SMALL QUANTUM GROUPS ASSOCIATED TO
BELAVIN-DRINFELD TRIPLES

CRIS NEGRON

ABSTRACT. For a simple Lie algebra g of type A, D, E we show that any
Belavin-Drinfeld triple on the Dynkin diagram of g produces a collection of
Drinfeld twists for Lusztig’s small quantum group uq(g). These twists give rise
to new finite-dimensional factorizable Hopf algebras, i.e. new small quantum
groups. For any Hopf algebra constructed in this manner, we identify the
group of grouplike elements, identify the Drinfeld element, and describe the
irreducible representations of the dual in terms of the representation theory of
the parabolic subalgebra(s) in g associated to the given Belavin-Drinfeld triple.
We also produce Drinfeld twists of uq(g) which express a known algebraic
group action on its category of representations, and pose a subsequent question
regarding the classification of all twists.

INTRODUCTION

Let g be a simple Lie algebra over C of type A, D, E, and let I be its Dynkin
diagram. A Belavin-Drinfeld triple on I' is a choice of two subgraphs I'y and T’y
and an isomorphism 7T : I';y — T’y satisfying a certain nilpotence condition. In [5,
Ch. 6] Belavin and Drinfeld showed that such a triple gives rise to solutions to
the classical Yang-Baxter equation in g ® g, and in [14] Etingof, Schedler, and
Schiffmann showed that any Belavin-Drinfeld triple gives rise to (Drinfeld) twists
of the Drinfeld-Jimbo quantum group Up(g). Such a twist J of Ux(g) produces a
new quantum group Ux(g)” and new R-matrix, i.e. solution to the Yang-Baxter
equation (see Section 2). These new solutions to the Yang-Baxter equation quantize
the classical solutions of Belavin and Drinfeld, in the sense described in [12, 14].
Furthermore, one can show that any twist of the Drinfeld-Jimbo quantum group,
over C[#A], arises as one of the quantizations of [14], up to gauge equivalence.

Here we follow the methods of [14, 4] to produce twists of Lusztig’s small quan-
tum group u4(g) from Belavin-Drinfeld triples. We also produce explicit twisted
automorphisms of uq(g) which arise out of an algebraic group action on its cate-
gory of representations. The action we consider here first appeared in the work of
Arkhipov and Gaitsgory [3], but can also be derived from De Concini and Kac’s
earlier quantum coadjoint action [8], as is explained in Section 9 below. Using the
Belavin-Drinfeld twists, and those twists associated to the algebraic group action,
we propose a question regarding the classification of all twists of the small quantum

group.

Belavin-Drinfeld triples and twists of u,(g). Recall that the small quantum
group is a finite dimensional quasitriangular Hopf algebra produced from the Cartan
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data for g and a primitive /th root of unity ¢.! In addition to a triple (I'y,T's, T
for g we need one more piece of data S. The element S is a choice of solution to a
certain equation involving 7', which we describe below (see Section 3). Given any
Belavin-Drinfeld tiple (I'y, T2, T') we will have max{1,[|T'—T'1|(|[T —T';|—1)/2} such
solutions S. We show

Theorem I (3.1). Any Belavin-Drinfeld triple (I'1,T9,T) for g and solution S
produces a twist J = Jpg for the small quantum group uq(g), and an associated

Hopf algebra u,(g)” .

The twist Jrg is given explicitly by the formula
Jrs = (Ty @ 1)(R)...(T7 @ )(R)ST'Q, /> (T" @ 1)(Q) ... (T 1)(2)~"

where R is the R-matrix for uy(g), Q is an element representing the negated Killing
form, and 7T, is an extension of T' to an endomorphism of the positive quantum
Borel in u4(g). The above theorem is a non-dynamical analog of [13, Sect. 5.2],
and a discrete version of [14, Cor. 6.1].

Recall that for any twist J of a Hopf algebra H we will have a canonical equiva-
lence between the associated tensor categories of finite dimensional representations
rep(H) = rep(H”). In addition to studying the relationship between Belavin-
Drinfeld triples and solutions to the Yang-Baxter equation (i.e. R-matrices) for
finite dimensional Hopf algebras, we want to study variances of Hopf structures
under tensor-equivalence. With this purpose in mind we give an in depth study of
the Hopf algebras u,(g)” arising from our twists.

For the remainder of the introduction fix J = Jr s the twist associated to some
Belavin-Drinfeld data (I'1,T'2, 7)) and S. Using the new R-matrix for u,(g)”, in con-
junction with the frameworks of [26], we identify the grouplike elements of u,(g)”,
show that the Drinfeld element for u,(g)”’ is equal to that of the untwisted alge-
bra u,(g), verify invariance of the traces of the powers of the antipode under the
twists J = Jrs, and classify irreducible representations of the dual. (See Corol-
laries 7.8, 8.2, 8.3, and Theorem 7.4 below.) Our analyses of the Drinfeld element
and antipode give positive answers to some general questions of [24] and [28] in the
particular case of Belavin-Drinfeld twists of the small quantum group. We describe
our result on irreducibles more explicitly below.

In the statement of the following theorem we let p*® be the semisimple Lie algebra
associated to the union of Dynkin diagrams I'; appearing in the Belavin-Drinfeld
triple (I'y, T2, T).

Theorem II (7.4). There is an abelian group L of order [(|T' —T'1|) and bijection
Trrep (C[£] @ ug(p*)) = Trrep ((uq(g)’)*)
induced by a surjective algebra map (uy(g)”)* — CIL] ® uy(p**).

By comparison, for the untwisted algebra uq(g) we have that Irrep (uq(g)*) =
(2/17)''!, and the representation theory of the dual is rather banal from the per-
spective or irreducibles and the fusion rule. After twisting w,(sl,+1), for example,
we can have a copy of the rather rich category rep (u4(sl,,)) in the category of rep-

resentations for the dual (ug(sl,+1)7)*. This will specifically be the case for (what
we call) maximal triples on A,,. One should compare this result to [13, Thm. 5.4.1].

We will need I to be coprime to a small number of integers throughout this work.



The Arkhipov-Gaitsgory action and twisted automorphisms. Take G the
connected, simply connected, semisimple algebraic group with Lie algebra g. In [3]
Arkhipov and Gaitsgory show that the category rep(uq(g)) is tensor equivalent to a
de-equivariantization of the category of corepresentations of the quantum function
algebra 0,(G). The de-equivariantization is a certain (non-full) monoidal subcate-
gory in Coh(G) which inherits a natural action of G by left translation (see [2, 15]).
From the aforementioned equivalence we then get an action of G on rep(uy(g)).

According to general principles, any autoequivalence of rep(uq(g)) should be
expressible as a twisted automorphism (¢, J), i.e. a pair of a twist J and a Hopf
isomorphism ¢ : u,(g) — u,(g)’. Hence, the action of G should generate twists of
uq(g)-

In Section 9 we show that any simple root « of g, or its negation —«, has an
associated 1-parameter family of twisted automorphisms (exp} ,, J2, ), which then
give a l-parameter subgroup w+, in the group of autoequivalences of rep(uq(g)).
We identify these 1-parameter subgroups w4, with the action of Arkhipov and
Gaitsgory.

Proposition (9.4). For v+, : C — G the 1-parameter subgroup given by exponen-
tiating the root space g4, we have a diagram

G

Yo Wn
C -~ wia Aut(rep(uq(g))),

where w4, is the 1-parameter subgroup specified by the twisted automorphisms
(explq, J2q)-

This result allows us to produce an explicit action of G on the collection TW (u,(g))
of gauge equivalence classes of twists. We let BD(uy(g)) C TW (uy(g)) denote the
subcollection of Belavin-Drinfeld twists {Jrs}r,s. We pose the following question,
which is also raised in [7].

Question (9.5). Do the Belavin-Drinfeld twists and the 1-parameter subgroups
{(expla, J20) }r.a generate all twists of u,(g) ? Equivalently, is the inclusion BD(u,(g))-
G — TW(uq(g)) an equality?

As was stated above, for the Drinfeld-Jimbo algebra Up(g) one can show that
the Belavin-Drinfeld twists are the only twists, up to gauge equivalence. So the
appearance of G here already marks a deviation from the generic setting.

We note that a classification of twists for u,(sl2) is know, and can be deduced
from Mombelli’s work [22]. However, even for g = sl the problem is completely
open.

Organization. Sections 1 and 2 are dedicated to background. In Section 3 we
introduce and prove Theorem I. In Sections 4 and 5 we analyze relations between
Radford’s left and right subalgebras R{l) and R{r) in uq(g)‘] and the quantum
parabolics associated to I'; and I's. We prove an explicit description of the R{*)
in Section 6, which leads to the proof of Theorem II in Section 7. In Section 8
we discuss the Drinfeld element and antipode of such a twist u,(g)”. Section 9 is
dedicated to the action of the algebraic group G on rep(uq(g)).
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1. THE SMALL QUANTUM GROUP, BELAVIN-DRINFELD TRIPLES, AND
ASSOCIATED SUBGROUPS IN THE CARTAN

We introduce the small quantum group u,(g), then give some information on
the Cartan subgroup G = G(u4(g)) and Belavin-Drinfeld tiples.

1.1. The small quantum group. Take g a simple and simply laced Lie algebra,
i.e. a Lie algebra of type A, D, E. Let ® be a root system for g (in the dual of
some Cartan), I' be a choice of simple roots, and [ be an odd integer coprime to the
determinant of the Cartan matrix for g. We let Q = Z - I" denote the root lattice
and (?,7) be the scaling of the Killing form so that each («, 8) is the Cartan integer
for simple roots «, 8. Take ¢ a primitive [th root of unity.

The small quantum group u4(g) is the Hopf algebra

uy(g) = C(Ko, Ea, Fyy : a € T)/(Rels),

where Rels is the set of relations

(Ko, K5) =0, K E5=q“PEsK,, KoFs=q “PEK,,
K, — K}t

[Eo, Eg] = [Fa, Fs] =0 when («o,8) =0,
E2E5 — (q+q ")ELEsE, + EgE?, when (a,f) = —1,
F2Fg — (q+q V) F,FsF, + FsF? when (a,8) = —1.
Kl=1, E,=F,=0 Vpeaoh. (1)

We will explain the (currently opaque) relations (1) more clearly below. The co-
product is given by

AKy) =Ko @Ky, AE,)=Fya@14+Ky,®E,, A(F,)=F,0K,'+1®F,
and the antipode is given by
S(Ka) = Kctlv S(Eq) = —KglEa, S(Fa) = —FoKa.

