weyl algebras
and Clifford algebras.

Definition 2.1 (Curyed dg (co)algebras). A curved dg algebra is a graded
algebra A = @iz A" along with a degree 1 graded derivation d4, and a
degree 2 element cy € A2, so that

d% =[ca,—] and da(ca) =0.

(Here d?% is the square dads.) Dually, a curved dg coalgebra is a graded
coalgebra C' = ®;czC" along with a degree 1 coderivation d¢, and degree 2
function fo : C' — k satisfying

&% = (fo®@id—id® fc)A and fede = 0.
We may denote a curved dg algebra (resp. coalgebra) as a triple (A, d4,ca)
(resp. (C,dc, fc))-

As with dg algebras and coalgebras, we have some standard constructions.
Given a curved dg algebra A and a curved dg coalgebra C the set of graded
maps Homy,(C, A) = @,, ([]; Homy(C?, A™™)) becomes a curved dg algebra
under the convolution product, standard derivation d(§) = d4&— (—1)|£ ‘§dc,
and curvature

CHom = cA€c — lafc
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[27, Section 6.2]. In particular, the graded dual C* of any curved dg coalge-
bra becomes a curved dg algebra with curvature element co+~ = —fo. The
graded dual of any locally finite curved dg algebra A becomes a curved dg
coalgebra with the obvious coproduct, derivation d(n) = —(—1)|"|nd A, and
curvature function fax = —ev.,. When C is locally finite, the evaluation
map ev : C' — C** provides an isomorphism of curved dg coalgebras between
C and its double dual. Finally, the tensor product A ® A’ of curved dg al-
gebras will again be a curved dg algebra with dyga = da ®ida +ida @ da
and cpgar =cA®1+1®cy.

Theoretically, curved dg structures arise as deformations of dg algebras.
For example, a cocycle in the second Hochschild cohomology of a dg algebra
A will correspond to a curved dg k[t]/(t?)-algebra, or more generally curved
Ao K[t]/(t?)-algebra, which reduces to A at t = 0.

3. TWISTING COCHAINS

We first give the definition in the non-curved setting, then address the
curved situation independently. The following definition is standard and can
be found, for example, in [10] or [19].

Definition 3.1 (Twisting cochain). Let C be a dg coalgebra and A be a dg
algebra. A degree 1 linear map 7 : C' — A is called a twisting cochain if 7
satisfies the equation

— (dam + wde) + p(r @ m)A = 0. (2)
In other sources, the formula in (2) may appears as
dam + mde + p(m @ m)A = 0.

One can mediate between the two perspectives by replacing m with —m.
Assuming k is of characteristic # 2, this alternate form of (2) is exactly the
statement that 7 is a solution to the Maurer-Cartan equation

d(m) + %[ﬁ,w] — 0,

where [, ] denotes the graded commutator on the dg algebra Homy(C, A).

Example 3.2. Let g be a Lie algebra and k[Xg] be the free graded commu-
tative algebra generated by the degree —1 k-space Xg. Given x € g we let
X denote the corresponding element in Yg with shifted degree. We extend
the operation

A:Yg—kXgl@kXg, X—»1X+X®1

(uniquely) to an algebra map from A : k[Xg] — k[Xg] ® k[Xg], which gives
k[Xg] a graded bialgebra structure.

The linear map k[Xg]~2 — k[Xg]~! = Xg which takes a monomial XY to
the Lie bracket — |z, y|, with shifted degree, extends to a unique coderivation
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dg on k[¥g]. We then get a canonical twisting cochain 7 : k[Xg] — U(g)
given in degree —1 by X — x. Indeed, on degree —2 elements we have

AXY)=AXAY) =XY 1+ XY +(-)XMY o X +12 XY
=XYR1+4XQY - YRX+1XY
and so
mxm(XY) =m(XY)r(l) —n(X)n(Y) +7(Y)m(X) + 7(1)n(XY)
—[z,y] = mdy(XY).
This is the twisting cochain condition. This twisting cochain is an example
of the canonical twisting cochain of Lemma 8.3.

Definition 3.3 (Twisted homs). Given a twisting cochain 7 : C' — A, we
define the dg algebra of twisted homs Hom7 (C, A) as the space of graded
homs Hom7 (C, A) = ®;Hom’ (C, A) along with convolution product * and
differential

digomp(0,n)(f) = daf = (=)W fde = (mx f = (=D f +7)
= dHomk,(C’,A) (f) - [7T, f]
One can easily verify that HomJ, (C, A) is a in fact a dg algebra, or simply

see [19, Proposition 2.1.6]. We also have the analogous definition of the
twisted homs Hom7 (C, M), where M is a dg A-bimodule.

Lemma/Definition 3.4. Suppose m : C — A is a twisting cochain. There
is a functor

(=)™ : dg Homy(C, A)-bimod — dg Homj (C, A)-bimod.

This functor takes a dg bimodule (M, dpr) to the bimodule (M™, d7,;) which is
M as a graded space, has the Hom7, (C, A)-action induced by the algebra iden-
tification Homy(C, A) = Homj (C, A), and differential d}, := dpr — [m, —].
For any ¢ : M — N we simply take @™ := .

Proof. Take dg = dyom, (c,4) and d™ = dHom"(C 4)- For any m € M we have
(d3)*(m) = d3;(m) — dM([W m]) =[x, dar(m)] + [, [, m]]

= [dH( m] + [, dyr(m)] = [r, dp (m)] + [, [w,m]] - (3)
= —ldp(m),m] + [r, [z, m]].
But
(7, [r,m]] = 2m — m7? — (=D)™amr — (=)™ amr = [72, m]

and 72 = dg(m) by the twisting cochain condition, where 72 = 7 * 7 is the

second convolution power here. So the final equation of (3) vanishes and we
get that df, is in fact a differential on M.