[Eav Fﬁ] = 5(175

We let G denote the group of grouplikes in u,(g), u* and u~ denote the subalge-
bras generated by the E, and F}, respectively, and u; and u_ denote the positive
and negative quantum Borels in u4(g). Note that G is generated by the K, and
that under the adjoint action of G on u* we will have u+ = u* x C[G]. Note also
that uq(g) and the ux are graded by the root lattice @ = Z-T', where the generators
E,, F,, and K, have degrees o, —c, and 0 respectively.

There is an obvious group map Q — G which sends an element v = ) noa in Q
to the product K, := [[, K. This mapping induces an identification Q/IQ = G.
We let K, to denote the image of an element v € @ (or v € @/IQ) in G throughout.

We would like to employ Lusztig’s standard basis for uq(g), which we review
here. Recall that for a reduced expression w = oy, ...04, of the longest word w in
the Weyl group, in terms of the simple reflections, we have length(w) = |®T| and

Ot = {04, ...00, () : 1 <i<length(w)}. (2)
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(See e.g. [30].) For each simple root « there is an automorphism B, of u, so that
the B, together give an action of the braid group B(I") on u, [21].? Now for each
pu € P we take

E,=Ba,...Ba,_,(Bs,), and F, = By, ...Ba,_,(Fa,),

where 1 = 04, ...0q4,_, (). The E,, and F), defined here are the elements appear-
ing in the above relations (1).

Theorem 1.1 ([21]). For each € ®*, the element E,, (resp. F),) is homogeneous
of degree p (resp. —u) with respect to the root lattice grading on uy(g). Furthermore,
the collection of elements

(I B co<ma<i—1y, (] E™:0<m, <i-1},

pedt ved+

give C-bases for u™ and u™ respectively, and

{CTI B (IT Epe):0<muym, <1-1}

vedt nedt+
gives a C[G]-basis for uy(g).

Homogeneity of the E, is equivalent to the statement that F,, is a linear combi-
nation of permutations of the monomial E,, ... E,,, where pt = a1 + - - - + a with
the a; € I'. The analogous statement holds for the F, as well. We note that the
homogeneity is not covered in [21], but can easily be seen from the fact that each
braid group operator B, is such that deg(B,(a)) = o4(deg(a)), for homogeneous
a € u,. From the identifications uy = u* x C[G] the C-bases for u* produce
C[G]-bases for the quantum Borels.

We recall finally that u,(g) is quasi-triangular. The R-matrix is

-1 2\n
_ —n(n+1)/2 (1 — 49 ) n n
=1l (Zq RN b
ped+ \n=0

where [n],! is the standard g-factorial, Q € C[G] ® C[G] is given by

1

0= — BNEK. 2 K.
G 2 PUKae kK,
BEQ/IQ

and the product is ordered with respect to the ordering on ®* given by (2) (see [29]).
As we will see below £ can be identified with the a negated Killing form on the
character group of G.

1.2. Belavin-Drinfeld triples and subgroups of G. We recall some information
from [13]. To ease notation we let G denote the character group of G, G = GV.

The Killing form on @ induces a C*-valued form on G given by the formula
(Ko, K3g) = ¢ . Our assumption that [ is coprime to the determinant of the
Cartan matrix for g ensures non-degeneracy of this form. Non-degeneracy of the
form allows us to identify Q/IQ with the character group of G by taking an element
~ of the root lattice to the function K, — ¢(7®).

Throughout this work we identify elements of the (truncated) root lattice with
characters on G via the Killing form. The isomorphism G — G induced by the
Killing form is such that K, — a.

20ur B, are the Ty, from [21].
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Now, the Cartan part Q of the R-matrix for u4(g) provides a form on the char-
acter group G,

Q:GxGC*, (1) o ()@ = = 3 DK (E).

G|
BEQ/IQ
When p and v are elements of the root lattice the above expression reduces to

Qp,v) = ﬁ Eﬂm q(ﬁv’)’)u(Kﬁ)y(K,y) — ﬁ Zﬁ,y g B+ B+ ()

= q*(uw) |C1¥| Zg,a, q(ﬂ+v,7+u)

= q_(ﬂvy)ﬁ 20_77_ q(‘777-) = q_(ﬂvu).

So we see that Q is identified with the negated Killing form. In particular Q is
non-degenerate.
The following structure was introduced by Belavin and Drinfeld in [5].

Definition 1.2. A Belavin-Drinfeld triple (BD triple) on I' is a choice of two
subsets I'y,I's C T and inner product preserving bijection T : 'y — I's which
satisfies the following nilpotence condition: for each o € I'y there exists n > 1 with
Tn(Oé) el -T4y.

We often take Ta = T'(«v). Having fixed some BD triple (I'1, 'y, T') we can define
a number of subgroups in G and G. We take

L=(Z)IZ {oa—Ta:acT ",

where the perp is calculated with respect to the Killing form, and
L= (Z/IZ {K.,K7} :aeTi})"

We take also G; = Z/IZ -T; and the G; = Z/IZ - {K, : « € T;}.

We assume that [ is such that restrictions of the form to Z/IZ-{a—Ta : a € Ty}
and G; are non-degenerate. To find such an [ one simply considers the determinants
of the (integer) matrices [(o« — T'er, 8 — T'8))a,per, and [(a, 8)]a,per, and chooses
coprime to these determinants. This will give £+ = Z/IZ - {o — Ta : a € I'1} and
split G and Gas G =L x Lt =G; x G, G=Lx L+ =G; x Gi-. We also assume [
is such that the restriction of the form to G; x £+ is non-degenerate, which we can
do by [14, Lem 3.1], and which can be checked by considering the determinant of

the corresponding matrix. The following lemma was covered in [13, Sect. 5.2] (see
also [14, Cor 3.2]).

Lemma 1.3. Under the above assumptions on l, there are splittings G = G1 x L
and G = Gy X L, and a unique extension of T : T'y — 'y to a group automorphism
T:G — G with T|L =ids. This automorphism preserves the form on G.

We will denote this extension of 7" to an automorphism on G simply by 7. By
a further abuse of notation we let T also denote the induced automorphism on the
dual. That is, T': G — G is the map K, + Krp(,). Preservation of the form means
specifically (Tu,Tv) = (u,v) for each p,v € G and (T @ T)(Q2) = Q.

Throughout this work we make copious use of the dualities

G e G, Lew L, Giow Gy LFew LT G ow G-
By this we mean both that the duality functor (?)V sends the group on the left to
the group on the right, and vice-versa, and that for any K, in the group on the left

the function (K,,?) will be an element in the corresponding group on the right,
and vice-versa.



2. TwISTS AND R-MATRICES

A (Drinfeld) twist of a Hopf algebra H is a unit J € H ® H which satisfies the
dual cocycle condition

A1) (NH)(Jel) =1 A)J)(1eJ)

and (e®1)(J) = (1®e¢€)(J) = 1. From such a J we can define a new Hopf algebra
HY which is equal to H as an algebra and has the new comultiplication

A7 (h) = JTA(R)J.
The antipode on H” is given by

Si(h) = Q7'S(M)Qy,
where Q; = m((S ® 1)(J)) and Q"' = m((1 ® S)(J~1)) and m is multiplication.
(See e.g. [15, 27].)

Recall that a quasitriangular Hopf algebra is a Hopf algebra H with a unit
R € H ® H satisfying RA(h)R™! = A°P(h) for all h € H, as well as the relations
(A®1)(R) = Ri3R23 and (1 ® A)(R) = Ry13R12. We have the additional relations

(e@D)(R)=1®e)(R) =1, (S®1)R)=10S ") (R)=R"'
and RyiaR13R23 = RazRi3R12 [10]. When H is quasitriangular with R-matrix R,
the twist H”/ will naturally be quasitriangular with new R-matrix
R = J;'RJ.
2.1. Bicharacters and twists on group rings. Let A be a finite abelian group.
We call an element B € C[A]®C[A] = C[(AY x AY)Y] a (symmetric, antisymmetric,

etc.) bicharcter if its restriction B : AY x AV — C is a (symmetric, antisymmetric,
etc.) bicharacter. An easy direct check verifies

Lemma 2.1. Any bicharacter B € C[A] ® C[A] is a twist for C[A].

Indeed, up to so-called gauge equivalence, every twist of the group ring of an
abelian group of odd order is given by an antisymmetric bicharacter (see e.g. [16, ?7]).

3. TwiSTS FROM BELAVIN-DRINFELD TRIPLES

For the remainder of this study we fix g a simply laced simple Lie algebra with
root system ® and a choice of simple roots I'. We take [ as in Section 1.2 and
Ug = Uq(g).

Let (I'1,T2,T) be a BD triple. Following [14, 13], we extend the group maps
T*' : G — G constructed in Lemma 1.3 to Hopf endomorphisms of the quantum
Borels T : uy+ — uy defined by

| Erq whenoaely | Ep-1g when €Ty
T+(Ea)_{ 0 when o € ' — T’y T(Fﬁ)_{ 0 when € I' — T's.

There will be a unique minimal positive integer n such that T#|Ix = 0, where I is
the ideal in u4 generated by all the E,, or F,. We call this integer the nilpotence
degree of T.

We will be interested in antisymmetric bicharacters S in C[G] ® C[G] solving the
following equation:

S?(a—Ta,?) = Qa+Ta,?) VaeTly. (EQ-S)
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We verify below that such solutions always exist, and that there are exactly |LAz L]
of them, which is expected from [5, 14].
This section is dedicated to a proof of the following theorem.

Theorem 3.1. Consider any Belavin-Drinfeld triple (I'1,T'2,T) and solution S
to (EQ-S). The element

Jrs = (Ty @ D(R)... (TF @ D(R)S™'Q, /(T @ 1)(Q) ... (T 1)(Q) !
is a twist for the small quantum group uq(g), where n is the nilpotence degree of
T,.

This result is a non-dynamical version of [13, Sect. 5.2], and a discrete version
of [14, Thm. 6.1]. To clarify our previous point, we have

Lemma 3.2. Antisymmetric bicharacter solutions S to equation (EQ-S) always
exist, and there are exactly |L Ny L| such solutions.

Proof. We decompose G as L & L* to get G Az G = (L*+ Az G) @ (L Az L). Since
Lt = (LYY =(Z)1Z - {a —Ta: a € T1})Y

we see that the equation (EQ-S) specifies uniquely an element Sg in L+ Az G, which

we extend to a bicharacter on G which vanishes on £ x £. Whence we have found

a solution to (EQ-S). We can add arbitrary elements of L Az L to arrive at the set
of all solutions Sg + L Az L. O

One should note that when rank(L) = |T'| — 1, the solution S will be unique.
Using our nilpotence assumption on 7" one sees that, up to an automorphism of the
Dynkin diagram, this occurs only in type A for the triple

I'=A4,, T'={first n — 1 roots}, I's = {last n — 1 roots}, T(a;) = ay1.

We will call this the maximal triple on A,.
We will need the following basic property of the R-matrix.

Lemma 3.3. The R-matric for uq(g) satisfies (T ® 1)(R) = (1@ T-)(R).

Proof. Any element W € uy ® u_ is uniquely specified by the corresponding func-
tion W : u* ®@u* — C and subsequent map tw : v’ — u_, f — (f®1)(W). By [26,
Prop. 2] and the fact that T is a Hopf map, we see that when W = (T ® 1)(R)
or (1®T_)(R) the tw : u% — u_ are algebra morphisms. Since u, is cordically
graded, u’ is generated in degrees 0 and —1 as an algebra, with (uf )y = C[G]*
and (uf)-1 = (3, C[G]E,)*, and we see that the ty are determined by the re-
strictions ty |(u} )o and tyw |(u’)—1. These restrictions are in turn determined by
the homogeneous pieces

(T @ 1)(R) = (@ 1)(Q), 1&T)(R)=1oT")©)

and
(T @ DR = (" = )Y Bra® F)(T 0 1)(Q),
aecl'y
1T )R = (" —q)( Y Bs® Frap)(1@T )(Q),
BeT2

where we grade uy ® u_ by the degree on u,. By T-invariance of the form €,
it follows that (T+ ® 1)(R)0 = (1 ® T_)(R)O and (T+ ® 1)(R)1 = (1 ® T_)(R)l
Whence we have the proposed equality. ([l



9

3.1. General outline. In order to prove Theorem 3.1 we will basically repeat the
arguments of [14, 13], and so only sketch some of the unoriginal details.
Fix a triple (I'1,I'5,T). Following the suggestions of [14, Remark 6.1], and the
general approach of [4], we will show that J is a twist by showing that both
A 1)(J)(J®1) and (1 A)(J)(1®J)

solve a certain “mixed ABRR” equation. Solutions to this equation with a specified
“initial condition” are shown to be unique, so that we will have

Ax)(N)(Jel)=1xA) ()1 J).

Remark 3.4. (1) The letters ABRR throughout refer to the motivating work
of Arnaudon, Buffenoir, Ragoucy, and Roche [4].
(2) Our presentation is slightly more complicated than that of [14]. This is a
result of our choice to avoid the use of dynamical twists.

3.2. Discrete ABRR in 2-components. For a given solution S let Z denote the
restriction of 8 to £ x £+, 3 denote the restriction to £1 x £, and take

Q=12S=8[((Lx L")+ (L"xL)).

We view Z, ¥, and @ as bicharacters on G by letting them vanish on all other
factors of G x G. We also let Q;, denote the restriction Q|(L x £).

Definition 3.5. We define A2 and A% the be the linear endomorphisms of u; @u_
defined by

AL = (TL @ D(REQIQT'AL!, AL(E) = 10T )(REQQ;"
The left and right 2-component ABRR equations are the equations A% (X) = X
and A%(X) = X respectively.

We note that @ can be replaced with ¥ and Z in the expressions for A2 and A%
respectively. These alternate expressions are preferable for some calculations.

Since R decomposes as a sum R = 2+ Ry, where R, is in the nilpotent ideal
I, ®I_, we get a corresponding decomposition of A% as

ALE) = (T @ 1)(Q6Q)QT'L" + (Ty @ )(R1£Q)Q™'Q
From this one finds that we can solve the left 2-component ABRR equation provided
we can solve to the equation (7' ® 1)(2X,Q)Q'Q;' = X in C[G] ® C[G]. The
analogous stamentement holds for the right ABRR equation. Whence we have the
following discrete analog of [14, Cor. 4.1].

Lemma 3.6 (cf. [14]). Any solution B € C[G] ® C[G] to the equation
(T©1)(QXeQ)Q QL = X (resp. (10T 1)(2XeQ)Q Q' = Xo)  (3)

extends uniquely to a solution J € B+ I, ® I_ to the ABRR equation A%(X) =X
(resp. A%(X)=X).

In the proof of the following lemma we use the fact that for any element K, €
C[G], and v € G, we have
(Til(Ku))(V) = KM(T:FlV)~
This follows from the easy sequence

(T (K,))(0) = K, (v) = (T ,0) = (0, T'0) = K, (TF'0).
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Lemma 3.7. There are unique solutions Jr,, Jg € Sflﬁz}_/g

and right 2-component ABRR equations, respectively.

+ I ®I_ to the left

Proof. We are claiming first that S_lel/ % solves the degree 0 ABRR equations

from the previous lemma. Reorganizing, and applying T~ '®1, we see that S*1921/2

solves ABRR on the left, say, if and only if the equation
Q0T 0 1)(Q7')7) =57 (T @ 1)(s7'Q)
is satisfied. Using the fact that T|L = idy, and Q = Q.71 we reduce to

QAT e 1)(Q)) =sQ (T e 1)(s71Q).

Lt

Applying to arbitrary elements p, v € G gives the equivalent equation

O+ Tpv) = SQ7 (u— Ty, ). (4)

By writing x4 as a sum of elements in £ and £+ we see that the above equation
holds if and only if it holds when p € £, or u € £+. When p € £ both sides of
equation (4) vanish since T|L£ = id.. Suppose now pu € L. When v € £ both
sides of the equation vanish by the definition of @, and when v € £ the equation
reduces to

OV (u+ Ty, v) = S(p — Tp,v),
which holds by equation (EQ-S). The check on the right is similar. O

Lemma 3.8. The elements Jr, and Jg from Lemma 3.7 are equal. Rather, there

is a unique simultaneous solution J to both the left and right 2-component ABRR
equations in S_lQZi/z +IL®I1_.

Proof. One shows that the operators A% and A% commute, then proceeds as in [14,
Cor. 4.1]. O

We find now

Lemma 3.9 (cf. [14, Prop. 3.3]). Our proposed twist Jr g solves both the left and
right 2-component ABRR equations.

Proof. Let J denote the solution from Lemma 3.8. We have J = B + J,, where
B = S’lﬁzim and J; € I, ® I_. From the appearance of Ty in A%, and the fact
that J = A2 (J), we have

J = (A7)"(J) = (AL)"(B) + (A7)"(J+) = (A1)"(B),
where 7 is the nilpotence degree of 7. One establishes the equality
(AD)¥(B) = (T+ @ 1)(R)...(TF @ )(R)B(T* @ 1)(Q) ' ... (T@ 1)() "

by induction on k, using the fact that (T'® 1)(QBQ)Q*19;1 = B. This gives
(A2)™(B) = Jrgs. 0
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3.3. The 3-component and mixed ABRR equations. For any element ¢ €
Ug Duq take 123 = (A®1)(E) and &1 23 = (1®A)(£). So the dual cocycle equation
for a twist now appears as Ji2 3J12 = J1,23J23, where Ji2 and Joz are J ® 1 and
1 ® J respectively.

Definition 3.10. Take A? and A% to be the linear endomorphisms of u; ®u, @u_
defined by

A3 () = (T @ 1@ 1)(Ri3R121Q12Q13) Q13 Q15 () 13 () 15

A% (n) = (1© 1@ T-)(Ri3RasnQ13Q23)Qa3 Q1z ()23 ()15
The left and right 3-component ABRR equations are the equations A3 (X) = X
and A%L(X) = X.
Let us fix J = Jrg.
Lemma 3.11. The elements Jy 23J23 and J12 3.J12 solve the left and right 3-component
ABRR equations respectively.
Proof. Take Th = (Ty ® 1 ® 1). We claim first that A3 (Jq 23.J23) = A3 (J1.23)J23.
Note that we may replace Q with 3 = S|£+ x £ in the equation for A3, and that for
any bicharacter B we have B1aB13 = Bj 23. Also recall that for any cocommutative
element h € H we will have RA(h) = A(h)R, and that since ¥ € C[L* x L] we will
have $1 23 = (1 ® T% ® 1)(X1,23) for any nonnegative integer k. Using these facts
together, along with the particular form of J = Jr g, one see that
T1(J23%1,23) 57 53 (r) 155 = J23(T1(2))1.2357 25(2L) 1 s
= (T1(£))1,2557 53(21) 1 2523,
which implies A% (J1 23J23) = A3 (J1,23)J23. We now note that
Jios = (1@ A)(J)=(1®A)(AL(])) = A} (J1,23)
to see A%(J1’23J23) = J1723J23. The equality A%(Jm’g{]lg) = J12)3J12 is pI‘OVGd

similarly. O

As was the case for the 2-component equations, one finds that solutions to the
equations A3 (X) = X and A%(X) = X are uniquely determined by their compo-
nents in C[G] @ uy @ u_ and u_ @ uy @ C[G] respectively. (See also [14, Lem. 4.3].)
We also consider the mixed ABRR equation

A3 AL(X) = X.

Solutions to this equation are uniquely determined by their component in C[G] ®
ug ® C[G], which we denote X . Note that

(J12,3J12)0,0 = (J1,23J23)0,0 = Sf213f313§31(921/2)12(921/2)13(921/2)23- (5)
So we would like to establish

Proposition 3.12. Both Ji33J12 and Ji 23J23 solve the mized ABRR equation
A3 A3(X) = X.