We need to check now that the equation df,(fm) = d*(f)m+(—1)1 faz, (m)
holds for f € Homj(C,A) and m € M. But this is clear since dj, =
dy + [, —] and djps and |7, —] satisfy the equations

m(fm) = du(f)m+(—D)V fdp(m) and [, fm] = [r, flm+(—1) f[x, m].
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One similarly verifies the equation for dj,(mf). Finally, one sees that for
any ¢ : M — N, ™ = ¢ is still a dg map since for any m € M

e(diyr(m)) = (dar(m)) + o([r,m]) = dar(p(m)) + [, o(m)] = di(e(m)).
O

Lemma 3.5. For any dg coalgebra C and dg algebra A, the tensor complex
A®C® A is a dg Hom(C, A)-bimodule under the left and right actions

f(a®@c@b) =~y @ e @ fe)b

and
(@®c@b)- fom (—)I0HDGF(e) @ e @b,
fora,be A, ce C.

Proof. The verification of this fact is a sequence of tedious but straightfor-
ward calculations. We only check compatibility with the differential under
the left action. Take f and a ® ¢ ® b as above. Then we have

d(f - (a®c®b))

=+d(a)®c1® f(ea)bta®d(c1) ® f(c2)bta®cr @d(f(c2))b
+ta®c; ® f(co)d(b)

=3d(a)®@c1 ® f(ea)bta®d(c1) @ f(c2)bta®c; @ f(cz)d(b)
£ 01 @ diom(1) (e2)b + (1) DDl 6 01 & f(d(e2))h

where all the signs 4+ are the appropriate Koszul signs, and all the d must
be given the appropriate subscript. Using the fact that d¢ is a coderivation,
this final equation can then be rewritten

(—D)Vf - dagcgala ® e @b) + duom(f) - (a® c® D).
The verification of the formula

dagcaa((a®c®@b) - f)
= dagcoa(a@c@b) - f+ (=D HA+D (4 © ¢ @ b) - digom (f)

is similar. O

To gain some understanding of these actions we may consider the two
extreme cases, when C = k and when A = k. When C = k the actions
reduce to the inner actions of Homy(k, A) = A on A® A. When A = k, the
actions of the dual Homy(C, k) = C* on C are the standard left and right
actions corresponding to the respective right and left coactions of C' on
itself [23]. When C and A have nonvanishing (co)augmentation (co)ideals,
we are integrating the inner action of A with the standard actions of C*
to produce a natural action of the convolution algebra Homy(C, A) on the
tensor complex.

Definition 3.6 (Twisted tensor products). Given a twisting cochain 7 :
C — A, we define the twisted tensor product A ®,; C ®, A as the value of
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the functor (—)™ on the bimodule A ® C ® A (with right and left actions as
in described in Lemma 3.5). In other words,

A0, C0r A= (AR C AT = (AR C® A, dascsa — [T, —]).

The fact that the twisted tensor product, according to Lemma 3.4, is a
dg bimodule over the twisted hom complex Homj (C, A) will be an essential
point in our proof of the main result Theorem 5.3.

On elements, the differential on the twisted tensor product will be given
by the formula

Pyeopala®@c@Db)
= dagcoa(a®c@b) + (=1)eHele @ e; @ w(ca)b
(= 1)lalHel B+l (1) @ ¢ @ b
= dagcoa(a® c®b) + (—1)1Fla @ ¢; @ m(e2)b — (—1)llar(c1) ® ¢ ® b,

So we can write the differential on the twisted product in the more conven-
tional form

dagcoa+(u(ida @) @ ide ®idsg — idg Q@ ide @ pu(r @ id)) (idga @ A @ idy)

[11]. The twisted tensor product A ®, C ®, A will always have a canonical
dg A-bimodule structure under the outer A-actions, and we will view the
twisted tensor product as an object in dg A-bimod in what follows.

As an example, the twisted tensor product U(g) ®, k[Xg] ®, U(g) associ-
ated to the twisting cochain of Example 3.2 will recover the standard Koszul
resolution of [29]. For the familiar reader, we also note that one recovers
the standard bar resolution as the twisted tensor product of a dg algebra A
with its bar construction via the universal twisting cochain.

3.1. Twisting cochains in the curved setting. Here we follow [27, Sec-
tion 6.2]. The reader may also refer to [26].

Definition 3.7 (Twisting cochains with curvature). A degree 1 linear map
m: C — A from a curved dg coalgebra to a curved dg algebra is called a
twisting cochain if the equation

(caec —1afo) = (dam + mdc) + p(r @ M)A =0
holds.

Here, again, we differ from some other references by a sign. We will only
be interested in the case in which A is a dg algebra. In this setting we still
get a twisted tensor products A ®,; C ®, A. The differential on this complex
is, oddly enough, given by the same formula as in the non-curved setting:

dagceat+(u(ida @ ™) @ ide Q@ idg — idg @ ide @ p(m ®id)) (idg @ A ®idy) .
(4)
As one can see from the above formula, the curvature disappears at this
level. Indeed, for the remainder of the paper we will be able to provide a
uniform analysis of the curved and non-curved situations. We outline below
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the manner in which one arrives at the above formula for the twisted tensor
product in the curved situation.

Definition 3.8 (Curved bimodules). Suppose we have a curved dg algebra
A= (A,da,ca). An A-bimodule M is called a curved bimodule if M comes
equipped with a grading M = @®; M" and a degree 1 operation djs satisfying

dpr(am) = da(a)m+(=1)1%ady (m) and dys(ma) = dys(m)a+(—1)"mdy (a)

and d3; = [ca, —]. A morphism of curved bimodules is a graded A-bimodule
map ¢ : M — N which satisfies dyp = wdyy.

Lemma/Definition 3.9. For any twisting cochain © : C — A from a
curved dg coalgebra to a curved dg algebra the complex

Homj (C, A) = (Homy(C, A), diom — [T, —])
is a dg algebra.

Proof. Take d™ = dpom — [m, —]. Since the sum of algebra derivations is
again an algebra derivation the operation d™ is an algebra derivation. We
need only check that it is square 0. For homogeneous g € Homy(C, A) we
get

(d™)*(9) = d¥om(9) — daom([m, g]) — [T, dHom(9)] + [7[m, g]]
= [cae, g] — [1afc, ] [dhom(7), g] + [, dHom (9)]
_[ﬂ'adHom( )] [ ]
= [cae, gl = [1afc,g] — [dHom() gl + [7*, 9]
= [cae — 1afo — dhom(m) + 72, g]
:O’

since 7 is a twisting cochain and therefore c4e—14 fo —dpom () +72=0. O

Lemma/Definition 3.10. Given a twisting cochain 7 : C — A from a
curved dg coalgebra to a curved dg algebra, we get a functor

(=)™ : curved Homy(C, A)-bimod — dg Homy (C, A)-bimod.

On objects, for a curved bimodule M we take M™ = M as a graded bimodule
over Homp (C, A) = Homy(C, A), and give M™ the differential d3; := dpr —
[m,—]. Given ¢ : M — N we take @™ = .

Recall that the natural curvature on the convolution algebra Homy(C, A)
is the function cge — 14 fc.

Proof. Checking that d2, = 0 is formally similar to the computation given
for Lemma 3.9. The remainder of the proof is exactly the same as that of
Lemma 3.4. (]

Lemma 3.11. For a (non-curved) dg algebra A and curved dg coalgebra C,
the tensor compler A® C ® A is a curved bimodule over Homy(C, A) under
the same actions as in Lemma 3.5.
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Proof. Save for compatibility with the curvature, this is the same as Lemma
3.5. For compatibility with the curvature we have
Pla®c®b) =a®ds(c)®b
:a®fo(61)62®b—a®01f0(02)®b (5)
=a®c1® (—lafo(e))b—a(-1afo(c1)) @ ca®b
= [CHom,a ® ¢ ® b].
O

We then get the twisted tensor product, again, as the value of (—)™ on
this bimodule

AR, C@r A=(AQCRA)" = (AR C® A dagoga — [, ).

The twisted tensor product will be viewed as a dg A-bimodule under the
outer A-actions.

Remark 3.12. The proof of Lemma 3.11 breaks if we allow A to be curved.
Specifically, the sequence of equalities (5) will not hold.

4. MAPS FROM THE TWISTED TENSOR COMPLEX AS TWISTED HOMS

For the remainder of the paper by a “twisting cochain” 7 : C — A we
will mean a twisting cochain from a, possibly curved, dg coalgebra to a dg
algebra. One should recall our definition of the hom complex Hom 4 (M, N)
from Section 2, for dg bimodules M and N.

Proposition 4.1. Suppose w : C — A is a twisting cochain, and that M is
any dg A-bimodule. Then the restriction map

resys : Homye (A @, C @, A, M) — Homp, (C, M)

is an isomorphism of chain complexes. These restrictions together produce
a natural isomorphism res : Homge(A ®r C @, A, —) — Homj (C, —).

Proof. Take d to be the differential on Home(A ®, C @, A, M) and d’ to
be the differential on Homj (C, M). We need to check the formula

d(f)|C = ditom(f1C) = (m % (£1C) = (=1)VI(f]C) )

for any homogenous A®-linear map f : A ®, C ®, A — M. We proceed
directly. Take ¢ € C. Then

d(f)(c)

=dyfe) = (=D (fdagcoalc) + f(r(c1) @ ca @1 — (=1)1 @ ¢; @ ()
=dy f(c) = (=) fde(c) — (=)Wl Dz () f () + (—1)!FVTf ()7 (co)
= ditomy () (fIC)(©) = (7% £)(c) = (=1)FI(f % 7)(c))

= dyom,,c,m)(f|C)(c) — [, fl(c)

=d'(f|C)(c).

It is obvious that restriction is natural in M, so the second statement is
immediate. ([
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We will call a pair (C, M), with C' a curved dg coalgebra and A a dg
algebra, sufficiently finite if the natural dg algebra embedding

C* @ A — Homy(C, A), f®@awrs (c— (D)9l f(c)a) (6)

is an isomorphism. For any dg A-bimodule M, we say the pair (C, M) is
sufficiently finite if (C, A) is sufficiently finite and the map analogous to (6),
with A replaced by M, is an isomorphism. Some easy examples of sufficiently
finite pairs (C, A) would be when C'is finite dimensional, or when A is finite
dimensional, or when C is locally finite and A is bounded above and below,
ete.

Definition 4.2 (The functor C*®™ —). Let 7 : C' — A be a twisting cochain
on a sufficiently finite pair (C, A). Then we define the functor

C* ®@™ — : dg A-bimod — dg k-bimod
by taking

C* Q™M = (C*® M,dc+gn — [, —]).
and C* ®™ ¢ = C* ® ¢ for any dg bimodule map ¢ : M — N.