From this proposition one easily finds the proof of Theorem 3.1. We only prove
the proposition for Ji 23.J23, the situation for Ji2 3J12 being completely analogous.
Let us first give some technical lemmas. Recall Z = S|£ x L+

Lemma 3.13. The element Z solves the following equations:
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(i) 1eT 1) (s 10V =s10, 1T 1) (Z )2
(i) [(Q)13(1®1@T71)(Z13)Z13,(1® 1@ T*)(Re3)] =0 for all k > 1.
Proof. Equation (i) is equivalent to the equation
OPAeT YY) =s 1o T HE) (1o T )2z Yz,
which is seen to hold by (EQ-S), just as in the proof of Lemma 3.7. For (ii) first
note that for any p € G and v € G; we have
(@01 T-1)(Z 1)) (4, v)
= Qi v)Z(p, v — Tv)
= Q(lav V)S(ﬂv V= TV)
= Q)2 (v + Tv) = Qa,v)Q (g, v) = 1,
where fi is the component of ¢ in £ under the decomposition G = £ x £*. So we
see that the bicharacter in question vanishes on G x Gy, and hence
Q1T )z 17 e C[G] ® C[GL].

It follows that all elements in C ® u, ® (C(G, Fz : 8 € I'1)) centralize (21)13(1 ®
1® T~ 1) (Z15)Z13. Since (1 ® 1 ® T*)(Ra3) is in this subspace we have (ii). O

We can now give the

Proof of Proposition 3.12. As noted above, we only prove that Jj 23.J23 solves the
mixed ABRR equation. Since this element already satisfies A3 (X) = X it suffices
to show that it also solves A%(X) = X. Asin [14, Lem. 4.2], one checks that A3 and
A:}% commute so that API’%(J1723J23) solves the left ABRR equation. By uniqueness
of solutions we find that A% (J1,23J23) = J1 2323 if and only if these elements have
the same component in C[G] ® uy @ u_. Let A% (J123J23)0 and (J1 23J23)0 denote
these components. Take (T_)3 = (1®1®7T_) and B = S_lﬁzi/Q.

Since J is in the subalgebra C(GX G, E,®Fp : a, f € ') we see that (Jy 23J23)0 =
B 23J23, and we need to establish

A% (J123J23)0 = Bi,23J23.
We have
A% (J123J23)0 = (T-)s(sRasB123J23712,3) 215 5(2L) 12 3
= (T-)3(3B1,23R23J237Z12,3) 215 3(QL)12173'

Use the equality BQ . = SflﬁlL/f
A% (J1,23023)0

= (T7>3((QL>13312313(QLL)13R23J23Z1273)Z;2173(QL);ng

= (QL)IBBH(Tf)S(BlS(QLJ-)13R23J23212,3)Z172173(QL>;2{3

= (1)13B12B13(T-)3(Z 13 ) Z13(T-)3(RasJ2sZ12,3) 215 5 (1) 125

Since .J solves the 2-component ABRR equations this final expression reduces to
A%(J123J23)0 = () 13B1,23(T-)3(Z15 ) Z13Jos(T-)3(Z13) Z15 (L) 15 -
By Lemma 3.13 (ii) this final equation reduces to the desired equality
A% (J1,23723)0 = B123Joz = (J1.23J23)0-

This implies that J; 23.J23 solves the right 3-component ABRR equation, and hence
the mixed ABRR equation A%A%(leggjgg) = J1723J23. O

and Lemma 3.13 (i) to get
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Proof of Theorem 38.1. By uniqueness of solutions to the mixed ABRR equation,
Proposition 3.12, and (5), we see that Ji23J12 = Ji 23J23. The remaning identity
(e®@1)(J) = (1®e€)(J) =1 follows from the identity (e ® 1)(R) = (1®¢€)(R) =1
and the fact that ¢ commutes with T'. [l

4. SUBALGEBRAS FROM THE R-MATRIX

We recall here some information from Radford’s work [26]. We will let D(H)
denote the Drinfeld double of a Hopf algebra H. Recall that this is a quasitriangular
Hopf algebra which, as a coalgebra, is simply the tensor coalgebra D(H) = H ®
(H*)c°P. Recall also that the two inclusions H — D(H) and (H*)*°? — D(H) are
Hopf algebra maps. This is all the information we will need about the Drinfeld
double, and we invite the reader to see [23, Sect. 10.3] for more information.

4.1. The right and left subalgebras from R. Let H = (H, R) be a quasitrian-
gular Hopf algebra. We can consider for any Q € H® H the functions tg : H* — H,
e (fe1)(Q)and ty : H* — H, f— (1® f)(Q). Indeed, for any Hy,Hy C H
with @ € H; ® Hy we can restrict these functions to tg : Hy — Ho, tb : Hy — H;.
For the R-matrix we have the right and left subspaces in H defined as follows.

Definition 4.1. For a quasitriangular Hopf algebra H = (H, R) we take R,y =
tR(H*) and R(l) = th(H*)

We refer to these subalgebras as the Radford subalgebras associated to R. Using
the properties of the R-matrix one shows

Proposition 4.2 (26, Prop. 2]). The subspaces Ry and R,y are Hopf subalgebras
in H. Furthermore, the maps tr and t’, provide Hopf morphisms (H*)*? — H

and (H*)°? — H, and Hopf isomorphisms (R{;))*? 5 Ry and (R{,)" 5 Rqy.

Take Hr = R(j)R(). It turns out that this is a Hopf subalgebra in H, and that
it is the minimal Hopf subalgebra in H with R € Hr® Hgr. A quasitriangular Hopf
algebra is called minimal if H = Hp. Strictly speaking, we will not be needing the
following result. It does, however, inform the approach of the current work, and so
we repeat it here.

Theorem 4.3 ([26, Thm. 2]). For a minimal Hopf algebra H there is a (unique)
surjective map of quasitriangular Hopf algebras Y : D(Rqy) — H with Y |R(,y the
inclusion and Y|(R>&))°’OP =tg.

Taking the dual of Y, we see that there is a algebra inclusion

H" — Rj)) ® Ry = Ry ® R,

given as the composite H* A g Hr mER Ry ® Rfl’;

We note that although minimality is not preserved under twists, a stronger con-
dition called factorizability is preserved under twists. Indeed, a finite dimensional
quasitriangular Hopf algebra H is factorizable if and only if the Miiger center of
rep(H) is trivial [15]. Small quantum groups are examples of factorizable Hopf
algebras, and so the twists u;; will be factorizable, and hence minimal as well.
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4.2. Bicharacters as R-matrces on abelian groups.

Lemma 4.4. Let A be a finite abelian group. Any bicharacter B € C[A] ® C[A] is
an R-matriz for C[A].

Proof. We need to check the equations (A®1)(B) = By3Bas, (19A)(B) = B13Bi2,
and BA(A)B™! = A()) for each A € A. The first two equations follow from the
fact that B is a bicharacter, and the final equation follows from the fact that A is
abelian. (]

In the case of a bicharacter B giving an R-matrix for C[A], the two maps ¢ and
t'; restrict to, and are specified by, the standard group maps A — A induced by
B.

Definition 4.5. For a finite abelian group A and bicharacter B € C[A] ® C[A], we
let A(,;y and Ay denote the images tg(AY) and t’z(AY) in A respectively.

We have B(,) = C[A(;)] and By = C[A(y)].

5. PARABOLIC SUBALGEBRAS IN u,(g)’ AND RADFORD’S SUBALGEBRAS

For this section fix a Belavin-Drinfeld triple (I'1, 'y, T') and solution S to (EQ-S).
Fix also J = Jr s from Theorem 3.1. Recall ug = u4(g).
We saw in Section 4.1 that there are algebra surjections tgs @ (uy)* — R{,, and

s (u))* — (R{Z))"p. Our main goal is to show that the map

Irrep(R(JT)) — Irrep ((uq‘])*)
induced by restriction is a bijection, modulo the action of a finite character group.
In order to understand the irreducible representations of R‘(JT ) and to establish the

proposed bijection, we need to understand the subalgebra R‘(’T). The present section

is dedicated to a study of the subalgebras R{l) and R{T).
For any root a we will take & to be the component of a in £, under the decom-
position G = £ x L.

5.1. A preemptive change of coordinates. Let us take
Ea = q%(ava)K(;l/QEa and Fﬁ = q%(B’B_)K%/QFIB
These new generators satisfy the appropriate relations so that we have an algebra

automorphism

N E,— E,
change of coord’s : u, = ug, Fg— Fpg
K, — K,.
Recall that each E,, p € ®*, is a linear combination of permutations of the
monomial Ey, ...E,, ,where = a; +---+ a;, with the a;, simple. So each

E, is sent to q%(’i’mKl—Zl/QE# under the above change of coordinates. A similar
statement holds for the F,,, and we may adopt a consistent notation

E, = q%(ﬁ,ﬂ)Kgl/QEﬂ and F, = ¢t KV2E

for y1,v € ®F. These bold elements produce a C[G]-basis for u, = u; just as in
Lemma 1.1.
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5.2. The quantum parabolics in u,(g)” and the R-matrix. For a fixed subset
¥ C T welet pr = p+(X) denote the corresponding positive parabolic in g and
uq(p+) denote the Hopf subalgebra

ug(p+) =C(G,Ey,Fg:a e, BeX) C uyg).
We have the negative analog
ug(p=) =C(G,Eg,Fy: e X,aecl) C uylg).

We let u,(p®*) denote the small quantum group associated to the (union of) Dynkin
diagram(s) ¥ in T'. We suppose additionally that the perpendicular G5 to the
subgroup Gy = Z/IZ - {Kg: § € £} in G is a complement to Gx.

Lemma 5.1. Let ¥ be a subset in T' and p denote the corresponding positive (resp.
negative) parabolic. There is an algebra surjection

E5 = EB when g € ¥
Fs—F when g € ¥
s ss B B
uq(p) = ClGS] @ ug(p™), E, (resp. F,) — 0 whena el —% (6)
K, — K,

with kernel equal to the nilpotent ideal N = (Eo : « € T' = X) (resp. N' = (Fy :
ael —%)).

Proof. Tt suffices to prove the result for the positive parabolic. We arrive at the
result for the negative quantum parabolic by considering the automorphism of
uq(g) which exchanges the E, and F,, and inverts the K.,, and hence exchanges
the positive and negative parabolics. Simply by checking relations we see that there
is a surjective algebra map C[Gg] @ uq(p**) — uy(p)/N defined on the generators
in the obvious way. We will show that this map is injective by counting dimensions.