Here we take m € C* ® A to be the preimage of 7 along (6), by abuse of
notation. Note that when (C, A) is sufficiently finite we have 7 = ), 7/ ®m;
for some elements 77 € C* and m; € A. So, even when (C, M) is not locally
finite, we can still consider the degree 1 operation

dergym — [m, =] = doram — Z[Wf ® mi, =]

on the graded space C* ®@ M.

The fact that C* ®™ M is actually a chain complex follows from the fact
that the differential dyony induces the given operation dorgn — [r,—] on
C* ® M by way of the embedding analogous to (6). This observation also
implies

Proposition 4.3. Suppose w : C — A is a twisting cochain with (C,A)
sufficiently finite. Then the natural chain maps

C* @™ M — Hom[(C, M), f@m s (c— (=DM eym) (1)

produce a natural transformation C* @™ — — Homp (C, —) which restricts to
a natural isomorphism on the full subcategory of sufficiently finite bimodules
in dg A-bimod. Additionally, there is a natural transformation

C*R" — — HOmAE(A Qr C®7r A, _)7

defined by composing (7) with res™!, which is also an isomorphism on the
subcategory of sufficiently finite dg bimodules.
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5. PRESENTATION OF THE MAIN THEOREM: AN ALGEBRA
IDENTIFICATION H*(Homf (C, A)) = HH*(A)

For any twisting cochain 7 : C — A from a curved dg coalgebra to a dg
algebra, we have a canonical map

AR, C®, A=A, a®c®bw— abec(c)

of dg bimodules.

Recall that a coalgebra C' is called connected if it has a unique one dimen-
sional simple subcoalgebra Cy = k [23, Definition 5.1.5]. We say a curved dg
coalgebra C' = (C,d¢, fc) is connected, or “cocomplete”, if it is connected
as a coalgebra and d¢(Cp) C Cp. Compatibility of do with the counit then
implies d¢|Cp = 0. In this case the standard coradical filtration

(FoC = ker(C 25 %" 5 (C/Co)®™)}n

will be exhaustive and also satisfy do(F,C) C F,C. The following definition
is standard [18, Definitions 2.2.1.1], [27, Section 6.5], [16, Section 4.6].

Definition 5.1 (Acyclic twisting cochain). A twisting cochain 7 : C' — A
is called admissible if C' is a connected curved dg coalgebra and 7|Cy = 0.
A twisting cochain 7 : C' — A is called acyclic if 7 is admissible and the dg
A-bimodule map

e AR, CR, A— A

is a quasi-isomorphism.

Our main example of an acyclic twisting cochain will be the canonical
twisting cochain 7 : (B')* — B associated to any filtered Koszul algebra B.
In this case the map ¢ : B ®, (B")* ®, B — B will be the standard Koszul

resolution (see Section 8). Before continuing we need to give a definition.

Definition 5.2 (Hochschild cohomology of a dg algebra). Let A be any
dg-algebra. Then we take

HH*(A, M) = H*(RHomuc (A, M)) and HH*(A) = HH*(A, A).

For the uninitiated reader it may not even be clear that we can derive
the functor Hom e (A, —) in general. We will give a more explicit definition
in Section 6, where more information on derived categories of dg modules
and derived functors will be given. For the time being, we give complete
proofs of the following theorems only in the ring theoretic settings, i.e. the
setting in which A is concentrated in degree 0 and C is bounded above. The
completed proofs are given in Section 6.

We begin with our main theorem about the Hochschild cohomology ring
HH*®(A), then consider the general cohomologies HH*®(A, M).

Theorem 5.3. Let w : C — A be any twisting cochain and take K =
A®y; C®@r A. The map | : Homj(C, A) — Homye (K, K) defined by

fs <a®c®br—> (—1)Mflllal+erD g g ¢ ®f(02)b> (8)
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is a map of dg algebras. Furthermore, if w is acyclic then the map | is a
quasi-isomorphism and we have an identification of graded rings HH®(A) =
H*(Homj (C, A)).

Proof in ring theoretic setting. Take K = A ®, C ®, A. Note that for any
dg algebra II, left dg module M, and generic elements o € Il and m € M,
the formula dys(om) = di(o)m + (=1)I%ladys(m) is exactly the statement
that the left multiplication map Iy : II — Homy (M, M) is a chain map.
Associativity of the action tells us that the left multiplication map is also
an algebra, and hence dg algebra, map. Therefore we get a dg algebra map

IHom7 : Homp (C, A) — Homy (K, K)

given by the formula (8), since K = A®, C®, A=(ARC®A)" is a left
Homyj (C, A)-module under the action given in Lemmas 3.10 and 3.11. We
simply note that each map lgomy (f) is left and right A-linear to see that
the image of ljjomr lay in the dg subalgebra Hom e (K, K) C Homy (K, K).
This produces [ as the dg algebra map given by restricting the codomain of
lHomg'

In the case that 7 is acyclic, C' is bounded above, and A is concentrated in
degree 0, the complex K provides a free bimodule resolution of A. Whence
the functor Homye (K, —) preserves quasi-isomorphisms. In particular, the
map

£« : Homge (K, K) — Homue (K, A) = Homy (C, A)

res
will be a quasi-isomorphism. (Recall that the restriction map is a chain
isomorphism, by Proposition 4.1.) Since €(c1)f(c2) = f(e(c1)e2) = f(c) for
each ¢ € C' we see that ¢,l = idHomg(C, A)- Since &, is a quasi-isomorphism
this then implies that [ is also a quasi-isomorphism. [l

Corollary 5.4. When (C, A) is sufficiently finite, and w : C — A is an
acyclic twisting cochain, then we have an identification of graded rings

HH®*(A)=H*(C*"®"A)=H*(C*"® A,dc+ga — [, —]).
Proof. This is an immediate consequence of the fact that the isomorphism
C*®@™ A = Homj (C, A) of Proposition 4.3 is a dg algebra isomorphism. [
Let us now consider the cohomologies HH®(A, M).