We have that the nonnegative part of u,(p) is all of u4, and we see for grading
reasons that ug(p)_ is free over C[G] with basis given by ordered monomials in
the F, with v a positive root in the Z-span on ¥ (see Theorem 1.1). By the
commutativity relation between the E and F we see that the restriction of the
multiplication map 0 : u(p)+ ®cjg) u(p)~ — uq(p) is surjective. Since this map is
given by restricting the isomorphism wu,(g)4 ®cja) uq(g)- — u4(g), and since all
modules are flat over C[G], we see that 6 is injective as well. It follows that uy(p)
has the obvious basis consisting of ordered monomials in the E, and F,, where v
is as above.

When we take the quotient we now see that u,(p)/N has a C[G]-basis of orderend
monomials in the E,, and F,, with p/,v € @t N (Z-X). Since ¥ = &N (Z - X)
is the root system for p*®, we find by Lusztig’s basis for u,(p®®) that u,(p)/N and
C|G%]®uy(p**) have the same dimension. Whence our surjection is an isomorphism.
The inverse is given by the same formulas as (6), and implies the existence of (6).

As for nilpotence of N, when we grade by the group Z{I' — ¥} we see that N* is
in degrees Z>{I' —X}. Since uq(p) is finite dimensional it has no nonzero elements
in degrees Z>{I' — X} for large k. O

5.3. Quantum parabolics and BD triples.

Definition 5.2. For any Belavin-Drinfeld triple (I'y, I's, T') we let uq(p1) and uq(p2)
denote the positive and negative quantum parabolics in u4(g) corresponding to I'y
and T's respectively.
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So ug4(p1) contains only the F, with a € 'y, and u,(p2) contains only the Eg
with g € I'y. Recall our twist J = Jr g and the definition R’ = J{llRJ. We have
also

Jfl
:21(1 @T)(Q)... AT QS (S ' @ TP)(Rar) ... (S @ Ty ) (Rar)  (7)
= (T7'@1)(Q).. (T @ 1)(Q)S QY2 (T" @ S)(Ra1) ... (T @ S)(Ran).

Lemma 5.3. There are containments R{T) C uq(p2) and R{Z) C uq(p2)-

Proof. This is immediate from the form of J and R, and the fact that (T ®1)(R) =
(1®@TF)(R). O

We consider C[G] as a quasitriangular Hopf algebra with R-matrix . Then S~1
provides a twist for C[G] and new R-matrix 85;Q28™! = 872Q. We take G, and
G(;) the right and left subgroups associated to S72(2, as in Section 4.2. Note that
by the duality fqs—1 : G(Vl) 5 G(ry we know that these two groups have the same
order. We want to prove

Proposition 5.4. The inclusions R{T) C uq(p2) and R{l) C uq(p1) are equalities
exactly when G,y = Gy = G. In general, we have that

R}y =C(G(),Ep,Fy: B €Ty, y€T)
and
R}y =C(G),E,,Fo:aeTy,yel)
in ug(g).
Section 6 is dedicated to a proof of Proposition 5.4. As a corollary we will have

Corollary 5.5. Let N C R‘(Jr) denote the preimage of the ideal N = (Fg : 8 €
I' —T'y) in ug(p2) along the inclusion R{T) — ug(p2). Take also A = Gy N Gy.
Then we have a canonical algebra isomorphism

Ry /N = CIA] @ ug(p3°).
For the analogously defined N C R{l) and A" C Gy we have also

R{l)/./\/' = C[A] @ uq(p5®).
Proof. The isomorphisms come from restricting the isomorphisms of Lemma 5.1
along the inclusion R{*) — ug(ps). O

5.4. An example. It seems, from considering examples, that the subalgebra R(JT)
will often be the full parabolic u,(p2). This will always be the case, for example,
when considering twists associated to maximal triples (I';, '3, T) on A,, (see the
discussion following Lemma 3.2). To construct an example for which the contain-
ment RE]r) C uq(p2) is proper we need only construct an example for which the
containment G,y C G is proper.

We claim that in the following example we will have G,y € G and RE]’I‘) C uq(p2):
Take [ = 3 and consider the tiple on Aj

a1
[ ]

Q2
ag
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with T'; = {aq}, T's = {as}, T(a1) = az. We have here

L=17/3Z {ag, a1+ a3}, Gy =7Z/3Z {ay, s+ %O{g}
and the Killing form on G5 is given (in multiplicative notation) by

1 _
(o1, 00) = 7, (o, 00 + -a3) =¢ L (a2 + -az, a0+ -az) =1

2 2 2
The (unique) solution S with S(a; + as, az) = ¢~ is such that
ST +az, 1) =g, ST Q(az,a1) = ¢

S720(a1 + g, 0 + F3) = ¢, S72Q(az, az + 5a3) = ¢
and hence

tS—QQ(Oél + 043) = ts—zg(ag)_l = KojllK;gl—i-%ag mod GQ.

It follows that G,y = Z/3Z & G2 = (Z/37Z)? is a proper subgroup of G = (Z/3Z)3.
Alternatively, the solution with S(a; + as, ) = 1 yields G,y = G.

6. A PROOF OF PROPOSITION 5.4

Fix J = Jrs. We will prove by direct calculation that R‘(]T) is as proposed in

Proposition 5.4. Let J' be the twist associated to the triple I} = T'y, T = Ty,
T’ =T~1, and solution 8’ = S~!. The result for R‘(]l) can subsequently be deduced
from the fact that the algebra automorphism ¢ : u, — u4, which exchanges E,
with F,, and sends K, to K', is such that ¢(R)) = R{T/).

6.1. Some supporting results.
Lemma 6.1. G(,) C R(JT) and Gy C G(;).

Proof. We have the (u_,u4 )-bimodule isomorphism u_ ®cjg) u+ — uq given by
multiplication. The two projections u+ — C[G] then give u_ ®¢jg) uy+ — C[G] and
hence a bimodule projection IT : v, — C[G]. Taking the dual gives an embedding
1" : C[G]* — u;. We have

J\y _ a—101/200a-10"1/2 _ a2

M@ 1)(R) =s7Q,/ Qs Q, /" =87°Q € C[G] ® uq.
Note that S72Q = (S5,") 7128~ ! so that for any character y € G we have
(W ® 1)(R7) = ts (1)
and hence tps(GII) = G(,y. This gives the proposed inclusion G,y C R{r).
As for the inclusion G2 C Gy, note that for a € I'y we have
S2Qa—Ta,?) = Q N a+Ta,)Qa - Ta,?) = Q%(Ta,?) = K2,

Since 2 is a unit in Z/IZ we see that each K7, € G(,) and hence Go C G ;. Il

The inclusion G2 C G,y and splitting G = G5 x Gy implies that Gy splits as
G(T) = A X G5, where A = Gzl N G(T).
In the following lemma we use the fact that for any bicharacter B € C[G] ® C[G]
we have
B= > B(uv)P,®P,
w,veg
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where P, = ITIJ\ > eg MK DK, is the idempotent associated to u. We have
P,P, =6,,P, and p(P,) = 0,,,. For any bicharacter B and u € G we take
B(p) = the unique character on G with B(u,v) = ¢(PW") v v e g.

Lemma 6.2. For any bicharacter B, and o, 8 € T', we have

(Bo ® F)B = B(Kp,, (8) ® Kp-1(a))(Ea ® Fp)
and

(Fs® E4)B = B(KB;ll(a) ® Kp())(Fp ® Eqy).
Proof. We have

E,K,=q YK Ey= EyP, = P, 0aFa

and FgP, = P,_gF3. So for any bicharacter B we have

(Ba ® F3)B = (32, B, V) Puta @ Py—p)(Ea @ F)
=y, Blp—a,v+ )P, @ P,)(Ea @ Fj)
=B(X,.,, B(u, B)B~H(a, V)P, ® P,)(Ea ® Fp)

= B(Kpa1(5) ® Kp-1(a)) Ba ® Fp.

We arrive at the equation for Fg ® E, similarly. O

1/2
L

Considering the case B = Q;/°, and § € Iy, gives

(Bs @ Frsg)/* = Q) (K Y2 By @ K/* Fros)

= 0 (K, By @ K)Frovg) = 3 P0Q)* (By @ Frovg).
Similarly (Fp ® Eprg)Q)/? = ¢ 2@®QV2(F, @ Epe,) for a € Ty,

6.2. Proof of Proposition 5.4. As explained in the beginning of the section, we
need only prove the proposition for R{T). We prove the proposition in two parts.

First we establish the containment C(G ), Eq,Fg:a €Ty, €T) C RE’;), then we
establish the opposite containment.

Proof of Proposition 5.4. Part I: Take
Qk,m) = [ oD@ and Q'(k,m)= [ Q1e17)(Q),

k<i<m k<j<m
with the empty product equal to 1. Now J appears as
1T )(R)...(1oT")(R)S™'Q,/?Q(1,n) !
and J2_11 appears as
Q' (1,n)sT QYA (ST @ TP (Rar) ... (S7' @ Ty ) (Ran).

It suffices to prove that each of the E, and Fg are in R‘(]l)7 by Lemma 6.1.
From our C[G]-basis for u, we have the C[G]-linear projection

5 uq — C[G]Es
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which annihilates each of the basis elements from Theorem 1.1, save for Eg. More
specifically, we take wg to be the obvious projection composed with the scaling by
q(1 — ¢*)~!. Then we have

(m% ® 1)(R)

=S 1200,k — 1)(Es @ Fri)Q(k,n)S™1Q,1/2Q(1,n) !
=38 191/2 0,k — 1)(Es @ Freg)Q(1, k — 1)~'s710Q; 1/
=38 191/2 00,k —1)(Es © Froi5)Q(0,k — 1)"1s710/20}/%,

where m(3) = 0 when 3 ¢ 'y and otherwise m(3) is minimal with 7= 3 ¢ Ty
and T~'8 € I'y for 0 < i < m(B). We have

k k—1
Q0,k— 1) (T7"8)=> T7'8 and Q0,k—1)(a)=-) T3
i=1 j=0

so that the final expression reduces to
eSO A (K s ® sz 1) (s © Frrg)s—1Q12Q}/?
=2k szQLiﬁip(K;‘/é(Tfkﬂ)KEiT*Zﬁ ® Ks_12/£(ﬁ) 5, " 1i) (Bp ® Froxg)Q /
= g 1B S, S 2K oy K, 708 © K;L/j(ﬁ)Ki 5) (Bs @ Frosg).
For e : C[G]Eg — C, gEg — q2®P) we then have

m(g)
(esmh @ 1)(R7) = Z Ko K‘k 1 s Frokp € R}, (8)

2

Note that the coefficients K;_gg(ﬁ)Kiki& Tig are all in G(T)

When m(8) = 0, i.e. when 8 € T' — I'y, the sum (8) is just the element
Ks_lz/é(ﬂ)Fg Since K~ / Q) € Gy C R{T) this implies F € R(Jr). Since m(B) =
m(T~1B) + 1 when 8 € Iy, it now follows from (8) and induction on m(f3) that all
FB S RE]T).

The computation for the Eg, 5 € I'g, is quite similar. Namely, one show for
a €Ty that (7 ® 1)(R7) is the a sum

(

[e%

()

71 a —

D ST 57200 © Ky 2 Kk, i) (Fa © Bria),
k=1

where 7 is a scaling of the obvious projection and g; € G, then proceeds by

induction on m/(«) just as above.

Part II: We now give the opposite containment R( )y C C(Gty, Ea,Fp : a €
[y, 8 € T') to complete the proof. We adopt the same notation Q(k, m) and Q'(k,m)
as above. We have that R’ is a C[G] ® C[G(;)]-linear combination of elements of
the form My My M3 with

My = Q(1,n)s 702 (Fe, @ Bree, )1 @ T") Q) ... (Fe, ® Ere,)(1® T)(Q)
My = (EC X FC)Q,
Mz = (E,, ® Frp (T ®1)(Q) ... (Ey, ® Frny )Q(0,n — 1)~1s7101/20]/2,

Here the &, are in Z>oI'y with T%(&;) € Zsol'y for each 0 < i < k. We take a
similar restriction for the n; € Z>oI'>; and let ¢ be arbitrary in the positive root



20 CRIS NEGRON

lattice. For 7 = aq +- - - + au,, with the o simple roots, by E; (resp. F,) we simply
mean some permutation of the monomial E,, ... E,, (resp. F,,...F,,). So we
are deviating from the notation of Theorem 1.1 here.

One simply moves all the bicharacters from the right to left, in order, using
Lemma 6.2, to find

My My Ms
= ¢“(91 © 92)5 720 (T, Fe,)E¢(I1, Bn,) © (1, B, )P (I, Frsn))
with g1 € G and g2 € G(;,). Hence for any f € uj we will have, for some constant
cy € C,
(f ® 1)(My Mo Ms3)
= Cf92t5*29<f)(ni ETi&i)FC(Hj FT*jnj) € (C<G(r), Ea, F@ RS FQ,B c F>
Since R’ is a sum of such monomials M My M5 we find

R‘(]T) = tRJ(U;) C C(G(T),EQ,F/@ ca €Ty, pel).

7. REPRESENTATION THEORY OF THE DUAL (u,(g)’)*
In this section we describe the irreducible representations of the dual (u,(g)”)*
for J = Jrg as in Theorem 3.1. As always u, = uy(g).

)

7.1. Grouplikes and the parabolic subalgebras.
Lemma 7.1. Each K, € L is grouplike in the twist u;I’.

Proof. We claim that K, ® K, commutes with .J, so that AY(K,,) = J (K, ®
K,)J = K, ® K,,. From the particular form on J, we see that it suffices to show
that K, ® K, commutes with T_"fEV ®F, and F, ® T_’ﬁE,, for v a positive root in
7Ty with T'v € ZT'; for all 0 < i < k. But this is clear since v — TFv € £1 and
uweL. a

Take © equal to either (r) or (I). By Lemma 7.1 we now see that the restriction
of the multiplication map C[L] ® RQJ? — uj is a coalgebra map, where we just give
C[L] its usual group ring structure. If we let L act on RZ, by conjugation this
gives a Hopf map C[L] x R, — qu . According to the particular form of RY, given
in Proposition 5.4, and Lemma 1.3, we see that this map has image equal to the
corresponding quantum parabolic ug(p;). So we find
Lemma 7.2. The quantum parabolics uq(p;) are both Hopf subalgebras in the twist
uq(g)”.

From the Hopf map C[L] x R‘(]l) — u; we also get a dual Hopf map
* * 1®tgs
(u))* = CIL]® (R}y)* = ClL]® R, (9)
which extends to an algebra map
(u))* = C[L] ® R,y /N = C[£] ® C[A] ® uy(p5°),

by Corollary 5.5. (Recall our subgroup A = G, N G5 from Corollary 5.5.) Below
we will need the following lemma.
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Lemma 7.3. Take ¢ = L/(GyNL). The subgroup A in G,y is isomorphic to the
dual (GqyN L)Y, and we have an eract sequence 0 — €Y — L — A — 0.

Proof. The dual AV gives the character group of ( ) by Corollary 5.5. The
character group is identified with the group of grouphkes in RJ . Since the in-
tersection Gy N L provides exactly [A| = |G(,)/G2| = |G(l)/G1| grouplike ele-
ments in R{l) we see that A = (G N L)Y. Whence we have an exact sequence
0%V —L—A—0. O

7.2. Irreducible representations of (u;)*. We take p** to be either of the (iso-
morphic) Lie algebras pj® or p5°. In this section we prove

Theorem 7.4. There is a bijection
Irrep (C[L] ® uq(p*®)) = Trrep ((ug)*)
given by restricting along an algebra surjection (u])* — C[L] ® ug(p®®).

Remark 7.5. In Theorem 7.4 we take advantage of the existence of an abstract
algebra isomorphism C[¢V x A] = C[£], where % is as in Lemma 7.3. Such an
isomorphism exists simply because both groups are abelian of the same order, by
Lemma 7.3. However, as we’ll see below, the character group of the dual (ug ) is
naturally identified with L, so that the appearance of L is appropriate.

Before giving the proof we establish some background material.

Lemma 7.6. The subcoalgebra A in R{Z) dual to the quotient R(r)/./\/, under the
Hopf isomorphism tgs : (R(l)) — R(T , s exactly the subalgebra C(G ), Eq,Fp :
a €Ty, ﬂ S 1—‘1>

From the statement it is clear that A is actually a Hopf subalgebra. We are
claiming that A is the minimal subspace in R ) admitting a factoring (R‘(]l))* —

A* = R /N

Proof. Recall N is generated by all the F,, with a € T' — I's. For 7 the projection
R{r) — R{r)//\/, one sees directly from the form of R’ that (1 ® m)(R”) is in the
product A’ ® (R R/ /N) where A’ = C(G,E,,Fs:a €Ty, fel). But (1an)(R)
is also in R‘(]l) ( (T)/J\f) so that

(Lom(®’) e (Rly® (B],)/N) 0 (4@ (B],/N) .

By flatness of everything over C, this intersection is exactly A ® (R(Jr) J/N). So the
surjective map (R(Jl)) — R /N factors through A*. Since the dimensions of A
and R‘(’T)/N' agree we must have that A is in fact dual to R{T) JN. O

The Hopf subalgebra A is strongly related to the intersection of the quantum
parabolics u,(p1) Nug(p2), which we denote Int. From considering bases of the two
quantum parabolics, as in Theorem 1.1, one arrives at the presentation

Int = u4(p1) Nug(p2) = C(G,Es, Fg:a €Ty, feT).

Note that since the quantum parabolics are Hopf subalgebras, the intersection will
be a Hopf subalgebra as well.
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Lemma 7.7. Take ¢ = L/(GNL). There is a coalgebra isomorphism C[€]®@ A —
Int given by multiplication.

Proof. We have the multiplication map C[L] ® A — uq’ which is a surjection onto

the intersection Int. Choose for each & € € a representative ¢ € L and restrict the
above multiplication map to get an coalgebra embedding

C[‘K]@A:@(Cg@/l%ug, E®a— €& -a,
éet
with image exactly Int. O

‘We have now the

Proof of Theorem 7.4. Let K be the kernel of the projection (u;))* — Int* dual to
the inclusion Int — ug . Note that K will be a Hopf ideal in the dual. We have
the Hopf maps (uy )* — C[£] ® RY of (9) which factor

(’-’)IL_®; RJ

(W) 3 (W) @ )

C[£] ® RY.
We claim that the induced maps
F:(u))* = ClL]® Rly/N and F': (u])* = C[L] ® R}, /N’

factor through Int*. Equivalently, we claim that K is in their kernels. Let 7 and
7' be the projections 7 : R‘(]T) — R(JT)/./\/ and 7’ : R‘(]l) - R'(]l)/./\/’.

We prove the result for R{T). Recall that N is the ideal generated by all the F,
with « € I' — T'5, and that K consists of all functions vanishing on Int. Note that

the intersection contains all of C[G], so that K|L = 0. Hence for each f € K we

have
F(f) = Z(fi1|L) ® Ttrs (fi,) = Z(fn\L) ® ((fi, ® W)(RJ))

for some f;, € K. So it suffices to show (K ® 7)(R’) = 0. However, we have
already seen in Lemma 7.6 that (1 ® 7)(R7) lies in A ® R{T)/./\f7 and A C Int.

Hence (f @ 7)(R’) = 0 for each f € K, and we find (K ® 7)(R’) = 0. So the
map F factors through Int*, and a completely analogous argument shows that F”
factors through Int* as well.
Since (u;{)* — Int* is a Hopf map the factorizations of F' and F’ imply that the
map
() = () @ ()" "5 (ClL] @ RY,y/N) @ (CIL @ Ry /N') - (10)
factors
(u])* = Int* — (C[L] ® R{,y/N) @ (C[L] ® R}y /N). (11)
We note that that the map
(ug)* 3 ()" ® (u)* = (ClL] @ RY,)) @ (CL] @ RY))

q q q
is an embedding, since its dual is a surjection, so that the kernels of (10) and (11)
are nilpotent. It follows that the kernel of the projection (ug )* — Int* must be
nilpotent as well.