Theorem 5.5. If 7 : C — A is an acyclic twisting cochain then
(1) for any dg bimodule M we have HH®(A, M) = H*(Hom] (C,M)).
(2) We have an H®(A)-bimodule identification

HH*(A, A°) = H*(Homf (C, A%)),

where the A-bimodule structure on functions in Homj (C, A€) is in-
duced by the inner bimodule structure on A° = AR® A.

(3) If (C, M) is sufficiently finite then HH®*(A, M) = H*(C*®™ M) and
if (C, A®) is sufficiently finite then the identification HH®(A, A®) =
HH*(C* @™ A°) is one of H*(A)-bimodules.
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Proof in ring theoretic setting. Take K = A ®, C ®,; A. Recall that, ac-
cording to Proposition 4.1, the restriction map resge : Homge (K, M) —
Homyj (C, M) is an isomorphism of chain complexes for each M. For (1)
we need only know that K = A ®,; C ®, A is such that Hom e (K, —) =
RHom e (A, —). As was explained in the partial proof to 5.3, this is clear
when A is concentrated in degree 0 and C' is bounded above. For (2) we
simply note that the restriction map is an isomorphism of bimodules. Part
(3) is an immediate consequence of Proposition 4.3 and the fact that the iso-
morphism (7) is, again, an isomorphism of A-bimodules when M = A°. O

Remark 5.6. Let C*(A) = Hom}™V (%A, A) denote the Hochschild cochain
complex for A. Theorem 5.3 can alternately be proved by showing that the
quasi-isomorphism C*(A) — Hom e (K, A) dual to the canonical embedding
of K into the bar resolution for A (see [29, Proposition 3.9]) maps the cup
product of elements in C*(A) to the convolution product of their images.
This will be a more appropriate proof if one wishes to address the cup

product on Hochschild cohomology with coefficients in some ring extension
A’ of A.

Remark 5.7. Since we already have a quasi-isomorphism at the level of dg
algebras in Theorem 5.3, one can verify that the identification HH®(A) =
H*(Homj (C, A)) is in fact one of A-algebras.

6. HOCHSCHILD COHOMOLOGY OF DG ALGEBRAS: PROOFS OF MAIN
THEOREMS

Here we give an an overview of some of the definitions and results from
Barthel, May, and Riehl’s paper [1], and complete the proofs of Theorems
5.3 and 5.5. The paper [1] is concerned with analyzing a number of model
structures on categories of dg modules. We will, however, avoid discussing
model categories at length. Let us only say that since we are over a field, the
(unbounded) derived category of k is equal to the (unbounded) homotopy
category of k. This implies that the g-model structure and r-model structure
from [1] are actually the same. So we can use the authors results for the
r-model structure to address the standard derived category of a dg algebra
H7

D(II) = Ho(dg M-mod) = dg II-mod[Quasi-isom ™ ].

We fix a dg algebra II for the moment.

Definition 6.1 (Semi-projective dg modules). A dg II-module M is called
semi-projective (g-semi-projective in [1]) if M is projective as a II-module,
after forgetting the differential, and the hom complex Homy (M, N) is acyclic
whenever N is acyclic.

Since the construction of the mapping cone commutes with the hom com-
plex functor, we see that M is semi-projective if and only if it is projective as
a (non-dg) II-module and Hompj (M, —) preserves quasi-isomorphism. So, in
this case, Homyy (M, —) induces a functor on the localizations D(I1) — D(k).
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Definition 6.2 (Split filtrations). A split filtration of a dg II-module M is
a filtration M = U; F; M with each F;M a dg submodule, F_1M = 0, and
each quotient F;M/F;_1 M isomorphic to a dg bimodule of the form I[I ® E
for some k-complex E.

We are principally interested in the following result.

Proposition 6.3 ([1, Propositions 9.19]). Let M be a dg II-module. If M
admits a split-filtration then M is semi-projective.

We now turn our attention back to dg bimodules over a dg algebra A, in
which case II = A°.

Proposition 6.4. If 7 : C' — A is an admissible twisting cochain then the
dg bimodule A @, C @, A is semi-projective over A°.

This result was inspired by [1, Proposition 10.18], which initiated my
interest in the paper [1]. The proof is also rather similar.

Proof. We filter by the coradical filtration on C'. More specifically, we take
Fi=F(A®,C®;A):=Ax F,C® A.

Since the differential on C is filtered, as is the comultiplication, the differen-
tial on the twisted tensor complex does respect this filtration. In fact, from
the formula

dA®,Co.A = dagceA — [T, —]
= dagcaa + (ulida ® ) ® ide ® idg — ida ® ide @ p(r ®id)) (ida ® A ®ida)

for the differential on the twisted tensor product, and the fact that 7|Cy = 0,
we see that the portion [m, —] of the differential vanishes in the associated
graded complex. So we have

Fi/Fi 1 =2 A (F,C/F,_1C)® A
as an A-bimodule, where the differential is the product differential. Whence,

by Proposition 6.3 the complex is semi-projective. ([

We will call a map p : M — M of dg II-modules a semi-projective approx-
imation of M if M is semi-projective and p is a surjective quasi-isomorphism.
This notions correspond p being an acyclic fibration.