We have from Lemmas 7.6 and 7.7 that Int* = C[¢"] ® R‘(Jr) JN. Recall from
Corollary 5.5 that R, /N is isomorphic to C[A] ® u,(p**) and that C[% x A] =

C[L£], abstractly, to arrive at a surjection (uy)* — C[£] ® uy(p**) with nilpotent
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kernel. Restricting then gives the proposed bijection on irreducible representations.
O

Corollary 7.8. The set of grouplikes G(ug) is exactly L.

Proof. Since all the elements in L are grouplike, by Lemma 7.1, we need only know
that |G(u;)| = |L|. But this just follows from the theorem, since grouplikes in u;

are identified with one dimensional representations of (ug )*. (]

To compare u, to ug let us consider a maximal BD triple on A,,. In this case

there is a unique solution S to (EQ-S) and, as mentioned previously, the algebras
RZ will be the full parabolics.> We will have, for n = 2 and | = 5 for example, a
following variation in the dimensions of the coradicals:

dim Corad(u(sl3)) = 25, dim Corad(u(sl3)”) = 105.
The difference is made more stark from the fact that corepresentation theory of
Uq(sly41) is essentially trivial, at least when we restrict our attention to the irre-

ducibles and fusion rule, while the corepresentation theory of u,(sl,+1)? should be
at least as complicated as the representation theory of ugy(sl,).

8. THE DRINFELD ELEMENT AND PROPERTIES OF THE ANTIPODE

Here we discuss preservation of the Drinfeld element under twisting. Basic infor-
mation on the Drinfeld element in a quasitriangular Hopf algebra, and its relation to
the antipode, can be found in [23, 15]. We fix a Belavin-Drinfeld triple (I'y, T, T),
solution 8, and twist J = Jr g of u4(g).

Let p € G be the sum p =3 4+ . Then we have (p,a) = 2 for each simple
root « [18, Sect. 10.2]. This gives S? = adg, and the Drinfeld clement for uy(g)
thus factors u = K,v, where v is a central element with A(v) = (v ®@ v)(R21 R) ™!,
i.e. a ribbon element. Note that p is in £ as (p,a — T(a)) = 2 — 2 = 0 for each
a €T. So K, remains grouplike in the twist u,(g)’.

Recall that under an arbitrary twist J of a quasitriangular Hopf algebra H the
Drinfeld element for H” is the product v/ = Q;'S(Q )u (see e.g. [11]). In our
case this means that the Drinfeld element for u,(g)” is given by

u’ =Q;'S(Qs)K,v.
Centrality of v implies
Al (v) = (v@v)J HRuR)' = (vev)(Ry R
So v is still a ribbon element for the twist, and Q;ls(QJ)Kp is grouplike in the
twist. Since K, itself is grouplike we conclude that Q;lS (Q.) is grouplike as well.
Proposition 8.1. The twists J = Jrs are such that Q;lS(QJ) =1.

In the proof of the proposition we employ what we call a T-grading on ug . We
define this as any algebra Z-grading with the following properties:

(a) C[G] is homogeneous of degree 0.

3This basically follows from the fact that G5~ will be a free Z/IZ-module so that S(u,v) = 0
for any u,v € g;, by antisymmetry. Thus s*29|g2L X gj = Qg; and we must have all of G’%‘ in

G(ry-
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(b) The E, are of positive degree and the F, are of negative degree with
deg(F,) = —deg(E,).
(¢) deg(Erq) > deg(E,) for each o € T'y.

It is easy to construct such a grading. For example, one can construct the acyclic
directed graph Graph(I',T) with vertices I" and an arrow from « to T'(«) for each
« € I'1. One then takes

deg(E,) = — deg(Fy) = [Graph,,|,

where Graph_, is the collection of all vertices with a path to a in Graph(I',T),
including «. Note that the antipode preserves degree under any T-grading.

Proof. Under any T-grading on u, we will have that J and J ~! both lie in non-
negative degree in u, ® ug, where deg(a ® b) = deg(a) + deg(b) for a,b € u,. This
is clear from the explicit forms of the twist and its inverse given at Theorem 3.1
and (7). We have also Jy = S*IQZi/Q and (J~1)p = SQIL/E. It follows, from the
expressions of @ and Q;l given in Section 2, that both Q;l and S(Q,) lie in
nonnegative degree with

Q710 =m(s1Q,1%), 5(Q)0 = m(s2)/?),

where m is multiplication. We have now (Q;ls(QJ))O =(Q7"05(Q.1)o and since
the multiplication map on any commutative algebra, such as C[G], is a ring map

(@Q7105(Qy)0 = m(s™'0, /?s0l/2) = 1.

Finally we note that since Q}ls (@) is grouplike it must lie in degree 0. Therefore
Q7'5(Qs) = (Q;'S(Q)), =1. g

As an immediate corollary we have

Corollary 8.2. The Drinfeld element for u,(g)’ is equal to the Drinfeld element
for ug(g).

8.1. Implications for the antipode. In [24] the question was posed as to whether
or not the order of the antipode and the traces of the powers of the antipode are
preserved under twisting. The question was answered positively for Hopf algebras
with the Chevalley property. Using the expression of the Chevalley property given
in [1, Prop. 4.2, 5] it is relatively easy to see that no small quantum group has the
Chevalley property. We can, however, verify the proposed invariance for Belavin-
Drinfeld twists.

Corollary 8.3. For S the antipode on u4(g) and S; the antipode on the twist
uq(g)”, and J = Jrg, we have Tr(ST) = Tr(S™) for all m € Z and ord(S;) =
ord(S).

Proof. Since Q;'S(Q) = 1 the proof of [24, Thm. 4.3] still works to get Tr(S7") =
Tr(S™). Since S and Sy are semisimple operators invariance of order follows from
invariance of the traces. (I

We can also get invariance of the so-called regular object of [28, Sect. 5.4] using
the condition of [24, Prop. 7.3 (ii)]. This positively answers [28, Question (5.12)]
for the twists Jr s on small quantum groups.
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9. TWISTED AUTOMORPHISMS AND GROUP ACTIONS ON rep(u,(g))

We use below the notion of a 2-group. A 2-group is simply a monoidal category
in which all morphisms are invertible and all objects have a weak inverse, i.e. an
inverse up to isomorphism. For a tensor category % we let Aut(%) denote the
2-group of autoequivalences of € as a tensor category, with natural isomorphisms,
and Aut(%) denote the associated group of isoclasses of autoequivalences.

Following Davydov [6], for a Hopf algebra H we call a pair (¢, J) of a twist and
a Hopf isomorphism ¢ : H — H’ a twisted automorphism of H. Each twisted
automorphism can be identified with the tensor autoequivalence of rep(H) given
by composing

rep(H) EA rep(H”) "5 rep(H).
Indeed, twisted automorphisms form a 2-subgroup in the 2-group of autoequiva-
lences Aut(rep(H)) with product (¢', J')-(¢, J) = (¢¢', Jp©2(J')). The induced iso-
morphisms between twisted automorphisms are gauge equivalences (see 9.3 below).
Furthermore, Ng and Schauenburg have shown that when H is finite dimensional
any autoequivalence of rep(H) will be isomorphic to a twisted automorphism [25,
Thm. 2.2].

We take g simple and simply laced, ¢ a primitive [th root of unity, for [ as in
Section 1.2, and u, = uy(g). In this final section we introduce twists J) of the
small quantum group u, which are paired with automorphisms exp so that each
pair (exp), J2) provides a twisted automorphism of u,. We then relate a canonical
algebraic group action on rep(u,) to the twisted automorphisms (exp), J), and
pose a question regarding a set of “generators” for the collection of all twists of w,.

9.1. Twists via exponentiation: an extended quantum coadjoint action.
Recall that u, embeds as a Hopf subalgebra in Lusztig’s divided powers quantum
group

U, =U,(g) = C(KE' E,, Fo, BV, FY : o € T)/(relations).

e

We do not recall the specific construction of U, here, and refer the reader instead
to [21, 20], and in particular [21, Sect. 6.5], for the details.
According to [20, Lem. 4.5] the commutator

ad o) : Uy = Uy, x— [EY, 2]

By

preserves the subalgebra u, and the restriction ad ;) |ug is a nilpotnent operator.
The same is true if we scale by any A € C. Hence we can exponentiate this operator
to produce an algebra automorphism

exp)) = exp(ad, po) lug)
of the small quantum group u,. We can similarly define
expl,, = exp(ad, o [ug)-

If we consider ug(sly) for example, and expﬁ‘r corresponding to the positive simple
root, we have exp} (E) = exp’} (K) = 0 and

gK + qlKl) B

expi(F)F+A( =
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As Eél) fails to be primitive, the automorphism exp? fails to be a Hopf map. We
have, in the ambient algebra U,

AED)=EVe1+10EP + Y ¢ “IK'E @ EY
1<i<i—1
and can define the element
O(E,) =A(ED) - (EV @1 +10 EY)
in uy ® ug. Note that ©(E,) is square zero, and hence we can exponentiate any
scaling AO(E,) to arrive at a unit
) = exp(A\O(E,)) € uy @ ug.

We define similarly J*,, = exp(AO(F,)) for O(F,) = A(FP)— (FP ®1-10 FV).
One can check easily from the expressions of ©(E,) and ©(F,) that

(€®1)(J2e) = (1@ €)(J2) = 1.

Theorem 9.1. For an arbitrary simple root «, and A € C, the unit Jg\m 15 a twist
forug(g). Furthermore, each pair (expl,, J2,) s a twisted automorphism of u,(g).

We will only prove the result for positive a, the computation for —a being
completely similar. Let us first give a technical lemma.

Lemma 9.2. The elements (A ® 1)(0(E,)) and ©(E,) ® 1 commute, as do the
elements (1@ A)(O(E,)) and 1 ® O(E,).

Proof. Since E, is in the Hopf subalgebra U,(slz) C Uy(g) generated by K, and

the E&n), én), we may assume g = sly. We may further restrict to the positive
Borel Uy, in which E® is central. Take © = O(E) and pEY = EO @141 BV,
We have now

®1)(O)(AEY 1) - (A®1)(0®1)(pE® 1)

®1) (0EVe1) - (A1) pE) @1)

®1) (EVe1)0) - (pEY 1) (A®1)(0®1)

Ae1)(EW 1) - (pEY 1)) (A 1)(0)

=Oe)(A®1)(0).

This gives the first proposed commutativity
(A®1)(©)O1)=0©21)(A®1)(0).

The verification of the relation

1eA)O)(1e0)=(120)(1® A)(0O)

is completely similar. ([l

Since all of the elements in the statement of Lemma 9.2 are nilpotent in u§’3 we
can now exponentiate to get

exp (A @ 1)(AO(Ea)) + (AO(Ea) @ 1)) = exp (A @ 1)(AO(E,))) exp (AO(E,) @ 1)
= (A®1)(exp(AO(E,))) exp (A@(Ea) ® 1)
=(Ael)(7) (el

and
exp (1® A)(AO(Ea)) + (1@ AO(E,))) = 1@ A)(J2)(1®J)),  (13)
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for arbitrary A € C.

Proof of Theorem 9.1. Again, we may assume g = slo. By the above observa-
tions (12, 13) the dual cocycle condition for .J is equivalent to the equality

(A@1D(AO)+(MO®1)=(1®A)(AO)+ (1® AO),
where © = O(F). By dividing by A on both sides we may take A = 1. We then see
directly

(AeD@O)+O1) = Y UK ED @ kFED) @ B*)

0<i,5,k<l
i+j+k=l

— (18 A)(0) + (12 0).

Hence J)) is a twist.
As for compatibility with the automorphism exp), we have the diagram

ad)ng)
Uq Uq

Ai lA

_—
Ug & Ug Ug & Uq

4 axe®
which implies the diagram
expi
Uq Uq
Ai lA
Uq @ Ug exp(adAAE((Xl) ta @ ta:

Since AE((XZ) = E((ll) ®1+1® E((Xl) + ©(E,), we have

exp(adA)\Ey)) = (exp) ® expi)AdJé,
where Ad,(r) = uzu~!, and the above diagram gives on elements

(exp) @ exp) A= (2) = Alexpy (a)-
Replace = with exp (), compose with (exp;* ® exp;?), and swap A for —\ to
find that A7a (exp) (7)) = (exp) @ exp))A(z). So we see expy : u, — u};é is a Hopf
map. ([l

One can check easily
A A AN NAX TN HA
(expla, J20) - (exPha, J2a) = (expia ™, J2).

It follows that the assignment A\ — (exp;g‘é, J;i) gives a 1-parameter subgroup in
the 2-group of twisted automorphisms for u,, and hence a 1-parameter subgroup
C — Aut(rep(uy)) into the 2-group of autoequivalences Aut(rep(u,)). The nega-
tion here appears for technical reasons, but intuitively corrects the fact that the
multiplication of twisted automorphisms defined above appears to be backwards.
We denote this 1-parameter subgroup w.g.
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Remark 9.3. The algebra automorphisms appearing in the 1-parameter subgroups
Wi can be recovered alternatively from the quantum coadjoint action of De Concini
and Kac, via the reduction U, (?K — ug from the non-divided-powers quantum
group [8, Prop. 3.5]. So we are saying above that the induced quantum coad-
joint action on u, extends naturally to an action on the tensor category rep(ug).

9.2. Identification with the Arkhipov-Gaitsgory action. Take G the con-
nected, simply connected, semisimple algebraic group with Lie algebra g. As a set
we identify G with its C-points. Taking the (finite) dual of the exact sequence of
Hopf algebras C — u4(g) — U,(g) — U(g) — C produces an exact sequence

C— O0G) = Oy(G) = ug(g)" = C

with €(G) lying in the center of the quantum function algebra [9, Thm. 6.3,
Lem. 6.1]. According now to [3, Thm. 2.8] and [2, Prop. 4.1] we have a tensor
equivalence between the de-equivariantization corep (04(G)) and rep(uq(g)). We
take 0 = 0(G) and 0, = 0,4(G).

Recall that the de-equivariantization is the category of finitely generated left
O-modules with a compatible right &,-coaction [2, Def. 3.7]. This category is
monoidal under the product ®,s. The action of G on itself by left translation,
and pushing forward by the corresponding automorphisms of &, gives an action
of G on the de-equivariantization by tensor functors. Rather, we have a canonical
monoidal functor from G to the 2-group of tensor autoequivalences of corep ().
The equivalence corep (0;), — rep(uq) of [3] is given by taking the fiber at the
identity ?|c = C®¢7, and via this equivalence we get an action of G on rep(u,).

We let v1, denote the 1-parameter subgroup in G given by exponentiating the
root space g+4.

Proposition 9.4. For any simple root o € T', the composite

Ad, _1
CE3G — Aut (corep () ) 2 Aut(rep(ug))
is 1somorphic to the 1-parameter subgroup wiyq @ A\ —> (expié, J;é).

What one should mean by a general isomorphism of 1-parameter subgroups is not
exactly clear. From our perspective we would like a family of natural isomorphisms
between the two functors C — Aut(rep(uq)) which satisfy all obvious commutativity
and additivity relations. We will focus here only on the production of a natural
family of natural isomorphisms which vary with A.

Proof. We consider only the positive root «. Since high powers of E&l ) annihilate
any finite dimensional representation, each function f in the finite dual &, will

vanish on high powers of o [20, Prop. 5.1]. Hence the exponent
exp(\EV) : 60, = C

is a well-defined function. Restricting along the inclusion ¢ — &, recovers the
point 74 (A) = exp(Xeq) in G. Let us fix 2* = 74 (\) and v* = exp(AEY).

We aim to produce a family of isomorphisms between the autoequivalence of
rep(uq) induced by the pushforward isomorphisms

z : corep(0,)g — corep(0,)g
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and the autoequivalences given by the twisted isomorphisms (exp,?,J;?). To
be precise, x* will act by left translation 2* : & — €, x — z*(x1)X2, and the
pushforward 22V of an object V in the de-equivariantization is equal to V along
with the restricted -action and the unaltered &-coaction.

Take Ad,» : 0, — O, the linear automorphism f — v=*(f1)f2v*(f3). We note
that Ad,» is a Hopf isomorphism from the cocycle twist of &, via the 2-cocycle
J;A:0,® 0, — C to 0, and so the sequence

J—A S
corep(Oy) = corep((Oy) ;-») At corep(0,)
is an equivalence. This equivalence induces an equivalence on the de-equivariantization,
where we additionally restrict the action of & along Ad,—». We denote this autoe-
quivalence by F* : corep(0,)g — corep(0,)g.

We can produce an isomorphism of functors S F* which is given on objects

as the composite
2V I (A @ 6, 2% R

Rather, we multiply on the left by the function v*. We denote the isomorphism
simply by v*.4

We now examine the equivalences on rep(u,) induced by the pushforwards z7.
The quasi-inverse to the reduction ?|. : corep (0,); — rep(uy) is the induction-
like functor Ind = (£,®?)"¢, where u, acts on a product &, ® V diagonally by
h-(f ®v) = (fS(h1) ® hav). The equivalence on rep(u,) induced by each x* is
then the composition (?|.) o 2} o Ind. From the v* we get an induced isomorphism
of 1-parameter subgroups

= (?)ovtoInd : (?|) ox) oInd — (?|) o F* o Ind.
Since Ad, : & — O preserves the counit, and Ad, induces the automorphism
exp, ™ on the quotient u? (or rather its dual), taking the fiber at the identity gives
(F'Ind(V))|e = (yp-rui @ V)" = uy @ V)t

expy wpi
for each wug-representation V. The subscript of exp,” here means that we are
restricting the action of u, along this automorphism. But now the natural isomor-
phism of ug-modules evy ® 1 : (u; ® V)"s — V given by the counit of u; produces

the desired family of natural isomorphism

- A
i (?)) oxd oInd = (?]c) o F* o Ind cngl (exp™, IS ).
(]

Recall that G is generated by the 1-parameter subgroups v+, [19, Thm. 27.5].
Hence, after taking isoclasses, the group map G — Aut(rep(u,)) is determined com-
pletely by its value on these 1-parameter subgroups. One can also show that the
action of G on rep(u,) is determined up to unique isomorphism by these 1-parameter
subgroups, but this more limited information is enough for us to formulate Ques-
tion 9.5 below, which proposes a set of generators for the groupoid of twists of

Ugqg (g)

4The interested reader can check that the family of isomorphisms {v*}, satisfies all desired
commutativity and additivity relations to give an isomorphism between these two 1l-parameter
subgroups in Aut (corep (0g)¢)-
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9.3. Autoequivalences of rep(u,(g)) and the classification of twists. Ques-
tion 9.5 below refers to gauge equivalence of twists. We say two twists J and J'
are gauge equivalent if there is a unit v in H with J' = A(v)J(v" ' @ v™1). We
let TW(H) denote the groupoid of twists of H, with morphisms given by gauge
equivalences.

We note that the information of an isomorphism from the autoequivalence spec-
ified by a twisted automorphisms (¢, J) to that of (¢’,J’) is exactly the data of a
unit v € H so that J' = A(v)J(v"! ®v~1) and ¢’ = Ad,¢. We call such a unit a
gauge equivalence of twisted automorphisms. Hence we have naturally a 2-group
of twisted automorphisms with gauge equivalences.

As is noted in [6], the groupoid TW(H) admits a well-defined right action of the
2-group of twisted automorphisms. This action is defined simply by J' - (¢, J) =
J¢p®2(J'). Take

G = { The 2-subgroup of all twisted automorphisms which are iso- }
o morphic to an element in the image of G, in Aut(rep(u,))

| The 2-subgroup of twisted automorphisms which are
- gauge equivalent to a product of the (exp?,, J3},)

Take also BD(uq) C TW(uy,) the full subcategory of Belavin-Drinfeld twists {Jr s} 7 s.
The following question is also raised in [7], where the authors investigate the alge-
braic structure of Aut(rep(u,)), and autoequivalence groups of finite tensor cate-
gories in general.

Question 9.5. Is the groupoid of twists of the small quantum group generated
by BD(u,) and the 1-paramater subgroups {(exp?,,J2,)}»? Equivalently, is the
inclusion BD(u,) - G — TW(u,) an equivalence?
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