Lemma 6.5. Let m : C — A be a twisting cochain. If w is acyclic then
€: AR, C®y A— A is a semi-projective approximation.

Proof. In light of the previous Proposition, we need only show that the map
€ is surjective. However, this is clear since we have the k-section
A3 AQAYARCIR A ARC®A, a—a®1® 1.
O

There is now an obvious definition of the Hochschild cohomology, at least
from the perspective of homological algebra and derived functors.
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Redefinition 6.6 (Hochschild cohomology of a dg algebra). Let A be a dg
algebra. We define the Hochschild cohomology HH*®(A) as the cohomol-
ogy of the hom complex Hom Ae(fl, fl), where A — A is a semi-projective
approximation of A over A°€.

Obviously each of these hom complexes Hom e (A, A) = Ende(A) will
be a dg algebra. So the Hochschild cohomology still admits a natural prod-
uct. This graded ring structure is well defined and independent of choice of
resolution.

We now complete the proof of Theorem 5.3.

Completed proof of Theorem 5.3. By Lemma 6.5 ¢ : K — A will be a semi-
projective approximation of A. Thus the induced map

£« : Homge (K, K) — Homye (K, A) = Homj, (C, A)

will be a quasi-isomorphism, and we can simply repeat the latter half of the
proof of Theorem 5.3 to get the desired result. O

We can also complete the proof of Theorem 5.5.

Completed proof of Theorem 5.5. We simply note that K is a semi-projective

approximation, by Lemma 6.5, so that RHom e (A, —) = Homge (K, —) =
Homj (C, —). O

In closing, let us say a few words about the Hochschild cohomology of a dg
algebra. For any dg algebra A we will always have the bar dg coalgebra A
and universal twisting cochain univ : A — A. We then get the standard
map

E N %CLTA — A ®univ E@A ®univ A % A7

which is a quasi-isomorphism since the mapping cone has a canonical con-
tracting homotopy. Then we get, by Theorem 5.3, that

HH*(A) = H*(Hom}™" (%A, A)).

But Hom™V (%A, A) is the standard Hochschild cochain complex. So our
derived functor version of the Hochschild cohomology is the same as the
deformation theoretic Hochschild cohomology. In particular, ¥ H H®(A) ad-
mits a graded Lie structure under which the solutions to the Maurer-Cartan
equation correspond to infinitesimal deformations of A (see, for example,

[17, Section 6.3]).

7. FILTERED KOSZUL RINGS AND KOSZUL DUALS (FOLLOWING
POSITSELSKI)

For the remainder of the paper B will denote a (non-dg) algebra. Inter-
nal gradings will be denoted with subscripts. We reserve the superscript
notation for (co)homological gradings.
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7.1. Graded Koszul duality with signs. A Koszul algebra is a finitely
generated connected graded algebra B, i.e. a graded algebra of the form

B=k®B ®&By®---,

such that Extg(k, k) is generated by Exts(k, k) as an algebra. Here k = gk
denotes the graded simple module B/(B>1). The Koszul dual of a Koszul
algebra B is the algebra Extp(k,k). To avoid confusion with the filtered
case, we denote the Koszul dual by E for the moment.

Any Koszul algebra will have a quadratic presentation B = k(V)/(R).
Let us fix a Koszul algebra with such a presentation. Here R C V ® V is
the subspace of quadratic relations for B. It is well known that we have
a presentation £ = k(V*)/(R'). We give here a description of the Koszul
dual which takes into account the homological grading on the implicit Koszul
resolution of k£, which gives rise to the Koszul dual.

We let T(V) = @,>0V®™ denote the tensor coalgebra on V. Recall that
the comultiplication on T(V) is defined by “separation of tensors”

v = (01®...0v,) = (1)@(v)+(v)®(1)+ Z (11®...®V))®(Vj+1Q. . .QUy).
1<j<n—1

We consider T(V') to be homologically graded by taking V' to be in degree
—1. The following lemma is well known. See for example [16, Section 4.7],
[19, Sections 3.1.3-3.2.2].

Lemma 7.1. The graded subspace W of T(V) defined by W° =k, W= =
V, and

W= [ V@RV (9)
11+i2=1—2

for all i > 2, is a graded subcoalgebra of T(V).

It is a standard fact that there is an algebra isomorphism £ =2 W*, where
W* is given the unsigned product (fxg)(c) := f(c1)g(c2). For our purposes
however, we will need an identification £ = W* which employs our signed
product on W*.

Consider k(V*), the free algebra on the degree 1 space V*. We have the
canonical algebra isomorphism

k(V*) = (T(V))”
1@ @ fn= (11Q...00v, — (=1)"™D2f (1) ... fr(vn)).

Here the f; are in V*, the v; are in V, the function f; ® ... ® f, will vanish
off V¥ and the exponent n(n — 1)/2 = Z?;Oll comes from commuting
the degree —1 variables v; past the degree 1 maps f;. If we then compose
the isomorphism (10) with the dual of the inclusion W — T(V) we get
an algebra map k(V*) — W*. The kernel of this map obviously contains
the ideal generated by R*, and it follows by the standard identification

(10)
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E = W* that the induced map k(V*)/(R*) = E — W* is an isomorphism.
This isomorphism simply sends a monomial f; ... f, in E to the function

Flooifn W=k 01®...Qu, = (=)™ V2 (0)) . fu(vn).

It is via this particular isomorphism that we identify £ with W* as a graded
algebra.

Remark 7.2. The sign conventions we employ here make no difference in
the presentation of the Koszul dual as a graded ring £ = k(V*)/ (R*) =
k(V*) /(32 ¢ fi® fj)e. The conventions do make a difference once we start
considering differentials and curvature.

7.2. Filtered Koszul algebras and their Koszul dual (curved) dg
algebras. The class of algebras we will be interested in are the following.

Definition 7.3 (Filtered Koszul algebras). A Zxso-filtered algebra B =
Ui>0F; B such that grB is Koszul is called a filtered Koszul algebra.

Let B be a filtered Koszul algebra, and grB = k(V')/(R) be its (graded)
Koszul associated graded algebra, with R the space of degree 2 relations.
One can check then that we will have a presentation

B =k(V)/(r+ai(r) + ao(r))rer- (11)

for some linear functions a; : R — V and ag : R — k. These functions are
not determined uniquely by B, but depend (uniquely) on a choice of section
V=FA/k— F1A (See [28, §2]).

Let us take E to be the algebra of extensions Extg p(k, k) for the associ-
ated graded algebra grB, which we have assumed to be Koszul. Recall that
the algebra F is given as the dual of the graded coalgebra W = - - - ROV Gk
of Lemma 7.1. In [28], Positselski proves the following

Proposition 7.4 (28, Proposition 2.2]). Suppose B is filtered Koszul with
a presentation as in (11).
(1) The function V* = E* — R* = E? given by precomposition with oy,
f — fai, estends to a well defined graded degree 1 derivation dP on
E.
(2) If we take
B =—ape R = E?,
then the triple (E,dB,cP) defines a curved dg algebra structure on
the algebra of extensions E = Extgp(k, k) of the Koszul algebra grBB.

Proof. The proof is the same as in [28]. We only note here that the sign
on the curvature has changed due to our signed identification with W* (see
Remark 7.2). O

It is this structure which we view as the Koszul dual of B. Here we could
take B to be a Weyl algebra or Clifford algebra, for example.
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Definition 7.5 (The Koszul dual). Let B be a filtered Koszul algebra. The
curved dg algebra (Extg p(k, k), dP,cP) described above will be called the

Koszul dual curved dg algebra to B. It will generally be denoted B' =
(B!adB!aCB!)'

Note that when oy = 0 in the presentation (11), the algebra B is aug-
mented, the curvature cp vanishes, and the Koszul dual of B is a non-
curved dg algebra. In this augmented case, Proposition 7.4 already appears
in Priddy’s original work on Koszul resolutions [29, Theorem 4.3]. In the
case that B is the universal enveloping algebra of a Lie algebra g, for ex-
ample, the dg algebra (E,d?) is the Chevalley-Eilenberg dg algebra of g,

(E,dP) = (\° g%, dck).

7.3. Example: The nth Weyl algebra. In the case of the nth Weyl
algebra

0 0 o 0 0
An = R R R I RPN s Lils 1y v Il &l = Oj5i)ig
() = koo o ) e [ ) ) = )
WehavegrA:k[ml,...,xn,aim,...,%] and

Extgea(k, k) = kA1, ..., An, 01, ..., 0] = K[A, O]

In the second algebra, the variables A\; and 6; are the duals of the x; and

% respectively. We consider these functions to have homological degree 1,

and the algebra k[A, ©] is the free graded commutative algebra with these
generators. (So the variables anti-commute.)

Recall our identification of Extér Ak, k) = (V*@V*) /Rt with R* is given
by sending a monomial fi fo to the function Y, r; @ v} — —>" fi(ri) fo(r]).
So A;0; gets identified with the function R — k defined on basis elements
by

T Rx —x; Qx) — 0

9 9
Aifj 0 gor QT — T ® 5o > bk

o) o) o)
R & 9z, — Ox; & GETS — 0
Whence, in this case, the curvature element ¢A»(¥) = —qq in k[A, ©]% will
be the sum

CA"(k) = i Aib;.
=1

The corresponding Koszul dual of A, (k) will be the curved dg algebra
(K[A1, -5 An, 01, .., 00],0, ()Y,

7.4. Example: PBW deformations of skew polynomial rings. Take
V = (x1,...,zy) and let Sg(V) denote the skew polynomial ring

SQ(V) = k{1, ... wn) /(x5 — qjrkt)
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for @ = [gjx] a multiplicatively skew symmetric matrix (g;r = q,;jl) with
qj; = 1. The Koszul dual of the skew polynomial ring in the skew exterior
algebra

EXtSQ(V)(k, k‘) = /\QV* = k:()\l, ceey )\n>/()\]€)\] + q]'k)\j)\k, )\32)

An augmented PBW deformation B of Sg(V') will be given by some con-
stants czk so that the relations on our PBW deformation B will be given
by
B =k(z1,...,zn)/(xjz) — qjrrra; — Zczk:v,)
i

So ay : R — V will be the function z; ® x3, — ¢jrar @ xj — — >, czkx,

Now, on the Koszul dual, the product A;A; in (/\QV*)2 is identified with
the function

LR = QmTm @ = — (N ()N (Zm) = @mAi(Tm) N (21)) = =00 jm+qimOim i,
i.e. the negated dual of the relations z;z; — ¢;;x;x;. So

dB!()\i) = )\ial .
= (xj O Tk — jxTr Q Tj — — Zl C’Zlcx\z(xl))
=(z; ® x;?k— qjETr @ T — —czk)
= Ej<k: " AjAk-

8. HOCHSCHILD COHOMOLOGY VIA B' FOrR K0OSZUL RINGS

8.1. Koszul resolutions via twisting cochains. In this section we give a
presentation of Koszul resolutions based on the work of Keller and Lefévre-
Hasegawa. The original presentation, in the case that B is graded Koszul,
appears in [16, Section 4.7] and [15].

For the section we fix B to be a filtered Koszul algebra with a presentation

B=KVY/(r+ai(r) +ao(r))rer

and B' = (B',dg,cp) its Koszul dual (curved) dg algebra of Proposition
7.4. Let grB = k(V)/(R) so that B' is dual to the graded coalgebra W =
@O (RIVNVRR)®R®V @k of Lemma 7.1. Positselski’s proof of
[28, Proposition 2.2], in particular equation (2) of the proof given therein,
implies

Lemma 8.1 ([28]). There is a unique curved dg structure on W given by
fw = agp and dWH/V_2 = a1 such that the identification B'= W* is one of
curved dg algebras.

Proof. The proof of [28, Proposition 2.2] shows that such a curved dg coal-
gebra structure on W exists. The fact that B' = W* as curved dg algebras
is immediate from the definition of the curved dg algebra structure on the
dual of a curved dg coalgebra given in Section 2.2. (]
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Definition 8.2 (Koszul dual coalgebra). Given a filtered Koszul algebra B,
with grB = k(V)/(R), the Koszul dual (curved) dg coalgebra to B will be
the, possibly curved, dg coalgebra (W, dy, fi) of Lemma 8.1. We will often
write simply W for (W, dw, fw).

Lemma/Definition 8.3 (The twisting cochain e). Let B be filtered Koszul
and W be its Koszul dual (curved) dg coalgebra. Let e : W — B be the
composition of the projection W — W1 = V with the inclusion V. —
B, v wv. The map e : W — B s an acyclic twisting cochain.

Proof. We need to verify the formula
—fw —edw + ple®@e)A = 0.

It suffices to check that the above equation holds when evaluated at a ho-
mogeneous degree —2 element in W, since the left hand side vanishes on
elements of all other degrees. Recalling that W2 = R, we evaluate on a
relation r = ). r; @ ] to get

(= fur — edw + (e @ )A) ()
= —fw(r) —edw(r) + ple(r) ®e(1) + e(l) ®@e(r) — 3, e(ri) ® e(r}))
= —ag(r) — e(on(r)) = 3_; rir]

= —ap(r) —aq(r) + a1 (r) + ap(r)

=0.

The fact that W is connected is clear, since W° = k. Now, in the case
where B is graded Koszul the above complex B ®. W ®, B, along with the
map € : B®, W ®. B — B is easily seen to recover the standard Koszul
resolution [31, proof of Proposition 3.3], [15, Section 4.7]. In general, one
can employ the filtration

F(B®.W&.B)= > F,Be@W 2®FB,
i1+ig+i3=1
which has associated graded complex equal to the Koszul resolution of grB,

and an easy spectral sequence argument to see that H<°(B®, W ®. B) = 0.
The fact that H°(B ®. W ®,. B) = B is apparent. O

In following the standard terminology, we call the resolution € : B ®.
W ®. B = B the Koszul resolution of a filtered Koszul ring B.

8.2. Hochschild cohomology via B'. As a consequence of Lemma 8.3,
we find that Corollary 5.4 specializes to the Koszul case to give

Corollary 8.4. For B filtered Koszul with Koszul dual (curved) dg algebra
B', we have an identification of algebras HH®*(B) = H*(B' ®@° B).
Recall that the object B' ®¢ B is the dg algebra
B'®°B=(B'®B,dggp — e, )

If we suppose that grB = k(V)/(R), then the element e is just the standard
identity element in (B'® B)! = V* ® V. Indeed, given a basis {z;}; of V,
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and dual basis {\;}; of V*, one can check that e is the element ), \; ® ;.
This element is called the “identity element” because it is identified with

the identity map under the natural isomorphism V* @ V = Homy (V, V).
Whence we have

HH*(B) = H*(B'®° B) = H*(B'® B,dgigp — [>_ X ® 25, —]).

For the cohomologies HH®*(B, M), we have the following immediate corol-
lary to Theorem 5.5. The second portion of the statement provides a slight
generalization of [32, Theorem 9.1] to allow for filtered, not just graded,
Koszul algebras. Omne could also consider this result in relation to Yeku-
tieli’s computations of rigid dualizing complexes for universal enveloping
algebras [33].

Corollary 8.5. Given a filtered Koszul algebra B, and B bimodule M we
have H*(B'®°M) = HH*(B,M). When M = gB ® Bp then the H*(B'®°
(B® B)) = H*(B,B ® B) as a bimodule.

Remark 8.6. It seems as though the most readily generalizable result is
the identification
HH*®*(B) = H*(Homj (W, B)).

For example, if one is interested in moving away from the (graded) Koszul
case to the general case of connected graded algebras, one should replace the
Koszul dual algebra B' with the Koszul dual A.-algebra (see [20]). Taking
the dual B' will give an As-coalgebra W which will be connected to B via
an Aso-twisting cochain e : W — B (similar to the [16, Section 4.4]). It may
then be the case that we still have that the cohomology of the twisted homs
Homyj (W, B) is the Hochschild cohomology algebra.
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